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PREFACE 


This book is intended for readers taking up the study of thermo- 
dynamics, statistical physics and kinetics. Accordingly, readers 
are assumed to have a knowledge of elementary physics, higher 
mathematics and quantum mechanics. 

The sections marked by asterisks require a deeper knowledge 
and can be omitted on the first reading. 

The book aims to gradually familiarize readers with methods used 
in thermodynamics, statistical physics and kinetics, to show how 
the concrete problems should be solved and to bring readers as soon 
as possible to a level which enables them to tackle more specialized 
books and papers. It has therefore proved inecessary to include 
some matter, perhaps too simple for some, as well as problems 
that may be too difficult for others. 

It was the desire to cover as quickly as possible the introductory 
stages and pass to concrete problems that dictated to a great extent 
the methods followed by the authors in introducing basic concepts. 
For instance, in the part of the book devoted to phenomenological 
thermodynamics the concepts of entropy and temperature are intro- 
duced simultaneously early on, an extensive use of Jacobians then 
allowing us to offer an integrated approach to solving problems for 
a wide range of monovariant (and later on polyvariant) thermodynam- 
ic systems. For the same reason we begin the treatment of the 
fundamentals of statistical physics by outlining the "cells and 
boxes" method, which although only suitable for ideal gases, does 
provide a simple solution to a wide range of problems. The more 
general Gibbs ensemble method is introduced later. 

We would like to place special emphasis on the following. The 
treatment of the fundamentals of statistical physics begins with 
n discussion of the hypothesis of the indistinguishability of particles, 
without this being linked to any quantum-mechanical ideas. We 
wished to underline, thereby, the fact that along with the two meth- 
ods historically used to uncover the wave nature of matter—matrix 
mechanics, based on the correspondence principle (Heisenberg-Bohr) 
and wave mechanics, based on the optical-mechanical analogy 
(Schródinger-Hamilton)—a third way, obviously that used by 
A. Einstein, is possible, based on statistical mechanics. Our belief 
in the existence of this method derives from the fact that 
in the statistics of indistinguishable objects the volume of, an 
vlementary cell in the phase volume is not arbitrary, but is predeter- 
mined unambiguously by natural laws. This is why, in principle, 
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this method should be experimentally discoverable, and Planck's 
constant could appear in physics not as a result of an analysis of 
radiation laws (M. Planck) or photoeffect laws (A. Einstein), but 
from, for instance, the measurement of the heat capacity of an elec- 
tron gas at low temperatures. 

For this reason we use Planck's constant k, appearing naturally 
in statistical physics as a measure of the phase volume, and not the 
constant A, more suitable in quantum mechanics. 

Most sections of the book contain problems. We found it inexpe- 
dient to give solutions to the problems, not simply for reasons of 
space, but also in the belief that the independent solution of prob- 
lems is far more beneficial than the study of provided solutions. 
Thus usually only answers are given to the problems, with brief 
hints given in some cases. 

In conclusion, we wish to extend thanks to G. L. Kotkin, 
G. G. Mikhailichenko, V. G. Zelevinskii and V. S. L'vov for their 
great assistance in writing this book. 


Yu. B. Rumer, M. Sh. Ryvkin 
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INTRODUCTION 


Thermodynamics, statistical physics and kinetics are concerned 
with the physical processes occurring in macroscopic systems, i.e. 
in bodies containing an enormous number of microparticles (atoms, 
molecules, ions, electrons, photons, etc. depending on the kind 
of the system). 

There are two methods of studying the states of macroscopic sys- 
tems—the thermodynamic and the statistical method. The thermodynam- 
ic method is independent of any models of the atomic and molecu- 
lur structure of matter and is essentially a phenomenological meth- 
od, meaning that its object is to establish relationships between 
directly observed (that is measured in macroscopic tests) quanti- 
ties, such as pressure, volume, temperature, concentration of a solu- 
tion, intensity of an electric or magnetic field and luminous flux. 
Quantities associated with the atomic and molecular structure of 
malter (dimensions of an atom or a molecule, their masses, number, 
etc.) are not used by the thermodynamic method in the solving 
of problems. 

[n contrast to this, the statistical method of studying the proper- 
ties of macroscopic bodies is based from the outset on atomic-molec- 
ular models. The main object of statistical physics can thus be 
formulated as follows: using the laws governing the behaviour of 
the particles of a particular system (molecules, atoms, ions, quanta, 
otc.) to establish the laws governing the behaviour of macroscopic 
quantities of substance. 

It is implied in all this that both the thermodynamic and sta- 
tistical approaches have their merits and shortcomings in studying 
various phenomena. 

The thermodynamic method, being independent of conceptual 
inodels, is characterized by a rather high degree of generality, while 
tlie results obtained from the use of statistical physics are true only 
to the extent that the assumptions made concerning the behaviour 
of the smallest particles of a system are valid. 

The thermodynamic method is distinguished, as a rule, by great 
simplicity and it opens the way, after a number of simple mathe- 
matical procedures, to the solution of a large number of specific prob- 
lems, without any information on the properties of atoms or molec- 
ules being required. This is an invaluable advantage of the thermo- 
dynamic method, especially when solving practical problems of a 
technical character (engineering thermodynamics, heat engineer- 
ing). 

The thermodynamic method possesses, however, a fundamental 
shorlcoming, in that with this method the internal (atomic and mo- 
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lecular) mechanism of the phenomena involved remains unknown. 

For this reason in thermodynamics the question “Why?” is mean- 
ingless. If, for instance, the thermodynamic method is applied 
to establish that a copper wire cools upon rapid extension, while 
a rubber band becomes hot (this problem will be considered in Sec. 
14), we must be satisfied with the simple fact, with the physical 
mechanism leading to this result remaining hidden from us. In 
contrast to this, the solution of particular a problem by the methods 
of statistical physics is based from the very beginning on atomic 
and molecular concepts and permits us to visualize the mechanism 
of the phenomenon involved. 

The statistical approach allows one in principle to solve problems 
that cannot be solved at all within the framework of the thermody- 
namic method; the most important examples of this kind are the 
derivation of the equation of the state of macroscopic systems. the 
theory of heat capacity, some problems of the theory of thermal 
radiation. Finally,.the statistical method permits, on the one hand, 
a rigorous substantiation of the laws of thermodynamics, and on 
the other hand, makes it possible to set the limits of applicability 
of the laws, and also to predict violations of the laws of classical 
thermodynamics (fluctuations) and estimate their scale. 

It is clear from the above that neither thermodynamics nor statis- 
tical physics are restricted to any particular field of physical pheno- 
mena, in contrast to optics, mechanics, electrodynamics and other 
branches of physics, being rather methods of studying any macro- 
scopic system in a state of equilibrium. 

The methods of statistical thermodynamics can be used in studying 
any systems consisting of a sufficiently large number of particles: 
gases, liquids, solids, plasma, electrolytes, light radiation and even 
heavy nuclei containing hundreds of nucleons. 

The branches of physics concerned with non-equilibrium states 
and processes, i.e. non-equilibrium thermodynamics and physical 
kinetics, have been elaborated to a considerably lesser degree than 
statistical thermodynamics, but are rapidly developing especially 
over the last few years. Physical kinetics, in particular, studies the 
processes of relaxation (transition from a non-equilibrium state to 
an equilibrium one) and steady-state transport processes. Part I of 
the present book deals with the fundamentals of thermodynamics, 
Part II is devoted to the statistical theory of equilibrium systems, 
and Part III is concerned with the fundamentals of physical kinet- 
ics and non-equilibrium thermodynamics. 
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Finally, in Sections 22 through 31 the thermodynamics of systems 
with a variable amount of substance and especially the problem of 
phase equilibriums and phase transitions are considered. 


1. Equilibrium States and Equilibrium Processes 


By a thermodynamic system will be meant any macroscopic body 
in an equilibrium or close to equilibrium state. 

The states of any thermodynamic system can be defined by means 
of a number of parameters. Thus, for instance, the states of a gas or 
liquid (homogeneous systems) can be set by means of the following 
parameters: P (pressure), V (volume), 7 (temperature); the state 
of a film of a liquid —with the aid of a (surface tension coefficient), 
o (film area) and 7 (temperature). The state of a rod can be specified 
with the aid of parameters l (length), o (cross-sectional area), f (ten- 
sile force), E (Young's modulus). 

It should be noted, however, that not all parameters of a system 
necessarily have a definite meaning in any particular state. Consider, 
for instance, a vessel divided into two halves by a partition with 
a valve, initially the left-hand half of the vessel contains a gas and 
the other half of the vessel is evacuated. If we open the valve, a 
stream of gas will be forced through it. It is clear that during the first 
moments of this process the volume of gas is indefinite, with the 
density of the gas contained in the right-hand half of the vessel 
changing from point to point according to some intricate law. It 
is thus impossible to indicate the boundaries of the volume of the gas. 

Also states are possible in which any parameter of a system differs 
at different points, so that no single value of this parameter exists 
for the system as a whole. It is possible to visualize a system, for 
instance, the temperature of which changes from point to point, or a 
gas whose pressure varies from point to point. Experiments show, 
however, that when a thermodynamic system is in such a state, there 
exist fluxes (heat flux, mass flux, etc.) and this state does not remain 
invariable, unless it is maintained artificially with the aid of heat- 
proof (impervious) partitions, gas-tight walls, etc. With the pas- 
sage of time a state is established in which the value of each param- 
eter of the system is the same at all points and remains constant 
as long as desired, provided the external conditions do not change. 
Such states are called equilibrium states. If no equilibrium is estab- 
lished and there exist in the system gradients of macroscopic param- 
eters (pressure, density, temperature, etc.) such a state is referred 
to as a non-equilibrium state. 

The process during which a thermodynamic system passes from a 
non-equilibrium to an equilibrium state is referred to as a relazation 
process. The time it takes each system parameter to become the same 
over the entire volume of the system is known as the relazation time 
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uf tlie givon parameter. The total relaxation time of a system, clear- 
ly, is the longest of the individual relaxation times. The relaxation 
times for various processes cannot be calculated within the frame- 
work of thermodynamics, since relaxation phenomena are essential- 
ly the processes of molecular (atomic, electron, etc.) transfer of 
energy, mass, momentum and of similar physical quantities. The 
evaluation of relaxation time, therefore, is a problem of physical 
kinetics. 

Lel us consider a process operating in a thermodynamic system at 
n rate that is considerably less than the rate of relaxation; this means 
that at any stage of the process there. will be enough time for the 
pnrameters to equalize over the entire system and such a process will 
represent a continuous succession of equilibrium states infinitely 
loso to each other. Processes this slow are called equilibrium or 
quasi-static. It is clear that all real processes are non-equilibrium 
enes, approaching equilibrium only to a greater or lesser ex- 
Lent. 

It should also be noted that in the case of an equilibrium process 
the gradients of all parameters are equal to zero at any.moment of 
time. It follows from this that by virtue of symmetry the process 
may operate in a system both in a forward and reverse direction (that 
ix, in the direction in which any system parameter increases and 
decreases). For this reason an equilibrium process can be reversed 
in time, and during the reverse process the system will pass through 
tlie same succession of states as during the forward process, but in 
n reversed sequence. In this connection equilibrium processes are 
also referred to as reversible processes. 

In thermodynamics graphical representation of states and proc- 
esses is widely practised. So, for instance, when dealing with homo- 
reneous systems (gas or liquid) the states of the system are depicted 
hy points and processes by lines on a P-V plane. It is clear that such 
urnphical representation is possible only for equilibrium states and 
equilibrium (reversible) processes, since system parameters (for 
instance, pressure) have definite values only in equilibrium states. 
Up to Chapter IX of this book only equilibrium processes will be 
vonsidered, unless otherwise specified. 

In concluding this section we note that the parameters describing 
a slate of a system are not independent quantities, but are interre- 
lated by one or several equations that are known as the equations of 
wate. For instance, for a gas pressure, temperature and volume are 
intercelated as follows: f (P, V, T) = 0, while for a rod the magni- 
‘ude of the tensile force, temperature and the length of the rod 
„ro interrelated. The form of the equations of state cannot be deter- 
mined by thermodynamic methods, and the knowledge permitting 
their derivation comes from experiments or from other branches of 
theoretical physics (usually from statistical physics). However, 
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Finally, in Sections 22 through 31 the thermodynamics of systems 
with a variable amount of substance and especially the problem of 
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eter of the system is the same at all points and remains constant 
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The process during which a thermodynamic system passes from a 
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over the entire volume of the system is known as the relaxation time 


Ch. I. General Laws of Thermodynamics 19 


of the givon parameter. The total relaxation time of a system, clear- 
ly, is tho longest of the individual relaxation times. The relaxation 
times for various processes cannot be calculated within the frame- 
work of thermodynamics, since relaxation phenomena are essential- 
ly the processes of molecular (atomic, electron, etc.) transfer of 
energy, mass, momentum and of similar physical quantities. The 
evaluation of relaxation time, therefore, is a problem of physical 
kinetics. 

let us consider a process operating in a thermodynamic system at 
n rate that is considerably less than the rate of relaxation; this means 
Ihat at any stage of the process there. will be enough time for the 
parameters to equalize over the entire system and such a process will 
represent a continuous succession of equilibrium states infinitely 
closo to each other. Processes this slow are called equilibrium. or 
quasi-static. It is clear that all real processes are non-equilibrium 
ones, approaching equilibrium only to a greater or lesser ex- 
tent, 

It should also be noted that in the case of an equilibrium process 
the gradients of all parameters are equal to zero at any. moment of 
time. It follows from this that by virtue of symmetry the process 
muy operate in a system both in a forward and reverse direction (that 
ix, in the direction in which any system parameter increases and 
decreases). For this reason an equilibrium process can be reversed 
in time, and during the reverse process the system will pass through 
{he same succession of states as during the forward process, but in 
n reversed sequence. In this connection equilibrium processes are 
ulso referred to as reversible processes. 

In thermodynamics graphical representation of states and proc- 
esses is widely practised. So, for instance, when dealing with homo- 
neous systems (gas or liquid) the states of the system are depicted 
ly points and processes by lines on a P-V plane. It is clear that such 
eraphical representation is possible only for equilibrium states and 
equilibrium (reversible) processes, since system parameters (for 
insLance, pressure) have definite values only in equilibrium states. 
Up to Chapter IX of this book only equilibrium processes will be 
considered, unless otherwise specified. 

In concluding this section we note that the parameters describing 
a slate of a system are not independent quantities, but are interre- 
lated by one or several equations that are known as the equations of 
slute. For instance, for a gas pressure, temperature and volume are 
wterrelated as follows: f (P, V, T) = 0, while for a rod the magni- 
‘ule of the tensile force, temperature and the length of the rod 
«re. interrelated. The form of the equations of state cannot be deter- 
mined by thermodynamic methods, and the knowledge permitting 
Ilvir derivation comes from experiments or from other branches of 
theoretical physics (usually from statistical physics). However, 
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the derivation of equations of state in statistical physics is also a 
very intricate problem that can be solved for no more than a small 
number of the simplest systems. 


2. Temperature. The Temperature Principle 


The concept of temperature has already been used in Sec. 1, an 
intuitive understanding of the concept being assumed. We will now 
adopt a stricter approach to its understanding. 

The concept of temperature is based on a rather subjective and 
diffuse term—the degree of hotness of a body. The term can, how- 
ever, be given a more objective meaning through a whole number of 
easily measured physical parameters depending on the degree of 
hotness. Examples of such parameters are the height of the column 
of liquid mercury in a glass tube, the pressure of a gas in a constant- 
volume vessel, the resistance of a conductor, the emissive power of 
a red-hot body, etc. The data obtained by measuring any of these 
parameters can be used to create an empirical thermometer, with 
the measurement scale for this conditional or empirical temperature 
being chosen arbitrarily. When using, for instance, a mercury glass 
thermometer, the name conditional temperature can be given to 
the height of the column of mercury, measured in any unit, or any 
monotonically increasing function of that height. It should also 
be noted that the field of application of each empirical thermometer 
is restricted (if only from one side). Thus the lower limit of applica- 
bility of a mercury thermometer is the mercury solidification point, 
the lower limit of applicability of a gas thermometer is the gas con- 
densation point, the upper limit of applicability of a resistance 
thermometer is the fusion point (or the boiling point) of metal, etc. 
Due to the fact that these fields of application partly overlap, we 
can select one of the empirical thermometers as a basis to the deter- 
mination of conditional temperature on some arbitrary scale for 
quite a wide temperature range. 

Let us now introduce the concept of the thermostat. By a thermo- 
stat (thermorelay) will be meant a body whose heat capacity is great 
compared with that of any reference bodies with which the thermo- 
stat will be brought into contact. This means that, on the one hand, 
when brought into contact with reference bodies the conditional 
temperature of the thermostat does not change and, on the other 
hand, after a short relaxation time any reference body brought into 
contact with the thermostat acquires its temperature. 

Let us place into a thermostat a vessel containing a gas and change 
its volume with the help of a piston, simultaneously measuring the 
pressure. Plotting the results in the form of points on a P-V plane, 
we obtain a curve (isotherm), the form of which depends essentially 
on the kind of a gas and on the conditional temperature of the ther- 
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moslat. Changing the conditional temperature of the thermostat 
und repeating each time the procedure described above we obtain a 
system, or family, of isotherms corresponding to different condi- 
tional temperatures t, (Fig. 1). 

Let us write down the equations of the isotherms 1, 2, ... in the 
form (P, V)=0, (P, V) = 0, ..., labelling the isotherms in a 
way that the number n increases with the rising conditional tem- 
perature. 

Let us now turn to an infinitely dense network of isotherms, assum- 
ing that when passing from one isotherm to the adjoining one the 
change in the conditional temper- 
ature of the thermostat and, con- p 
sequently, of the gas is infinile- 
ly small. The number of the iso- 
therm must then be replaced by 
a continuously varying parame- Dp 
ter t, which we can take as the 
conditional (empirical) tempera- 
ture. 

Let the isotherm correspond- 
ing to the conditional tempera- 
ture t be described by the equa- FIG. 1 
tion «€ (t | P, V) —O0. Solving 
this implicit equation with respect to v, we obtain t = t(P, V). 
It has been shown experimentally that the isotherms of the same 
gas never intersect and, consequently, the conditional temperature 
is a single-valued function of state specified by parameters P and V. 

It should be noted that conditional temperature may be intro- 
duced in a number of ways. Alongside the conditional temperature 
t we can also use as the conditional temperature any monotonically 
increasing and continuous function t’ = f (x). This corresponds 
to a change (generally non-linear) in the temperature scale. 

Experiments also show that at levels far from the gas liquefaction 
points (at high temperatures and low pressures) the isotherms can be 
approximately represented by equiangular hyperbolas 


Ty 


PV = const (2.1) 


and, consequently, t = t (P, V). The equation t = t (P, V) will 
be referred to as the thermal equation of the state of substance or, for 
the sake of brevity, as the equation of state. The imagined gas, for 
which the equation t = t (P, V) is valid and the isotherms obey 
Eq. (2.1), is called a thermally ideal gas or briefly an ideal gas. It 
should be emphasized that real gases obey this equation only approx- 
imately, being closest to it when the temperature is high and the 
density of the gas low. 


2—0:99 
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Thus, generalizing experimental data, we introduce the following 
postulate—the temperature principle: there exists (more than one) 
function of the state of a system that remains constant for any proc- 
ess operating in a thermostat, referred to as the conditional tem- 
perature. 


3. Entropy. The Entropy Principle 


A vessel with ideally heat-insulated walls and a piston will be 
referred to as an adiabatic vessel. Confining a gas in such a vessel, 
we can observe the development in it of an equilibrium process 
in conditions of heat insulation, that is of an adiabatic process. 

Varying the volume of the gas by means of the piston and mea- 
suring the pressure, we use the data obtained to plot again on the 
P-V plane a curve called the adiabat. If we now disturb the heat 
insulation of the Vesel, bringing it temporarily into contact witb 

a body at a higher or lower con- 

P ditional temperature, then re- 

store the insulation and repeat 

the procedure described above, 

we can plot a second adiabat. 

5 Continuing the process we plot 

SNC hole set of adiabats on th 

a whole s abats o e 

P-V plane (Fig. 2) just as when 

$ establishing the processes at work 

in a thermostat we have ob- 

y tained a set of isotherms. 

FIG. 2 Let us write down theequations 

of the adiabats numbered 1, 2, ... 

in the form »,(P, V) = 0, p.(P, V) = 0, labelling the adiabats in 

a way that to pass from the nth adiabat to the (n + 1)th adiabat 

we bring the adiabatic vessel into contact with a body at a higher 
temperature than its own. 

Let us turn now to an infinitely dense set of adiabats, removing 
for this purpose the heat insulation of the adiabatic vessel for a short 
period of time and bringing the vessel into contact with a body that 
is at a slightly higher or lower temperature. Then, the number of 
the nth adiabat must be replaced by a continuously varying para- 
meter o, which will be referred to as the conditional entropy. Solv- 
ing the equation y (o | P, V) = 0 with respect to c, we find a = 
= o (P, V). The quantity o remains constant along each adiabat, 
and instead of the number nz, the adiabats can be defined by setting 
the values of conditional entropy Oj, Og, 

It has been shown experimentally that the adiabats of the same 
gas never intersect and, consequently, conditional entropy is a 
single-valued function of state. 
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As with conditional temperature, conditional entropy can also 
l^ introduced in a number of ways. Any monotonically increasing 
mul continuous function o’ = f (o) can be considered as the condi- 
‘ional entropy. Experimental findings also indicate another most 
imporlant property of a network of isotherms and adiabats, namely, 
that cach adiabat intersects each isotherm only at one point on the 
I V plane. 

lt follows from this that the pairs of variables P, V and T, o are 
in n one-to-one correspondence. For each point on the P-V plane 
there exists one and only one pair of numbers t, o, since only one 
isutherm t = const and one adiabat a = const pass through that 
point (the isotherms, just as adiabats, never intersect each other). 
Un the contrary, if the state of the gas is represented on a t-o plane, 
then for each. point on that plane there exists only one pair of 
numbers P, V, since the isotherm t = const and the adiabat o = 

const cross each other and only at one point on the P-V plane. It 
follows from this that the state of the gas can be specified equally 
well by taking a pair of numbers t, o as a pair of numbers P, V 
iiid that the states of the gas can be depicted equally well on either 
tho P-V plane or the t-o plane. 

The adiabats of thermally ideal gases are described in any 
^pecilied temperature range by the equation 

PVY = const, (3.1) 
where the quantity y — 1 is the adiabatic exponent, constant for 
n given gas. The law described by Eq. (3.1) is valid for monoatomic 
vases at any temperature lower than the characteristic temperature 
uf gas ionization, and for polyatomic gases over a wide temperature 
range. In Sec. 8 it will be shown that y is the ratio of the heat capaci- 
ty nl constant pressure, Cp, to the heat capacity at constant volume, 
t'o. The relation o = o (P, V) will be referred to as the caloric 
equation of the state of a substance, and the imagined gas for which 
the equation o = o (PVY) is valid and for which the adiabats obey 
lq. (3.1) as the calorically ideal, or perfect, gas. It should be noted 
Ihnt. a perfect gas is necessarily a thermally ideal gas as well. Gener- 
ally speaking, any statement to the contrary is incorrect, and the 
ratio Cp/Cy of a thermally ideal gas can depend on temperature 
over a wide temperature range. 

Hy virtue of the fact that y > 1, on the P-V plane the adiabats 
run steeper (3.1) in respect to the V-axis than the isotherms (2.1). 
l'or this reason the fundamental fact that each adiabat intersects 
wach isotherm at one and only one point becomes insignificant for a 
perfect gas, since the system of equations PV — a, PVY 2 b has 
one solution 
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Generalizing experimental data, we are now in a position to for- 
mulate the following postulate of thermodynamics, the entropy 
principle: there exists (at least one) a single-valued function of 
state, remaining constant for any processes'operating in a thermally- 
insulated vessel, called the conditional entropy. Between the pairs 
of variables, P, V and t, o there is a one-to-one correspondence. 
The conditional entropy of gases can be considered as a function of 
pressure and volume, c = c (P, V). For a calorically ideal gas o = 


= o (PV); it depends only on the product PVY. 


4. Absolute Temperature and Absolute Entropy 


In the preceding sections conditional temperature and conditional 
entropy were defined accurate to the transformations t’ = f, (x) 
and o’ = f,(c), where f, and f. are monotonically increasing and 
continuous functions of their arguments. 

Any arbitrariness in the selection of conditional temperature and 
conditional entropy can, however, be removed in the following 
way. The condition required for the one-to-one correspondence of 
pairs of variables P, V and t, o for two infinitely small regions on 
the P-V and t-o planes is known to be the difference of the Jaco- 
bian transformation D = ô (P, Vy (x, o) from zero and from in- 
finity: D 0, D-' 0 (see “Mathematical Appendix", A1). 

The geometrical meaning of the Jacobian lies in the fact that 
its module gives the variation factor for the elementary area when 
passing from the P-V plane to the t-o plane 


dP dV — | D | dx do. 


If we demand complete equivalence for the P-V and t-o planes, 
it is natural to impose the requirement that the Jacobian D be 
equal to unity. Such normalization of the Jacobian leads to a de- 
fined selection (accurate to the reference point and scale) of the tem- 
perature and entropy scales. The temperature and entropy read 
off these scales will be referred to as absolute temperature T and 
absolute entropy S (in the following sections the word "absolute" 
will be omitted for the sake of brevity). 

It should be noted that there exist thermodynamic systems for 
which absolute temperature and absolute entropy cannot be cali- 
brated over the entire P-V plane with the aid of the relationship 


a(P,V) — 

3.5) 1. (4.1) 
An example of such a system is water (see Sec. 18) and some other 
liquids and solids. This concerns, however, small regions of the 
P-V plane, while for the remaining parts of the plane calibration 
with the aid of Eq. (4.1) remains possible. 
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‘The requirement (4.1) allows the determination of temperature 
and entropy as a function of pressure and volume for any thermo- 
dynamic system for which the equations of the isotherms and adia- 
linis are known. A perfect gas is used as a working medium for the 
calibration of absolute temperature and absolute entropy. Since 
tlie temperature of a perfect gas depends only on PV, and the entro- 
py on PVY, then, denoting PV = z, and PVY = y, we obtain T = 

T(r), SS (y) and 
o (T, S) ' ME He: Ei 1 
a(P, y-TS (y—1)y=1, T = FQ iy' (4.2) 


The symbols 7” and S' in Eqs. (4.2) represent the derivatives of 
T (4) und S (y) with respect to their arguments. Since the right- 
lini side of Mg. (4.2) depends only on y and the left-hand side only 


on i, wach of (he two sides is equal to the same constant = . Then 





we geb the equations 
ae 1 , 
ra=}. SO (4.3) 


tallow inp the integration of which we find 
PV 


roy tO +o 
, H . n V: 
^ y In ud € FT In (PV + C, (4.4) 


where (ail € ate (nbegrtlon constants. Since iL is convenient to 
hove n olimendtonten mimber as nn argument in the logarithm, we 
veloci the conatant C equal te 


Sey It pn US. 


Phen Fa (4 5) nre used to obtain 


"E n pyy R (T—0) VY-! 
NON i aA ee gy 
i "yil ( PWY ) y—i In (7, —0) V17! 
n (T —- 0)” pa-» 
snl (To —9)* PO conn»: C 


where Sy, Pas Vo, 7, are the parameters of some arbitrary state. 
In this way we determine the absolute temperature and absolute 
vibropy accurate to the reference point (the constants 0 and So). 
tha entropy constant remains arbitrary in thermodynamics and 
it can fw mensured only in statistical physics (see Sec. 40). In con- 
tiant to this the constant 9 (as shall be proved in Sec. 8) is determined 
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unambiguously by the requirement that the heat capacity Cy should 
be constant and happens to be equal to zero 0 = 0 

In the following sections, up to Sec. 8 where we will prove this 
assertion, we will make use of this selection of the reference point 
for temperature. In particular, formulae (4.4), (4.5) take the form 


PV — RT, $—5,- n 2 
0*9 


....AR TyVY-! R TYpi-* 


ae 7-1 In TIPIY (4.6) 
The constant R determines only the range of the temperature and 
entropy scales, and when R is set at 8.31 x 10? J/deg-kmole, the 
temperature scale coincides with the Kelvin scale. 

We determine in this way the absolute temperature and absolute 
entropy for ideal gases. 

The concept of temperature can be applied to any thermodynamic 
system by the following trivial method. Take an ideal gas as a ther- 
mostat. Bringing any body in contact with it, by definition in its 


P S=const 
=co T 
const P=const 
"e P-const -— T const 
T const 
| S=const V-const , 





FIG. 3 FIG. 4 


capacity as a thermostat, we impart the temperature of the latter 
to the body involved. In essence, this means that we agree to mea- 
sure the temperature of any system by means of a gas thermometer 
or, saying the same thing in a different way, with the aid of any 
empirical thermometer calibrated with a gas thermometer. 

The problem of extending the concept of absolute entropy to any 
thermodynamic system will be considered in Sec. 10. Let us plot 
on P-V and T-S planes the isochores, isotherms and isoentropic 
curves (adiabats) for the particular case of a perfect gas. 

The lines V — const, P — const, T — const, S — const are repre- 
sented on the P-V plane in Fig. 3 (the equation of the isotherm is 
PV = const and of the adiabat PVY = const). 
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‘I'he equations for the isochore and isobar on the T-S plane are 
ulitsined by expressing P and V in terms of 7 and S by the equations 


PV = RT, PV” = const e(Y- DS/R, 


tle second of the above equations following from Eq. (4.5) or 
kay. C0), 

lliminating pressure or volume from these equations, we obtain 
n *eb of isochores and isobars on the T-S plane: 


at V -:const, T = 7, (V) e-1)5/R, 
ut P=const, T = T, (P) e(v- SNR, 


where 7, (V) and 7, (P) have the dimension of temperature. 

On the 7.8 plane we have two sets of exponential curves (Fig. 4). 
Minee y - 1, the isochores are steeper with respect to the S-axis 
than the isobars. 


[d he equation of the process undergone by a perfect gas is given 
en dhe PV plane: P P, -+ aV (P, and a are constants). 
Foul the equation representing this process on the T-S plane. 


/ PEE AART — 
VPT RTP, g, 


; H T. 
jew A FRULUL aV, 


Y 
Foe equation. of n atralght line represented on the T-S plane 
O Po SN. Vind the corresponding process on the P-V plane. 


ni py : 
dios I Meus a ir as ar S . 
booa M y In "T | aS, 


ho Aok 


Ehe coneept of. work. lias come to thermodynamics from mechan- 
n» Woo fowo f in appliod in a situation of one-dimensional motion, 
thon the elementary work is determined by the formula 

64A =f dr. 
Hohen he noted. that even. in mechanics the expression for ele- 
menkas work is, strictly speaking, no more the differential of some 
Due Lion of the coordinate z, since the force may depend explicitly 
nol only on cz, but also on time and on the derivatives of z with 
weap t to lime in this case non-potential forces are said to be 
ITTTNTT EVITE 

When n gas undergoes expansion or compression, the work done 
(^ expressed by the well-known formula 


6A — P dV. (5.1) 
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Just as in mechanics, the expression (5.1) is generally not the differ- 
ential of any function of the state of the gas. This becomes parti- 
cularly clear upon examination of the graphical representation of 
work on a P-V diagram. The work involved in the expansion of a gas 
from volume V, to volume V, is 
Ve 
=| Pav (5.9) 
Y 
and is represented graphically by the area below the curve P (V) 
shown in Fig. 5 
Since the pressure of a gas is not determined uniquely by its vol- 
ume, and is a function of the state of the gas (which can be given, 
for instance, by the variables V and T), the pressure at inter- 
mediate points may be higher or lower than the pressure indicated 
on graph J (see graphs IT and JII) 
and, consequently, the work in- 
volved in the process is not deter- 
mined by the initial and final 
states of the gas but depends on 
the entire course of the process. 
It follows that the line integral 
(5.2) depends on the path of in- 
tegration and the integrand (5.1) 
is not a total differential of any 
FIG. 5 function of the state of the gas. 
The physical meaning of this is 
that no quantity A (the work accumulated in the gas in its given 
state) exists whose increase or decrease would be equal to the quan- 
tity 64. This fact is emphasized by denoting the infinitely small 
amount of work by the symbol 6A, and not by dA. In contrast 
to such quantities as T, S, P, V, that are functions of the state of 
the gas, work isa function of the process and it acquires a phys- 
ical meaning when the conditions of gas compression or expan- 
sion are indicated. 
So, for a perfect gas we have: 
Isothermal process: P,V, = PV, = PV, 





Va 
m= { Pav = PY, | S — PV, In FP =AT nt . (5.8) 
Vi 


Adiabatic — PVY = PV y= PV», 


As=P,vy f = BY f1 (Xy jeti [1- (yr). 


Vi 
(5.4) 
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(nobaric process: P, = P, = P, 
Ve 
Ap=P | dV — P (V,—V) 2 R (T,— T). (5.5) 
Vi 
Ixochoric process: V, = V, = V, 
Ay = 0. (5.6) 


Problem 


A perfect gas is contained in a cylinder closed by a piston 
will a cross-sectional area c. The external pressure is con- 
stant and equal to P4. An external force lifts the piston from 
height k, to height k, (a) isothermally; (b) adiabatically. Find 
the work done by the applied force on the gas. 


Answer. (a) Ar = Poo [4 —h—h In $] , 
1 


(b) As= Poo (4,— Su [1-4 x). 





ti, Adiabatic and Isothermal Potentials 


lt us turn again to the mechanical analogy and assume that the 
foree (in the case of one-dimensional motion) is a function only of 
the coordinate z. Then, the expression for elementary work, 64 = 

| dz, can be represented as the decrease in some function 4/ (z) 
referrod. to as the potential of force f or the potential energy 


6A =f dr = — ddl (2), 
whence 
BE 
n 

In thermodynamics, as follows from formula (5.1), the role of 
Joree is played by pressure P and the role of the coordinate by vol- 
umo V. By analogy with the mechanical potential, let us introduce 
tlw thermodynamic potentials in a way that the derivative of the 
thermodynamic potential with respect to volume is equal to pres- 
mure with an opposite sign. 

‘he potential thus introduced depends on the additional condi- 
lions under which a gas undergoes compression or expansion. It is, 
however, necessary that each introduced potential be a single-va- 
ued function of the state of the gas. Let us consider two particular 
CHASES, 

Adiabatic process. Let us equate the work done in an adiabatic 
process to the decrease in the adiabatic potential, denoting it by 
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U. We have 
6Ag = P dV; = dUs.' (6.1) 


In the case of an arbitrary non-adiabatic process an obvious gen- 
eralization of formula (6.1) is the equation 


dU = — P dV + a dS. (6.2) 
Since the expression (6.2) must be a total differential, then 


(5). - (3s): 


it can be rewritten to read 
ala, S) | a(P,V) 
a (V, S) — a(V, S) * 
whence, making use of Jacobian properties, we find 
ô (a, S) cd 
a(P,V) ^ 


Multiplying both sides of the above equality by the Jacobian 
9 (P, V) 








equal to unity, we obtain 


a(a,S) aay . _ 
I(T, S) -($r)-^ a= Tue 


where q (S) is an arbitrary function of entropy. By virtue of formu- 
la (0.2) the adiabatic potential is also determined accurate to the 


arbitrary function of entropy f p (S) dS, which is not surprising, 
since the requirement dU; = — P dVg remains satisfied. Thus, 
there exist an infinite number of adiabatic potentials differing 
from one another by the function of entropy. We normalize U, as- 
suming ọ (S)=0, a = T. Then, 

dU = T dS — P dV. (6.3) 


It follows from this that the natural or "own" variables of the adia- 
batic potential are entropy and volume and the derivatives with 
respect to these variables are equal to 


T-($ v’ P=— (3 )s (6.4) 





Isothermal process. Equating the work done in an isothermal 
process, ÔA y, to the decrease in the isothermal potential F, we get 


Ar — P dV, — cm dF ,. 
For an arbitrary non-isothermal process a natural generalization 
of the above equation is the relationship 
dF — p dT — P dV. 
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tineo this expression must be a total differential, we have 


3)h- -(3r).- 


ar, passing to Jacobians, 
aT) 2P. V) 290(67D ., 
9(V,T) | 9(V,T)* ô(P,V) * 


Mulliplying both sides of the above equation by the Jacobian 
aut, V) 











= í, we obtain 





(T, SN) E 

9(T) _ BY) _ x 

aT, | ( as ht fecu 
'l'hus, there exists an infinite set of isothermal potentials, differing 
from one another by an arbitrary function of temperature (the re- 


quirement dF r — — P dV is satisfied for all these potentials). Norma- 
Vive tlie choice of isothermal potential by the requirement xp (7) = 
=), B = — S. Then, 

dF = — S dT — P dV. (6.5) 


li can be seen from Eq. (6.5) that the natural variables for the iso- 
thermal potential are temperature and volume, and the derivatives 


with respect to these variables are 
OF oF 
[aS rs P=- (5) (8.6) 


lt us relate the adiabatic and isothermal potentials. Subtracting 
from Eq. (6.3) the expression (6.5), we find that 


d(U — F) = T dS + S dT = d (TS), 
whence it follows that 
F = U — TS, (6.7) 
where the integration constant is assumed to be equal to zero. 


Problem 


Making use of the expression for entropy (4.6), find the inter- 
nal energy of a perfect gas (a) as a function of T; (b) as a func- 
tion of its "own" variables S, V; and (c) the free energy in terms 


of its "own" variables T, V. 
Answer. (a) U—Uy= PCM ; 
— RTo [ ( Vo V7! qu-0(-so8 1]; 
(b U-Uy= "c1 [ (+) e(¥-1) (S-So)/ 1]; 
= y-1 
(Eus AUT Ag 


y—1 Y—1 TY] 
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7. The Energy Principle. 
Supply and Removal of Heat 


Let us introduce the concept of the internal energy of a thermody- 
namic system, defining it as the total energy less the kinetic and 
potential energies of the system as a whole. The internal energy of 
a system can be changed in two physically different ways: (1) by 
performing work 6A on a gas by a gas or applied forces; (2) by 
bringing the gas into contact with a body at a higher temperature 
(heater) or with a body at a lower temperature (cooler). If no work 
is performed in this case, then the amount of energy obtained (or 
lost) by the gas is said to be the quantity of heat supplied to (or re- 
moved from) the gas due to such contact, denoted by the symbol 
6Q. 
This assertion, being in essence the law of conservation of energy, 
will be referred to as the energy principle or the first law of thermo- 
dynamics. : 

It should be noted here that for processes operating in an ideally 
heat-insulated vessel the second method of converting energy is not 
valid and work is done at the expense of internal energy. This means 
that the adiabatic potential U introduced in Sec. 6 is identical to 
internal energy. 

Thus, the energy principle may be formulated as follows: 


dU = 6Q — ôA = 8Q — P dV, (7.1) 


with the quantity of heat being regarded as positive when it is sup- 
plied to a system, and negative when it is removed from a system. 
Comparing formulae (7.1) and (6.3), we find the formula relating 
the quantity of heat 6Q and the differential of entropy: 


6Q = T dS. (7.2) 


It should be emphasized that formula (7.1) differs from formula 
(7.2), on the one hand, and from formula 


dU — T dS — P dV, (7.3) 


on the other hand, in the following manner. Inasmuch as formula 
(7.1) is a special form of the law of conservation and conversion of 
energy, it is valid for any processes, both equilibrium (reversible) 
and non-equilibrium (irreversible). In contrast to this formulae 
(7.2) and (7.3) are valid only for equilibrium processes, and in the 
case of non-equilibrium processes, as will be shown in Sec. 23, they 
must be replaced with some inequalities. On the other hand, restrict- 
ing ourselves to the investigation of equilibrium processes only, 
we must recognize that the content of equation (7.3) is much wider 
than that of formula (7.1), since equation (7.3) is based essentially 
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on the postulates of the existence of temperature and entropy, relat- 
ing, thereby, the temperature, entropy and energy principles. 
In this connection relationship (7.3) is often referred to as the basic 
thermodynamic identity (for equilibrium processes). 

8(T, S) 


lt should be noted that the calibration requirement (POV) = 


1 [see Eq. (4.4)] is in a certain sense a corollary of Eq. (7.3). 
li represents the condition required for the right-hand side of Eq. 
(7.3) to be a total differential, although only when the derivative 


US). differs from zero. As will be shown in Sec. 18, this inequality 





ds 
may be violated for a number of substances at some points on the 
PV plane. 

l'ormula (7.2) is similar to the formula for elementary work 64 — 

P dV [see (5.1)]. In view of this similarity Gibbs has suggested 
(hut entropy S be considered as a thermodynamic coordinate and 
temperature T be called a thermodynamic force. Just as work is 
related to a change in a mechanical coordinate, so the supply or 
removal of heat is related to a change in the thermodynamic coordi- 
wate, entropy. 

The heat supply to a system is equivalent to an increase in the 
thermodynamic coordinate, the increase of entropy, and the remov- 
ul of heat from a system is equivalent to a decrease in the thermo- 
dynamic coordinate, removal of entropy. The thermodynamics of 
equilibrium processes can be said to be in a way an extension of 
mechanics, associated with the introduction of an additional non- 
mechanical degree of freedom. While the mechanics of one-dimen- 
sional motion admits only the variation of the coordinate z (varia- 
tion of volume V in gas mechanics), thermodynamics also deals 
with a change in entropy $, signifying the supply or removal of 
heat. 

The isothermal potential F is also called the free energy, and the 
difference U — F — TS the bound energy. These names arise from 
the fact that F can be specified as the fraction of internal energy spent 
lo produce work in an isothermal process, while the decrease in 
the fraction TS, equal to —T dS at T = const, is compensated 
for by the supplied heat T d$. 

let us analyze in greater detail formula (7.2). The geometric 
interpretation of the quantity of heal represented on a T-S diagram 
ix in perfect analogy with the interpretation of work on a P-V dia- 
gram. It is exactly the quantity of heat supplied to a system that 
ix expressed analytically by formula 


Q- Tas, (7.4) 
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(Pi popreeenied graphically by the area below the curve 7 (S) 
Fig. 6). 

Since temperature is a function not only of entropy, but also 
of the state of a gas (for instance, a function of S and V, or a func- 
tion of S and P), the area (quantity of heat) depends not only on 
the initial and final states, but 
also on the entire course of the 
process. In the intermediate 
states of a process the temperature 
may be both higher and lower 
than the temperature correspond- 
ing to curve /. This is why the 
quantity of heat involved in the 

$1 $; S processes represented by curves 

. II, HI, etc. will respectively 

FIG. 6 be greater or smaller than the 

quantity of heat corresponding 

to curve J. This means that the line integral (7.4) depends not only 
on the initial and final points, but also on the entire path of inte- 
gration. It follows that the integrand ôQ = T dS is not a total dif- 
ferential of any function of the state of the gas. The physical mean- 
ing of the above assertion is that just as the concept of work "ac- 
cumulated" in a gas in some of its states has no meaning, no quan- 
tity of heat Q exists whose increase or decrease would be equal to 
the quantity 6Q. (Just as in the case of work, this is emphasized 
by denoting an infinitely small amount of heat by 6Q and not dQ.) 

Similar to work, the quantity of heat is a function of a process and 
it acquires an unambiguous meaning only when the conditions of 
heating or cooling of a gas are specified. In this way both the work 
and the quantity of heat are functions of a process and not of the 
state of the gas involved, and the quantities P dV and T dS are 
generally not total differentials. Only the difference T dS — P dV is 
a total differential of the adiabatic potential, internal energy, that 
is, a function of the state of a gas. Consequently, the concepts of 
the supply of work and of the supply of heat in a gas are meaningless, 
only the energy supply having a meaning. 

Using a method similar to that applied to work, we will now show 
how to calculate the quantity of heat supplied or removed in different 
thermodynamic processes. 





Isothermal process. 
S3 
Or= | T dS =T (S,—S,). (7.5) 
1 
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Using formula (4.6) for entropy and the Boyle law 








R PVY 
S— S= ln Gori " P,V, — P,V,, 
we obtain 
_ RT PSI. — V 
Q= ln ( Pri) = RT In (7+) " (7.6) 
Isobaric process. From formula (4.6) we find that at P — const 
JS c ae and l 
q—1)V 
ry (TOY Py ( p R 
Y 
Qp— 31 j — =T J dV — 4 V-V) = sey (T2 T.) 
1 1 


(7.7) 


Isochoric process. From formula (4.6) we find that at V = const 


i R dP 
dS = īp and 
Pe 
R T dP V R(T,—T 
Qv- l p ya Pe PA. 08 
Pi 


Adiabatic process. 


Qs = 0. 


8. Heat Capacity of Gases 


Let us introduce the concept of the heat capacity of a gas, defining 
It as the quantity of heat that must be supplied to the gas to raise 
ils temperature by one degree (1°): 

80 
C= wr: (8.1) 
It is clear that, like the quantity of heat, heat capacity is a function 
ul a process, acquiring an unambiguous meaning when the conditions 
af the heating of the gas are specified. 

Examples of heat capacity are the heat capacity at constant pres- 
sure Cp and at constant volume Cy. By virtue of the condition 
^u — the adiabatic process is associated with the heat capacity 
equal. to zero, Cg = 0. Finally, the isothermal process (T = const) 
enn be conditionally assigned the heat capacity Cr = +00, taking 
this process as the limiting case of a process in which temperature 
rives or drops at an exceedingly low rate upon heat supply (6Q > 

-0, ôT = + e, |e |— 0). Since gas heating conditions can be 
Infinitely varied (so that not P, V, S will remain constant, but the 
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arbitrary functions of P and V), there exists an infinite set of heat 
capacities of a gas. It should be noted, in particular, that proces- 
ses for which heat capacity is negative (6Q and 67 have opposite 
sings) are possible. This is so when a heated gas expands sufficiently 
and produces an amount of work exceeding the quantity of heat 
supplied to the gas. Then, notwithstanding the supply of heat, the 
internal energy and temperature of the gas will decrease, and the 


ratio $Q will be negative. Let us find the heat capacities Cy and 
Cp, expressing them in terms of the derivatives with respect to 
entropy. According to (7.2), we have 


oS os 
Coet (2), Cot (28), T 
Let us calculate the heat capacities Cy and C p of a perfect gas and 


prove that the constant 0 in the expression for the absolute tempera- 
PY 


ture, T = "wo 0, must be chosen equal to zero. Differentiating 
with S. to T the entropy formula E 5) 
2e. RÀ r—86vv!:- (7 —0)" p!7Y 
Ei y—1 in [ (To —8) VYT cjr In[ (To—9)* Pi- m eer] 


first at V = const and then at P = const and, making use of for- 
mulae (8.2), we fnd 


_ _R T = RyT q 
Cv—a— T—8: ©P= Gow (6:3) 


It can be seen from Eqs. (8.3) that the heat capacities Cy and Cp 
are constant only at 0 = 0; in this case 


R R 
Cr— T. CR A45 (8.4) 
whence 
Cp _ 
PT (8.5) 
and 
Cp — Cy =R. (8.6) 


Formula (8.6) is known as Mayer's equation*. 


* [n the nineteenth century Eq. (8.6) was used to determine the mechanical 
equivalent of heat J and its reciprocal quantity A —the heat equivalent of work. 
For this purpose it is sufficient to measure for some gas the difference Cp — Cv 
(in calories) at a distance far from the liquefaction point, and the gas constant R 
in mechanical units (joules). Such experiments conducted with different gases 
over a wide range of temperatures and pressures invariably yielded the same 
Mr J = 0.239 J/cal, this being the first substantiation of the energy prin- 
ciple. 
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Thus, we have determined the reference point for the absolute 
Leinperature; we draw the attention of the reader to the fact that 
for this purpose, in addition to measuring pressure and volume 
(tho construction of the network of isotherms in a thermostat and 
tle network of adiabats in an adiabatic vessel), we had to measure 
ono caloric quantity, the heat capacity Cy (or Cp) and make sure 
that it was independent of temperature. The situation would not 
change if we were to choose as a working medium for the calibration 
of the temperature and entropy scales not a perfect gas, but another 
thormodynamic system. In this case, to determine the temperature 
reference point we would also have to base our study on one calori- 
metric measurement in addition to measuring pressures and vol- 
umes. The basic reason for such a procedure consists. in that the ther- 
modynamic determination of the temperature scale is based in the 
inal analysis on formula (7.2). It can easily be seen that this formu- 
la is not invariant in respect to the shift of the temperature reference 
wint and presupposes a definite choice of the quantity 0, namely 
) =0. 


tj. Cyelie Processes, The Carnot Cycle 


Let us consider on a P-V plane a reversible (equilibrium) cyclic 
process, or cycle (Fig. 7), and let the point representing the state of 
the gas undergoing the process pass through the cycle in the clock- 
wiso direction. Along the path abc the gas expands and, according 
to Vq. (5.2), performs positive work measured by the area below the 
eurve abc. Along the path cda the gas is compressed by external 
forces that perform negative work, the absolute value of which is 
measured by the area below the curve cda. With the direction of 
tho cycle selected and upon its completion, there is a gain in work 
| measured by the area contained within the cycle abcda. Consider 
the same cyclic process represented on a T-S plane (Fig. 8). The 
cycle. is, evidently, represented by another closed curve a'b'c'd'a'. 
Suppose that the representative point passes through the cycle in 
the same way as on the P-V plane, i.e. in a clockwise direction (it 
will be shown later that a contrary assumption would lead us into 
routeadiction). Then, entropy increases along the path a’b’c’ and, 
according to formula (7.4), heat is supplied to the gas, with the 
quantity of supplied heat being measured by the area below the 
curve a'b'c'. Entropy diminishes along the section c'd'a' and heat 
in removed from the gas. The absolute value of the removed heat 
in represented on the diagram by the area below the curve c'd'a'. 
M pon completion of the entire cycle there is an excess quantity of 
hont that is measured by the area contained within the closed curve 
a! l'c'd'a' 


1 0708 
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According to the energy principle (7.1), we have 


650-6 dU + 664. 


Since the internal energy is a function of the state of the gas, $ dU = 
= 0 and consequently 

Q =A. (9.1) 
Thus, the areas of the cycles plotted on the P-V and T-S planes, or 
diagrams, must be equal to each other (it will be noted that we also 


P 





FIG. 7 FIG. 8 


prove, thereby, that the direction of the cycle depicted on the P-V 
and 7-S planes must be the same, otherwise we would obtain a 
physically and mathematically meaningless equality of positive 
work and negative heat). 

Thus, a cyclic process in which a representing point runs clock- 
wise through the cycle represents schematically the performance 







4-0,-10; 





A=Q,-| Qij 
Q2 
Cooler 
FIG. 9 FIG. 10 


of any heat engine converting heat into work (Fig. 9). The gas receives 
from the heater the quantity of heat Q,, a fraction of this heat 
Qs (Qe < 0) is removed by the cooler, and the difference Q, — | Q,] 
is converted into work. It follows from formula (9.1) that if Q — O, 
then A = 0 as well. Thus, it is impossible to construct a heat engine 
that would provide a gain in work with no energy supply from 
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lin environment (a perpetual motion machine of the first kind). 
li in clear that it is reasonable to define the efficiency of a heat 
engine as the ratio of the work A to the quantity of heat Q, received 
Irom the heater: 


Q—10.- (9.2) 


LE SEDET; 

If we now consider a cycle proceeding in an anticlockwise direc- 
lion, all processes develop in opposite directions and the quantities 
of hoat. and work have opposite signs. .We obtain the performance 
ingram of a cooler that consumes work, but transfers heat from 
n body at a lower temperature to a body at a higher temperature 
(€, - 0) (Fig. 10). 

lt us consider by way of example the so-called Carnot cycle 
rommisting of two adiabats and two isotherms. Figures 11 and 12 
^how the Carnot cycle plotted on P-V and T-S planes. It can be 





P 
T, 
$i 
Sı 
T; 
V 
FIG. 11 FIG. 12: 
wn lhat while on the P-V plane the form, or outline, of the cycle 


depends on the kind of the gas involved, and particularly on whether 
the gas is real or ideal, the Carnot cycle for any thermodynamic 
syalom is represented on the T-S plane by a rectangle whose sides 
mo parallel to corresponding coordinate axes. 

It us calculate the efficiency of a reversible Carnot cycle. Accord- 
it to formula (7.5), we have 


Q, = Tı (S2 — Sı), Q1 = Ta (S1 — S2), 


whence 
— T,-—T 
n= $e. in (9,20, <0). (9.3) 


Ile following corollaries result from formula (9.3). 
| The efficiency of a Carnot cycle is independent of the working 
medium involved. 
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2. The efficiency of a Carnot cycle depends on the ratio of the tem- 
peratures of the heater and the cooler and is independent of the com- 


ponent parts of the heat engine. The lower the ratio p the higher 
1 [ 


the efficiency of the Carnot cycle. 

: 3. The efficiency of a Carnot cycle is always less than unity, and 
it approaches unity as the temperature of the cooler tends to abso- 
lute zero. 

. It will be noted that the Carnot cycle is the natural and only pos- 
sible working cycle for a heat engine incorporating one constant- 
temperature heater and one con- 
Stant-temperature cooler, since 
for such a machine heat must 
be absorbed and removed isother- 
mally and the intermediate proc- 
esses must be achieved adiabat- 
ically. No other types of heat- 
ers or coolers exist. 

Let us prove the following the- 
= orem: the efficiency of the Car- 

“FIG. 13 not cycle is higher than that of 

any other equilibrium cycle in 

which the maximum temperature of the heater and minimum tem- 

perature of the cooler are equal respectively to the temperature of 

the heater and temperature of the cooler involved in the Carnot 
cycle. 

To prove this.theorem let us depict the given cycle ona T-S plane 
(Fig. 13), plotting around it a Carnot cycle. Denote the sum of the 
areas aÁb and bBc by q,, and the sum of the areas aDd and cCd 
by | qs | (qa < 0). By definition, the efficiency of the Carnot cycle is 





n= Se, (9.4) 
where Q, is represented by the area of the rectangle ABFE, and 
| Qa | by the area of the rectangle DCFE. For the abcda cycle we 


have 


— 91—2— [Qata] 
q Q1—20 " (9.5) 


Substituting, in accordance with formula (9.4), Qi —|Q.|= 
= cQ: into the numerator of formula (9.5), we obtain 
= "cQi—«— faa] 
" 091—421 d 
whence 


lame 21 ae a faal 
T] — Tic Q1—a a Nc) O-n kn 
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Since the second and third terms in the right-hand side of the above 
equation are negative (n; < 1), then nc > n, with the equality 
occurring only when g, = g, = 0, i.e. when the cycle fully coin- 
cides with the Carnot cycle. 

It should be noted that not only the Carnot cycle described around 
the given cycle satisfies the conditions of the theorem, but also a 
Carnot cycle with adiabats located in a different way (see the dotted 
lines in Fig. 13). Since nc; does not depend on S, and $,, the the- 
orem remains valid for such cycles as well. We determined above 
that qc < 1, therefore n «1 for other cycles as well. From this 
follows one of the classic statements of the second law of thermo- 
dynamics: it is impossible to construct a perpetual motion machine of 
the second kind, i.e. a periodically acting machine that would con- 
vert all the heat supplied by a heater into work (that would have 
an efficiency equal to unity). 

Such an imaginary machine would be able to perform at the ex- 
poe of cooling the ocean or the earth crust and although its per- 
ormance would not violate the law of conservation of energy (the 
machine would not be a perpetual motion machine of the first kind) 
it would practically be an unlimited source of energy. Laws of nature, 
however, make it impossible to construct such a machine. The 
conversion of heat into work requires that alongside with a heater 
there should exist a cooler, i.e. that there should exist a temperature 
difference. 


Problem 


For the cycles J (Fig. 14) and JI (Fig. 15) realized with a per- 
fect gas find (1) the quantity of heat and work involved in all 





P 
T, 
T, T 
i s 
| { 
Vi V2 V Viv, V2V3V 
FIG. 14 FIG. 15 
seclions of the cycle; (2) make sure that Q = A: (3) find the 
efficiency. 


Answer: Cycle I: (2) Q=A =Cv (Ta—T,) 
E Ta Uv . 
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(T,/T,)! ^ —1 
(T4/T)) —1 


Cycle II: (2) Q=A=A(T,—T,) In (vt); 


_ R (T,— T,) ln (V,/V,) 
(3) n— ccr T) RT aVV 


(3) n=1— 


10. Axiomaties of Thermodynamics. Generalization of the Concept 
of Entropy to Arbitrary Thermodynamic Systems. 
Nernst's Heat Theorem 


This section is devoted to some problems associated with a set of 
axioms of thermodynamics. 

Since in this book use is made of a set of axioms differing from 
the traditional one, we find it useful to diseuss here the set of prin- 
ciples or laws that is usually used in exposing classical thermo- 
dynamics, and find out how the system used by us is logically 
related to this set of axioms. 

In traditional presentations the following postulates are used as a 
foundation for the whole building of classical thermodynamics: 

1. The zeroth law of thermodynamics postulating the existence of 
temperature. It should be noted that the zeroth law is by far not 
always introduced in thermodynamics courses, although its logical 
necessity is obvious (see, for instance [1]-[3]). 

2. The first law of thermodynamics expressing the principle of 
conservation of energy as applied to thermal processes 


dU = 6Q — ôA. (10.1) 


3. The second law of thermodynamics admitting a considerable 
number of different, but equivalent statements. In the first place 
let us mention the earliest quantitative statements of this law sug- 
gested by Carnot, Clausius, Kelvin, Ostwald: 

(a) heat can never pass from a colder to a warmer body without 
some other changes, connected therewith, occurring at the same time; 

(b) it is impossible, by means of inanimate material agency, to 
derive mechanical effect from any portion of matter by cooling it 
below the temperature of the coldest of the surrounding objects; 

Kc) it is impossible to construct a perpetual motion machine of 
the second kind. 

When applied to equilibrium processes any of these equivalent 
Statements of the second law of thermodynamics leads to the existence 
of a function of the state of a system (entropy) that is related to 
the quantity of heat by [see Eq. (7.2)]. 


6Q = T dS. (10.2) 
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Combining formulae (10.1) and (10.2), we obtain a compatible 
mathematical statement of the first and second laws of thermo- 
dynamics in the following form [see Eq. (7.3)]: 


dU — T dS — P dV. (10.3) 


‘he condition for the right-hand side to be a total differential is 
the relationship 

a(T,S) _ a(P,V) 

8(V.S) a8)’ 








whence, at ae $ +0, we obtain the already known [Eq. (4.1)] 
calibration 

a(T,S) ,. 

2-1 (10.4) 


Let us revert now to our set of axioms. We have postulated in 
tho first place the existence of temperature and entropy (stated the 
temperature principle and the entropy principle). The calibration 
condition for absolute temperature and absolute entropy leads to 
the fact that the right-hand side of expression (7.3) is a total differ- 
ential. Since for a process occurring in an adiabatic vessel this ex- 
pression is —P dV — 6A, the adiabatic potential U must be identi- 
lied. with the internal energy. Adding the energy principle (7.1) 
to our set of axioms, we obtain formula (7.2) as a corollary. Thus, in 
addition to the temperature principle and the entropy principle, 
and the calibration condition (10.4) relating them, the energy prin- 
ciple (the first law of thermodynamics) must be included into the 
sol of axioms. 

In spite of the fact that such a construction system for thermo- 
dynamics is not the most economical from the viewpoint of the number 
of axioms, we consider it to have certain methodical advantages 
consisting in that from the very beginning the existence of an inter- 
nal relation between the concepts of temperature and entropy (T— 
(lormodynamic force, S—thermodynamic coordinate), and the 
existonce of symmetry between the two pairs of variables 7, S and 
P. V is emphasized. 

Let us mention one more possible method of introduction of abso- 
lute temperature and absolute entropy, not requiring the use of a 
perfect. gas as a reference gas, to measure T and S. This method is 
bnsod on the Carathéodory principle, according to which in the neigh- 
hourhood of equilibrium state A of a system there exist other states 
li which cannot be attained from state A by an adiabatic path— 
tho principle of adiabatic inaccesibility. It should be noted that this 
principle is contained in our entropy principle. In fact, the assump- 
tion that the adiabats do not intersect each other means that two 
nintes represented on different adiabats cannot be linked by a third 
ndinbatic process. 
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Consider two equilibrium thermodynamic systems 1 and 2 that 
are in contact with each other and have the same conditional temper- 
atures zt, = t, = t. (Otherwise, if t, ÆT,, the systems should 
have been separated from each other by a movable heat-insulated 
partition. The Carathéodory principle may be violated for such 
thermally heterogeneous system.) The state of each system 1 and 
2 is described by some thermodynamic parameters. Making use of 
the thermal and caloric equations of states we may assume that 
the first two parameters ar? t and o; (i = 1, 2). Then the state of 
system 1 is given by the parameters t, 0), zı, the state of system 
2, by the parameters t, o,, z,, and the state of the combined system, 
by the parameters T, 0, 7,, Z3 (0,, O}, 0 denote conditional entropies, 
z, and z, —totalities of the remaining thermodynamic parameters 
of systems 1 and 2 respectively). 

Assume that in the course of some equilibrium process quantity 
of heat 6Q is supplied to the combined system and quantities of 
heat 6Q, and 5Q, to the subsystems, so that 

6Q = 6Q, + 6Q,. (40.5) 
Since on any adiabat 6Q = 0 and do = 0, then at small rates of 
heat transfer the quantities 6Q, 6Q,, 6Q, are proportional to do, 
do,, do, respectively, and the coefficients may depend on the param- 
eters of state and be positive: 
60, — f, (T, 04, 2) doy, 90, — f; (T, Og, z2) doz, 60 =f (T, 0, z,, 13) do. 

(10.6) 
Substituting the expressions (10.6) into (10.5), we get 
hi (T, 904, 21) fa (T, Og, Z2) 
do. 2 2 

Í (T, O, zy, Z3) ct Í (T, 0, zy, 23) am: (10:7) 
Since the parameters z, are independent of t and 9;, it follows from 
this that 

(1) ø is a function only of o, and 0,, o = O (0,, O2); 

(2) the coefficients f,, f,, f depend only on the conditional tempera- 
ture and conditional entropy fi = f, (T, 9), fe = fe(t, 99), f = 
= f (x, 9) and are independent of z,, z,. 

a the ratios f, (T, 9,)/f (t, 0) and f,(t, o,)/f (x, €) are independent 
of T. 
It follows from the above property that 


do = 


9h pp 91 
9 (hi Y | at ot — = 
ae (Ff) = 0 =A, 2), 


whence we find E (In f)= a (In /) = Q (t) (since In f, is indepen- 
dent of d, and In f, is independent of o,). Consequently, we have 


fi (t, Oy) =Y (1) Fy (04), fa (t, 04) — b (3) Fy (03), f (*, 0) = P(t) F (0), 
(10.8) 
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where v (1) = exp [ Q (1) dx ] is an arbitrary positive function of t. 
Substituting Eqs. (10.8) into Eq. (40.7), we find 
F (o) do = F, (0,) do, + F,(0,) doy. (10.9) 
Determine now the absolute entropy S accurate to the reference 
point by the formula S = | F (0) do, and the absolute temperature, 
using the formula 7 — my (x). Then from formulae (10.6) and 
(10.8) we find 6Q/T = dS, i.e. the conventional statement of the 
second law of thermodynamics, and formula (10.9) is an indication 
of the additivity of the absolute entropy dS = dS, + dS,, S = 
$4 + Sa 
Let us find out now what degree of arbitrariness is {allowed by 
formula (10.2) in the choice of absolute temperature and absolute 
entropy. Assume that two absolute temperatures, 7,(t) and 7,(t), 
nnd two absolute entropies, S,(¢) and S,(0) are possible. Then, on 
the basis of formula (10.2), 
6Q = T, dS,, = Ta dS,, 


or 








T, (9) p dS, (o) 
T,(t) — d$,(0 * (10.10) 


Since the left-hand side of Eq. (10.10) depends only on t, and the 
right-hand side, only on c, the two sides are equal to the same con- 
stant a and 


T, (1) C aT, (1), dS, (o) = dS, (0), S2(0)=—+ S, (o) +b. 


hus, the arbitrariness in determining absolute temperature and 
entropy consists only in that we can change simultaneously the 
"scale division" of the temperature and entropy scales a and a^! 
times and choose arbitrarily the entropy reference point. 

The concept of entropy can be generalized in principle to arbitrary 
thermodynamic systems with the aid of formula (10.2). In fact, 
assuming the value of entropy of the system under consideration in 
^ome arbitrarily chosen state to be equal to zero (arbitrary reference 
point for the entropy scale) and supplying to this system a quan- 
Lily of heat 6Q (in a reversible way, i.e., at an infinitely small temper- 
aluro difference between the system and the heater), we can use 


formula dS = 2 to graduate the entropy scale of any system. 


Let us introduce one more important thermodynamic principle, 
known as the Nernst heat theorem, or the third law of thermodynamics. 
This principle cannot be proved within the framework of thermo- 
dynamics and is introduced in the way of a postulate as a generalization 
of some experimental data relating to chemical thermodynamics. 
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The Nernst's theorem can be proved within the framework of sta- 
tistical physics and the proof is associated essentially with quantum- 
mechanical ideas. It will be considered in Secs. 39 and 63. Here we 
shall limit ourselves to the statement of the Nernst theorem and 
its thermodynamic corollaries. 

The Nernst heat theorem: at absolute zero the entropy of any equi- 
librium system is constant, independent of any varying parameters 
(pressure, volume, field intensities, etc.). 

In many cases this constant happens to be equal to zero and that 
is why the Nernst principle is often formulated as follows 


S|rao =9, 


although this statement is not universal. 

The Nernst heat theorem implies a number of important corol- 
laries. 

1. At T = 0 any heat capacity of a system approaches zero. In 
fact, at a temperature close to absolute zero, the entropy can be pre- 
sented in the form 


S (T) = S (0) + A (z) T", 


where S (0) = a constant independent of any variable parameters; 
x =a parameter assumed to be constant when calcu- 
lating the heat capacity (V, P, etc.). 


According to the formula C, = T (=) , we have 
r 


CAT) = nA (x) T^ 


and, consequently, 
C,{0) = 0. 
2. The thermal expansion coefficient (=), approaches zero at 
T = 0. In fact, taking into account the basic thermodynamic iden- 


tity (10.4), we obtain 


ôT jep 8(T,P)  a(T,P) ôP ) z^ * 








since at T — 0 the entropy is independent of pressure. l 
3. The pressure coefficient (5), approaches zero at T = 0: 


oP _ 9(P, V) ô (T, S) oS 
y (5r rae 0 


aT aT, aT, n qd 


4. Unattainability of absolute zero. 

The Nernst heat theorem is often referred to as the absolute zero 
unattainability principle for the following reason. Let us take a Car- 
not cycle in which the cooler is at a temperature 7, = 0. For this 
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reversible machine the total change in entropy in the cycle would 
be equal to its change in the region of isothermal heating 7 = T|: 


as- pf, 


since the region of isothermal cooling T = T, = 0 is an isentropic 
curve S = 0 and the other two processes of the cycle are isentropic. 
But, on the other hand, the total change in entropy in the cycle 


AS = $ dS = 0. 


The arising contradiction (Q, <0) proves the unattainability of 
the zero isotherm 7 = 0 which is simultaneously an isentropic curve 
(adiabat) at S =0 or S = const. It will be noted that in general a Car- 
not cycle at a temperature T, = 0 represented by a finite area can- 
not be plotted on a 7-S diagram. In fact, the isotherm-isentropic 
curve T = 0, S = 0 degenerates into a point on a T-S plane (the 
origin of coordinates), and at the same time the rectangle, represent- 
ing the Carnot cycle, degenerates into a segment of the 7-axis. 

The proved corollary, of course, does not exclude the point T = 
= 0 to be approached as close as desired. 


11. Thermodynamic Coefficients. 
Polytropic Processes 

By yl aaa coefficients will be meant expressions of the 
form (2 I p , where the symbols y, u, v denote the quantities P, V, T, 
S. The radian coefficients describe definite properties of a 
gas: the quantities ( m). z). are related to the isobaric thermal 
expansion coefficient of gases ap and the adiabatic thermal expan- 
sion coefficient æg by formulae 


gp yt ( av 


pr)» as Y (5-),. (44.1) 


aT 


ye oP oP t : 
The quantities (27), and (sr), are related to the isochoric pres- 


sure coefficient py and the adiabatic pressure coefficient f, in the 
following way: 


{ôP aP 
Bv=P*(S-),, Bs=P*(SF), (44.2) 
The quantities ( $5), and (3) are related to the isothermal com- 
pressibility Ky and the adiabatic compressibility Kg as follows: 


Kr=—V (I5), Ks= -V (F) (11.3) 
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The quantities ($), and (2). are related to the isochoric C v 


and the isobaric C p heat capacities by formulae 


Cy-T (SZ), Cr=T (+), (11.4) 
The quantities (55), I: (33), and (3) 777 ($), specify 


the quantity of heat that must be supplied to (or removed from) 
a gas when pressure is increased by unity, to maintain the volume 


or temperature constant. Accordingly, the quantities ( 7) = 


emp (&), and (=). =T $6), determine the quantity of 

heat that must be supplied to a gas upon an increase in volume by 

unity, so as to maintain the pressure or temperature constant. 
Let us arrange the thermodynamic coefficients in an array so that 


the first line does not contain S, the second P, the third V and the 
fourth absolute temperature T: 








er). Cor), | Go)» 

| 

s.s Gs 
| (11.5) 

| |! 

(5). (m). (as 


(F) (S) (ar ek 


We have 12 thermodynamic coefficients. It can be easily shown, 
however, that only three of them are independent, and the other 
nine coefficients can be expressed in terms of the three independent 
coefficients. In fact, it can easily be seen that the. product of three 
coefficients placed in one line of our table is equal to —1. For instance, 
for the first line of the table 


(Z (45), h= a(P,V) aT. P) |. 4 


oP )r\ ar }v\ WV) p~ a(P,7) (T.V) (VP) O 
(11.6) 
and, by analogy, 
(sr), Cv). (89), 7 —1- (14.7) 
(sr). (37). (55), 7 —t. (11.8) 
(25) (Sr), (dr) p= (11.9) 
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Five more relationships between thermodynamic coefficients yield 


the basic thermodynamic identity ao > 


both sides of this identity by the Jacobians a(T, V) a(T, P) 


8(T, V)’ aT, P)' 
aa » and ee that are identically equal to unity, and apply- 


ing the theorem of Jacobians multiplication, we obtain the equali- 





= 1. Multiplying 























ties 

ô(T, S) (T, YV) = oS oT ES 

8(T,V) a(P,V) zh (5v). 5p), * (11.10) 
8(T,S) o(T.P) — as aT — 

8 (T, P) a(P,¥) = 1 ($e) C). (11.11) 
8(T.S) a(S, V) _ oT) (08V _ 

sen sen a Cw). B). (41.12) 

S 





8(T,S) a(S,P) _ oT ô 
à (S, P) a(P.V) =! ( ) 5 ( (11.13) 
The fifth relationship between thermodynamic coefficients is ob- 
tained by expanding the Jacobian 


a(T,S) , aT as aT as, _ 
8 (P, V) =(3F vU oe Cor )o Cp) Tt (11.14) 

So we have nine relationships between twelve thermodynamic 
coefficients. 

The three independent thermodynamic coefficients still remain 
chosen rather arbitrarily—if only the other coefficients were ex- 
pressed in terms of the three coefficients chosen by means of our nine 
equations. It is natural, however, that when choosing the three 
independent thermodynamic coefficients one should be also guided 
by the following considerations; since as the three remaining coef- 
licients cannot be found within the framework of the thermodynam- 
ic method, they must be determined experimentally or from statis- 
tical physics. 

Let us choose as independent coefficients 


3p). SRN ($F) y= P. (F) =: 





These coefficients can be rather easily determined experimentally. 
As to the possibility of calculating the coefficients, the first two can 
he calculated directly, if the equation of state of a substance is 
known; the dependence of the third coefficient on temperature can 
ho found only by the methods of statistical physics. The dependence 
of Cy on volume, however, can be determined by the thermodynamic 
method, provided the equation of. state is known. Namely, from 
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Eq. (11.4) we find 
(Thra Lr) ln r UC). 


aS] 45 9 [3(.P)] _ 7 2P 
- T7 si: n] lor OWT) vol ar: (11.15) 





If pressure is a linear function of temperature, which is true both 


for an ideal gas, P — T. and for a van der Waals gas (see Sec. 
12), then 25), — 0 and Cy = CT). 

Thus, in addition to the derivation of the equation of state, meth- 
ods of statistical physics are used to establish the dependence of 
heat capacity on temperature. Let us separate in the array (11.5) 
the three chosen coefficients and express through them the remain- 
ing coefficients. According to Eq. (11.6), we have 


Gr).- —- (ar). (sr), (11.16) 
and from Eq. (11.10) we find 
(39). (F) ad 
Further, on the basis of Eq. (11.11) we obtain 
C) (a) m). (B), 0049 


Now, two coefficients in the second line of the array (11.5): are 
known, then Eq. (11.7) is used to find the third coefficient 


Cm). m). drm 
and from Eq. (11.12) we obtain 
(55), -(3r),7 v; (Fy: GE”) 


The coefficient (3) is found from formula (11.14) 


(m) [19 (i) (25)4] Cor) 
"is zum any | ele (11.21) 
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and the coefficient (5), which is according to formula (11.13) 
the reciprocal of the above coefficient 


aV X [P 
ar T NI m): 

aD le — PALA TAP^$3 ———. 11.22 
Gr). r (45 or), v 


Now two coefficients are known in the third line of the array (11.5), 
and according to formula (11.8) 


(sr == ~(3) AF s" 


whence, using Eq. (11.18), we can write three expressions for the 
difference in heat capacities, C p — Cy: 


Cp—Cy=—T (25). 7), 7 car ae 


--1($),(#). qvam 


Since for all substances ($5), <0 (see Sec. 25), then Cp — Cy 


(this is obvious for ideal gases, since when heating a gas at V — 
— const, the supplied heat is spent only to increase the internal energy 
of the gas, while in the case of isobaric heating the gas performs 
additional work against external forces). 

In thermodynamics, coefficients that are inaccurately measured 
experimentally have to be expressed in terms of reliably measured 
coefficients, and not in terms of the three coefficients chosen by us 
as independent ones. In this case by inaccurately measured coeffi- 
cients are usually meant all the coefficients containing the entropy 
S, since the instruments used in experimental physics included all 
types of manometers, thermometers, etc., but no instruments mea- 
suring entropy are available, and the direct measurement of entropy 
is impossible. So it becomes necessary to “expulse” entropy from 
the Jacobians. For the solution of this problem the following three 
rules are formulated. ; 

1. If a Jacobian contains entropy together with temperature, then 
hy virtue of the basic thermodynamic identity 


9(T,S) _ a(7,S) 9O(P,V) à (P,V) 
8(.....)  9(B,V) 96...) 9C. vee)” 
2. If entropy makes up a pair of variables with volume, then 
a(S, V) | 9(S,V) 23(T,V) Cy 9(TV) 
9(..., ...) OMV 8(.......) T O(n oy wee)” 
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3. If entropy makes up a pair of variables with pressure, then 
a(S, P) _ ô(S, P) (T, P) Cp _a(f,P) 


QC...) 9(FP)9(....) T aC 


By way of example calculate the derivative (F) 


(El ate Se ey te a 
OP js” a(P,S)  23(P,V) a(P,T) a(P,S) Cp \ aT} Pp 


Formula (11.24) has been verified experimentally, in compressing 
liquids (Joule’s experiments). Since the temperature of a liquid 
undergoing compression changes little even upon rather significant 
changes in pressure, Eq. (11.24) can be rewritten for finite tempera- 
ture changes in the form 


ATg— T APs. 
Joule was one of the first to attempt to verify the validity of the 
second law of thermodynamics by experimental studies that result- 
ed in a rather good agreement with the theory, taking into account 
the existing level of experimental techniques. 

It will be noted that proceeding from the first law of thermo- 
dynamics it is even impossible to determine the direction of an effect. 
In fact, the internal energy of a liquid undergoing adiabatic compres- 
sion increases by the amount of work done. However, not knowing 
the changes in the potential energy of the molecules of the liquid 
involved, we cannot even predict the change in their kinetic energy 
and, consequently, in temperature. To solve this problem, we would 
have to make use of the methods of statistical physics. However, 
the second law of thermodynamics gives a direct, although formal, 


answer to the posed question—the sign of (5). coincides with the 


sign of the isobaric expansion coefficient ap. 

It is noteworthy that for water at temperatures below 4 °C the 
coefficient ap is negative and, accordingly, the compressed water 
must undergo cooling in this temperature range, which is fully 
corroborated by experiments. 

We have considered above the calculation of the thermodynamic 
coefficients, i.e. the derivatives of the form (3), , where y, p, and 
v represent one of the four fundamental thermodynamic quantities 
P, V, T, S. Thermodynamics also deals sometimes with the calcula- 
tion of derivatives of the same kind, where the quantities y, p, v 
or some of them may represent thermodynamic potentials (the inter- 
nal energy U, free energy F, and also potentials that will beintro- 
duced in the following sections). In this case the calculation tech- 
niques are somewhat changed, and to express the derivative that is of 








(11.24) 
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interest for us in terms of easily measured quantities, it is necessary 
to pass over in respective Jacobians to variables that are "natural" 
for the given thermodynamic potential: when U is involved, to 
the variables S, V, when dealing with F, to the variables 7, V, etc. 

Consider by way of example an important problem concerning 
the dependence of internal energy on volume at T = const. We 
have 


(2 ) _ 8(U,T) 
T 





“OV ir aF: 
Passing to the variables S, V, we can write 
a) r= sis nsum lar) lla) Cor). 
= (57). (37).] Sene (sr), (55); 
and, according to formula (11.19), 
(m) T [C0] (11.25) 


The expression on the right-hand side of Eq. (11.25) can be found, 
if the equation of state of the gas is known. 

In particular, for an ideal gas, using the equation of state PV = 
= RT, we find 

aU 
(5r),=% U=U (T). (41.26) 

In order to find the dependence U (T), we note that at constant 
volume 


dU, —6Qy =CvdT, (+) = Cy. 


That is why for an ideal gas 

U (T) = È Cy (T) aT, 
and for a perfect gas 

U (T) = CyT + const. 
From the viewpoint of molecular notions Eq. (11.26) indicates that 
the molecules of an ideal gas do not interact at a distance (the po- 
tontial energy of interaction is equal to zero), therefore, the change 
in molecular spacing does not effect the internal energy, if the av- 
orage kinetic energy is constant (T = const). 


Let us consider in conclusion a process occurring with an arbi- 
Lrary, but constant heat capacity C—the polytropic process. We have 


6Q—CaT, dU — Cy dT + ($), aV. 


4 -0799 
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whence, according to the energy principle (7.1) and with the account 
of Eq. (11.25) we have 


CdT — CvaT +T (So dV. 


IT )y 
It follows that 


aV C—Cy : 
OW] mmc (11.27) 
" le T ( a Jy 


If the thermal equation of state, P = P (T, V), is known, then the 
relation (11.27) can be integrated, which results in finding the equa- 
tion of the polytrope in variables T, V; P, V; P, T. 

Let us repeat this derivation in greater detail for theJparticular 
case of a perfect gas. In this case P = at , Cy = const. Equation 


(11.27) becomes 


aT dV 
F 4 (u—t)F=0, (11.28) 
where the quantity x is called the polytropic exponent and equals 
„= CR 
~ C€y—C* 


Integrating Eq. (11.28), we obtain the equation of the polytrope in 
variables 7, V: 


TV*-! — const, 


and the equation of state makes it also possible to find the equation 
of the polytrope in variables P, 





PV* — const 
and in variables P, T: 
p*-! 
: = t. 
D cons 


Let us consider a number of particular cases. 
Isobarie process. We have C — C p, x — O and the natural result is 
P — const, += const, 
which represents the Gay-Lussac law. 
Isothermal process. In this case C = +œ, x = 1 and the trivial 
result is ue 
o «Ov T- =reonst, 


eet 


which i d tsstbenisiics] ai ane 
as thes KO$leP did *Meriotte law). 


V = const, 





Boyle’s law (also known 
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Cp 
Cy 
TV*-!— const, P' !/T'—const, PV’ — const, 

which is known as adiabatic law. 
Isochoric process. In this case C = Cy, x — + oo; raising the 


equations of the polytrope to the x^! power and passing to the limit, 
we obtain the equalities 


Adiabatic process. In this case C = 0, x = y = and we have 


V — const, T — const. 

It should be noted that from the definition of the polytropic expo- 

nent it follows that 
A Cp—xCy 

C= (41.29) 

Considering the inequalities C > 0 and C <0, we find that for 

ositive heat capacities C > 0 the values of the polytropic exponent 

ie in the ranges — oo < x «21 and y< x< oo, and the interval 





FIG. 16 FIG. 17 


l< ox < Y corresponds to negative heat capacities, C <0. This 
means that on the P-V plane the region of polytropic curves pass- 
ing through a given point and corresponding to the processes charac- 
lerized by negative heat capacities is located inside the angle formed 
hy an isotherm and an adiabat passing through the same point, 
nx is shown in Fig. 16. This result is absolutely natural, since no 
leat. is supplied to the gas along the adiabat and C = 0, and the 
quantity of heat supplied to the gas along the isotherm is sufficient 
t» compensate for the work done by the gas [for an ideal gas U = 

U (T) and at T = const we have dU = 0, 6Q ;5 5A]. As to the 
intermediate polytropes, for a gas undergoing-expánstn, we have 
ne. 6Q «— 6A and dU = 6Q — ôA = Cy, dT <0. Hengeg dT < 


_ Q : open of 
0) and C = 35 « 0. :e t s T 
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Let us find the equations of polytropic curves plotted on a T-S 
plane, on which the slope of a polytropic curve is equal to (55). = 


T 


e whence, integrating, we find 


T — T,eS/€ = Ty exp[(x—1) (y—1) $/(x—4) RI, — (11.30) 


where 7, is a constant having the dimension of temperature [ we 


used Eq. (11.29) for C and formula Cy = zu]. We have on the 
T-S plane a set of exponential curves (Fig. 17) that in the particular 
cases x = 0, x = 1, xv, x— +o coincide with  isobars, 
isotherms, adiabats and isochores respectively. It is readily seen 
that for polytropic exponents x lying in the range 1 < x < y, the 


derivative (3). is negative and, consequently, the heat capacity 


C=T (57), is also negative. 


Problem 


A process is given: (a) in variables (T, V), e (T, V) = 0; 
(b) in variables 7, P, ọ (T, P) == 0; (c) in variables (P, V), 
9 (P, V) = 0. Find the heat capacity of the gas undergoing these 
processes. Consider the particular case of a thermally ideal gas. 


Answer 


(a) Ce=Cv—T ( Per 


jou Ir , for ideal gas C = Cy — —— ; 
Py 


ái : 





ôP 
ôT 
(b) Co=Cp+T (+) ut , for ideal gas Co — Cp -- 


d (35), an (5), PP 
(a7), h(i) 

VCv9y — PC pp 
Voy — Pop 


(c) Co= 


for ideal gas C,— 


12. Thermodynamics of the van der Waals Gas 


As has been already mentioned, real gases obey the equation of 
state PV — RT but approximately, the more exactly, the higher 
the temperature of the gas and the smaller its density. At low temper- 
atures and large densities the deviation of real gases from the ther- 
mally ideal gas becomes essential. The theoretical derivation of the 
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equation of state of a real gas cannot be done by methods of pheno- 
menological thermodynamics and falls within the framework of 
statistical physics (see Sec. 65). Various authors have suggested a 
vast number of semi-empirical equations of state describing the be- 
haviour of real gases with a greater or smaller degree of accuracy. 
The simplest and the most applicable of these equations, although 
not the most accurate, is the van der Waals equation. 

The elementary "derivation" of this equation is based on the fol- 
lowing qualitative considerations (a more rigorous proof is given 
in greater detail in Sec. 65). 

The concept of a thermally ideal gas implies from the molecular 
point of view a neglect of the intermolecular forces in a gas. As a 
matter of fact, the molecules of a real gas interact with one another, 
and the potential energy of interaction depends on the distance r 
between the "centres" of the mol- 
ecules. For the sake of simplici- ü 
ty we consider here molecules 
ns spherically symmetrical for- 
mations (actually, it corresponds 
to the averaging of the "centre" 
lines of molecules over all di- 
rections). The form of the depen- 
dence ?/(r) is given in Fig. 18. 

At distances r < r, intermolecu- 

lar repulsive forces appearing 

due to the deformation of elec- FIG. 18 

ironic shells prevail. These 

forces increase rapidly as the molecules move closer to one an- 
other, and the corresponding branch of the curve %(r) can be 
presented with sufficient accuracy by a straight line parallel to the 
W-axis and extending to infinity (the approximation of hard 
spheres). At r —r, the weak attraction forces, appearing between mole- 
cules, are owing to the dipole molecular interaction. They decrease 
at a low rate with increasing intermolecular distance: U(r) oc 
œc r9. At r =r, (ry can be assumed approximately equal to the 
molecular "diameter") the repulsion and attraction forces are bal- 
anced. The appearing potential well is rather shallow, the order of 
magnitude of its depth being 107! to 10-? eV. In cases that are of 
practical interest, at TS 1 to 10 K, i.e. above the condensation 
point, the presence of this well does not lead to the appearance of 
hound states. 

The indicated properties of the forces of interaction permit the 
introduction of two corrections into the equation of the state of a 
RT 
Vv 
with the molecular repulsion forces. In a hard sphere approximation 





thermally ideal gas, P = . The first correction is associated 
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each molecule is enclosed by sphere of radius rp = 209, that is 
“out of the reach” of the centres of other molecules (p, is the “radius” 
of a molecule). The volume of this sphere is eight times the molecu- 
lar volume. Since such a volume is associated with a pair of mole- 
cules (the possibility of three or a greater number of molecules draw- 
ing closer to each other is ignored, assuming the gas to be rarified), 


the “inaccessible” volume per one molecule is equal to 4- = mp, = 


= 4V,. For this reason we replace the volume of the vessel V, pres- 
ent in the equation of the state of an ideal gas, by the volume "free" 
for molecular motion, V—b, where the correction b is equal to N4 x 
x 4V,, and we obtain the Clausius equation for one kilomole, 


RT 
P-——. (12.1) 


from which it follows (as distinguished from the equation P = 


= ar) that even at P — oo the volume of the gas tends not to 
zero, but to some finite quantity b (Fig. 19). 

The second correction is associated with the molecular attraction 
forces. In the thin surface layer adjoining the wall of a vessel a mol- 
ecule approaching the wall is acted upon by the field of forces exert- 
ed by the remaining molecules. This force field deceleratesthe mol- 
ecule and diminishes the strength of blow as the molecule strikes 


GOL-IcI-———————-— 





FIG. 19 


the wall of the vessel and, consequently, the pressure. The thickness 
of the layer is of the order of ro, the range of the molecular interac- 
tion forces, and outside of this layer the forces acting upon the mol- 
ecule are compensated for. Hence we must decrease the pressure 
determined by Clausius' equation (12.1) by the quantity AP that 


g 2 
may be assumed proportional to the squared particles density ( TA) i 





i.e. inversely proportional to V?. The reason for this is that the force 
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acting upon each molecule and the number of molecules oe 
a unit area of the wall per unit time are proportional to X v . The 
resulting equation 


oe (12.2) 
or 


(P +r) (V—b)= RT, (42.3) 


is known as van der Waals’ equation for one kilomole of a gas. The 
quantities a and b in this equation are constants depending only on 
the kind of the gas involved. 

The attention of the reader should be drawn to the non-strict na- 
ture of the foregoing reasonings. It was not proved that the quantities 
a and b are independent of the temperature and density of a gas. 
Furthermore, it will be shown in Sec. 65 that a rigorous derivation 
of the equation of the state of a real gas leads to an infinite series for 
pressure in powers of V-', in which only the first coefficients coin- 
cide with the expansion coefficients of the expression (12.2). All the 
same, for a certain range of temperatures and pressures, van der Waals' 
equation can be used (with some restrictions that will be elucidated 
below) as a working tool to investigate the thermodynamic proper- 
ties of gas. 

It should be noted for one thing that Eq. (12.3), considered as the 
equation used to determine the volume when P and 7 are given, is 
an equation of the third degree. Upon transformation, this equation 
takes the following form: 


s— (b+ 5-) v+ y —5.—0. (12.4) 


Since third-dergee equation with real coefficients can have either 
one real and two complex conjugate roots or three real roots then the 
straight line plotted on a P-V plane parallel to the V-axis may cross 
an isotherm either at three points or at one. À van der Waals' iso- 
therm plotted at not very high temperatures is shown in Fig. 20. 
The left, steeply falling branch of the curve corresponds to the liquid 
state of a substance, and the right flat branch—to the gaseous 
state. The transition from the liquid state to the gaseous state and 
back occurs under ordinary conditions not along the van der Waals 
isotherm ABCDE, but along the isobar AE (represented by the dot- 
ted line) which is simultaneously a real isotherm. As will be shown in 
Sec. 26, the location of the isobar is determined by the equality of 
the areas ABC and CDE—by Maxwell's equal area rule. 

The points on the isobar-isotherm AZ represent two-phase states 
of a substance. The closer the representing point to A, the more 
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there is liquid in the system, and the closer the point to E, the more 
there is vapour in the system. If we denote the maximum volume of 
a mole of liquid and the minimum volume of a mole of vapour at 
temperature 7 by V, and V, respectively, and the volume of the two- 
phase system at point G by V, (Fig. 20), then V, = zV, + (1 — 2) Vo, 
where z is the fraction of liquid in the state G. Whence follow the re- 
lationships 
Va— Vo T Va— Vo 


— ia (42.5) 


TIVI 1s WES 





called (by analogy with mechanics) the lever rule. 

The branches AB and DE of the van der Waals isotherm represent 
metastable states of substance: supercooled liquid and supersatu- 
rated vapour, and these states can be realized under certain condi- 


tions. The section BCD, on which (=), > 0, corresponds to abso- 


lutely unstable states of substance and can never be realized (see 
Sec. 27). 

The fact that van der Waals’ equation leads to such states demon- 
strates once more the restricted application of the equation. At 
sufficiently low temperatures the section of the isotherm pertaining 
to the liquid state may run below the V-axis. Such metastable 
states of liquid at a negative pressure (stretched liquid) may actually 
be observed in experimental studies. With rising temperature the 
branch of van der Waals’ isotherm where humps and valleys are 
observed diminishes (Fig. 21) and at a temperature 7,,—critical tem- 
perature—it turns into a point of inflection with a horizontal tangent. 
At this point (critical point) we have 


(57). 79 C55), = (12.6) 


Equations (12.2) and (12.6) can be used to find all the three parame- 
ters of the critical point, that is critical temperature Ter, critical 
pressure Per and critical volume Ver. 

Use can also be made of the fact that at the critical point the three 
roots of third-degree equation (12.4) merge into one, so that in the 
neighbourhood] of the critical point this equation takes the form 


(V —Va) = V1—3VaoV2-- 3V&V — Và. (12.7) 


Equating the coefficients in Eqs. (12.7) and (12.4), we obtain a 
system of equations 





d. ÉD s c 08. — p 4. BTer. 
Kaw Per" fee Per’ Merb Per 
solving this system of equations we find 
8a ; 
Ter — Rb ’ Ra xx. Ver = 3b. (12.8) 
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Let us replace the pressure, volume and temperature by the dimen- 


sionless parameters P = P/P,,, V = V/V,, and T = T/T,,— the 
reduced pressure, volume and temperature. Then, van der Waals’ 
equation becomes 


~ 3 ~ ~ 
(P +) (38V —1) 4 87, (12.9) 
from which all the individual parameters of gas, the constants a 


and b, are eliminated. This result is a particular case of the more 
general statement—the law of corresponding states, according to which. 





FIG. 22 


for all gases with two equal values of the three reduced parameters. 


of state (P, V and T), the values of third reduced parameters also 
happen to be the same automatically. When formulated in such a 
general way, not associated with a particular form of Eq. (12.9), 
the law of corresponding states is in a far more exact agreement 
with experimental results than the van der Waals equation. 

Let us plot on a P-V plane a set of van der Waals' isotherms 
corrected in accordance with the Maxwell equal area rule (Fig. 22) 
(the region of humps and valleys is replaced by an isobar). The curves 
connecting the initial and final points of the isobars converge at 
the critical point and divide the P-V plane into three regions. The 
region bounded by the curve AK and the upper part of the critical 
isotherm represents the liquid-state region. The region located in- 
side the dome-shaped curve AKB (referred to as the coexistence 
curve) describes two-phase states (liquid and saturated vapour). The 
two-phase state is impossible in the region located above the criti- 
cal isotherm and to the right of the curve BK and with increasing 
temperature and volume the isotherms become close (in the form) 
to the isotherms of an ideal gas, for which PV — const. Consequently. 
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the following physical meaning can be attributed to the critical pa- 
rameters Per, Ver, Ter. The critical pressure is the maximum pres- 
sure of a saturated vapour, the critical volume is the maximum 
(molar) volume of a liquid, and the critical temperature is the mini- 
mum temperature at which any substance can exist in a liquid 
state. As the critical point is approached, the difference between the 
molar volumes of vapour and liquid V, — V, diminishes, and the 
difference vanishes at the critical state. This means that at the cri- 
tical point the difference in the physical properties of a liquid and a 
vapour vanishes. 

We shall turn again to the behaviour of a gas in the neighbourhood 
of the critical point in Chapter VIII, devoted to the statistical theo- 
ry of phase transitions. Let us pass now to the thermodynamic re- 
lationships and find the basic thermodynamic functions of the van 
der Waals gas and first of all, its entropy. According to Eq. (11.17) 


us - (Fr) aT (y), d =F aT + (or) d" 


whence]with the aid of (12.2) we find 
Cv R 
dS = F dT 4- ; —; dV. (12.10) 


It was already shown in the preceding section that for a van der 
Waals gas the heat capacity Cy is independent of the volume: 
Cy — Cy (T). Therefore, the two terms in Eq. (12.10) are total 
differentials and by integrating it we obtain 


S= ( £1 ar+Rin(v—d) + const. (12.14) 


lf we consider Cy = const, which can be assumed in a rather wide 
temperature range, then 


s— So=Cv ln (F ) - Rn (E). (12.12) 


Passing to the variables P, V and using van der Waals’ equation, we 
derive two other formulae for S: 





Po = 
S— $,— Cy In — + Cp In = 
Po um 3 
2 (12.13) 
T PH 
$—S,—Cpln75-—H In tg 
: Pot 


‘The volume can be eliminated from Eq. (12.12) or Eq. (12.13) and 
the entropy can be presented as a function of T and P only by solving 
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the cubic equation (12.4), which leads to extremely cumbersome for- 
mulae. 

Let us find the internal energy of a van der Waals' gas. Equations 
(12.12) and (12.10) are used to obtain 


dU =T d$ — PdV — Cy dT + av. 
Upon integration we find 
U- j Cy (T) dT — 47 + const (12.14) 
and at Cy = const 
U—U,=Cy (T—T9) —37 v (12.15) 
The internal energy can readily be expressed as a function of the na- 


tural variables S, V. Eliminating temperature from Eq. (12.15), we 
use for nula (12.12) to find 
oo) -— imc V, b [^ a a 
U-U-ICy[ej(Ww—) -—1:]-—6- 0249 


Calculate also the difference C p — Cy for a van der Waals gas. 
According to formula (11.23), we have 





Cp—Cy= larly 
Cm). 


and, finding by formula}(12.2) the respective derivatives, we obtain 
P+ 
a 2ab * 
P- t 
Assuming; that z « P,'b)« V and retaining only! infinitesimals of 
the first order of magnitude, we find 


Cp—Cv & R(1 + por) & R(1 tT). (12.17) 


Cp—Cy — R 


Let us find now the variation of the temperature of the adiabati- 
cally expanding gas, depending on pressure. According to formulae 
(12.2) and (11.24), we have 


(3r) 7 tr F) pe a ~ Po cdE tug). 
y ys 


(12.18) 
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Since the right-hand side of Eq. (12.18) is positive, then (3). > 0, 
and with decreasing pressure (expansion of the gas) gas temperature 
drops, with this decrease in temperature occurring at a higher rate 
than for an ideal gas 

We shall point out in concluding this section (without a detailed 
analysis) some other equations of state used to describe real gases. 


The first Dieterici equation 








P (V —b) = RTe-ciRTY, (12.19) 
The second Dieterici equation 
(P^ vos "EE ) (V—b)=RT. (12.20) 
The Berthelot equation 
(P+ yy) (V —5- Rr. (12.21) 
The Kamerlingh Onnes equation (or VM expansion, see Sec. 65) 
py - AT (14+ 4 Se A sse) (12.22) 


The quantities A, are called the ani coefficients and expressed by 
formulae of the kind 


Ambu p TA AE. 


Problems 


1. Find the free energy of the van der Waals gas. 


Answer. F— Fy— Cy (T — Tg) —CyT ln (4) Saris — 


Vo—b * 





2. Find the worl. done upon isothermal expansion of the van der 
Waals gas from volume V, to volume V}. 


Answer. Ár= RT ln v 


a 

py. 

3. Find the quantity of heat that must be supplied to 1 kilo- 
mole of the van der Waals gas upon an increase of its vol- 
ume by unity, so that the temperature of the gas would re- 
main constant. 





Answer. (3€), = r 


4. Find the critical parameters and write down in dimensionless 
variables P, V, T the equation of state of a gas obeying: 
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(a) the first Dieterici equation; (b) the second Dieterici equa- 
tion; (c) the Berthelot equation. 








a 
Answer. (8) Per = ur. Ver=2b, To= Rp. 
pa sop 2. 
2V —1 VT 
a 18 a 
(b) Por = -i0735 A Ver = 4, Toer = Aem Res’ 
157 4 


P= 





ay yu 
R \1/2 8a 1/2 
€) Pa= (z) > Ver=3, To= (amr) è 


p-— 





13. Gas Cooling Methods. Gay-Lussac 
and Joule-Thomson Processes 


As can be seen from formula (12.18), reversible adiabatic expansion 
of a gas can be used to cool it. However, slow reversible expansion of 
a gas, realized adiabatically, fails to be a technically convenient 
method for obtaining low temperatures. Let us consider in this con- 
nection two more experiments. 

The first of these experiments was carried out by Gay-Lussac, 
using the set-up shown schematically in Fig. 23. After valve B is 
opened, the gas rushes from ves- 
sel A into vessel C that was eva- 
cuated beforehand, the experi- 
ment being conducted under con- 
ditions of ideal heat insulation. 
Upon the elapse of some time 
(greater than the pressure relaxa- 
tion time but smaller than the 
characteristic time of heat con- FIG. 23 
duction through the heat-insulat- 
ing walls) thermal equilibrium sets in in the vessels, and the change 
in temperature, 7; — 7,, can be measured. Gay-Lussac's experiment 
has shown that 7, = 7, (within theexperiment'serror limits). Ascan 
easily be seen, it follows from theseresults that the internal energy does 
not depend on volume. In fact, inasmuch as Gay-Lussac's process occurs 
adiabatically without performing work against external forces (the 
gas expands into an evacuated space), the internal energy remains 


constant 
U (Vi, Ty) = U (Va, 74). 


RSS 
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Since 7, — 7,, from this it follows, that the internal energy is 
independent of volume. Let us see what temperature changes take 
place when the Gay-Lussac process occurs in a real gas. It should be 
noted in the first place that this process is an irreversible adiabatic 
process and, strictly speaking, it does not fall within the framework of 
the ideas developed so far. In particular, we cannot claim that the 
entropy remains constant in the Gay-Lussac process: as will be shown 
in Sec. 23, the entropy increases in irreversible adiabatic processes. 
We can, however, widen the scope of problems being solved by us, 
including the Gay-Lussac process with the aid of the reasoning 
often employed in thermodynamics. 

Inasmuch as we are concerned only with the final equilibrium state 
of the gas after its expansion to volume V,, let us replace mentally 
the Gay-Lussac process by an imaginary reversible process leading 
to the same final state. We can visualize this process as an infinitely 
slow expansion of the gas to volume V,, proceeding at a constant 
internal energy U. This.imaginary process, of course, will be neither 
adiabatic, nor isentropic. On the contrary, as we shall see in Sec. 23, 
the process must be realized with a certain quantity of heat being 
supplied to the gas. 

Since we are interested in the change in the temperature of the 
gas undergoing the Gay-Lussac process (this change will evidently be 
the same as in the imaginary isentropic process), let us find the deriv- 


ative (5), . Passing over to the "natural" variables of internal 
energy, S and V, we obtain 


(35) 8(T.U) | a(T.U) av, S) 
U 


V ju av, U) av, S) av, U) 


=F [r (F) +? (i) (13.1) 
Using formula (11.19), we finally obtain 


oT T 2 oP 
(mhell) (12:2) 
It will readily be seen that for an ideal gas this expression vanishes. 
For a real gas, however, using van der Waals’ equation as a model, 

we find 
e: MENDES 

av Ju ~~ Y*Cy * 

One can see from the above formula that when the Gay-Lussac proc- 


ess is realized with a real gas, it slightly cools, since the correction 
a/V? in van der Waals’ equation is small compared with pressure P, 


and the decrease in temperature, ne AV, is small compared with 
T. For this reason such small temperature variations could not be 
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observed in Gay-Lussac's experiments involving great errors (since 
the heat capacity of the walls of the vessel is large compared with the 
heat capacity of the gas). 

In this connection, Joule and Thomson carried out an experiment 
permitting far more exact measurements. Before presenting a de- 
scription of the Joule-Thomson experiment, we have to introduce 
one more thermodynamic function in addition to the adiabatic po- 
tential, internal energy U, and the isothermal potential, free energy 
F. This new function referred to as heat content, or enthalpy, is spe- 
cified by formula 


W = T] + Pv. (13.3) 
The differential of this function is 


dW = dU + P dV + V dP, 
dW = T dS + V dP, (13.4) 


or 


and the natural variables of W are S and P. The derivatives of en- 
thalpy with respect to these variables are 


(22), -r. E) ev ans 


Let us consider now the so-called Joule-Thomson process. An ide- 

alized schematic diagram of the experiment is shown in Fig. 24. 
The gas filling a heat-insulated 
tube is forced through a porous 
partition with the aid of a piston. 
Constant pressures P, and P; (P,— 
> P.) are maintained to the left 
and to the right of the partition 
with the aid of pistons, so that 
the entire process is a steady- FIG. 24 
state one. (In practice the Joule- 
Thomson process is realized in a 'somewhat different manner, the role 
of the pistons being played by a compressor, creating a pressure 
drop and a steady-state gas flow, and the role of the porous parti- 
tion being played by a valve.) 

Let us prove that the Joule-Thomson process occurs at a constant 
heat content (enthalpy), i.e. it is an isoenthalpic process. Let a 
certain quantity of gas, occupying to the left of the partition vol- 
ume Vi, occupy, after being forced through the porous plug, volume 
V, to the right of it. The change in the internal energy of the gas, 
Us — U,, is equal to the work done on the gas, P,V, — P,V2, 
whence 






LLL LLL LLL AML LLL , P 


E] PM Pj,V1 E 
EM ? B 


JL 








U, — U, = PV, = P,V,, W, = WA. (13.6) 
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Attention should be paid to the fact that just as the Gay-Lussac 
process, the Joule-Thomson process is an irreversible adiabatic 
process. Using the same reasoning as in the case of the Gay-Lussac 
process, let us replace the Joule-Thomson process by an imaginary 
isoenthalpic process, proceeding from the same initial state P,, Vj, 
T, to the same final state P,, V}, T, as the real Joule-Thomson 
process. 

Since we are interested in the change in the gas temperature in 
the Joule-Thomson process (this change will evidently be the same 
as in the imaginary isoenthalpic process), let us find the deriva- 

: ôT 
tive (35) w 
we have 
(4E) __ a(T, W) _ a(T,W) a(P,S) 

oP Jw O(P,W) a(P, " 8(P, W) 


np - [ (35). 4 "e$. is), (r) (F) 
By virtue of the equality dW = T dS + V dP, we find 
ôT ôT V 
(35). (35 s Cu 
Using formula (11.24), we finally get 


(a5). elt + P T +]. (13.7) 


For an ideal gas we obtain ary = 0, i.e. the Joule-Thomson 


. Passing over for W to the natural variables, S, P, 


effect does not occur. 
To investigate formula (13.7) as applied to real gases, let us pass 
over in the right-hand side to the variables 7, V, using the relation 


ôV | || 9(V.P) aV, P) 9(V,T) | (28P (= 
C ki a(T, P) a(V,T) a(T, P) ar ) ae 
then, we, obtain E 
(3 
(35) 7 Lr (Gre +? 0), ce (ae) 7 —— 0 
(13.8) 


Since G v). <0, {the sign of the derivative (55 Jy coincides 


oP 
with that of = V (3), + T ( (+), 


Let us examineJthe'behaviour of a gas obeing van der Waals’ 
equation. In this case 
(m CANC SN v) AE 
aT ivy V—b' V8V]r V*  (V—by 
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and 
AT» 

jum TJ "Vo (13.9) 
At X < 0 the Joule-Thomson effect is negative, that is, the perme- 
ation of the gas through the porous plug is accompanied by heating, 
at 4 >> 0 the effect is positive—the gas is cooled, and at A = 0 we 
have the so-cailed inversion point (at which the effect changes its 
sign). The inversion points are determined by equation 


Since we are interested in the inversion temperature. as a function 
of pressure, we eliminate volume from Eq. (13.10) by means of van 
der Waals’ equation to ee 


=} / I mE 
Introducing the notation pe — z, we find 
b bz " 
y —-A—. Wb. (13.11) 


Substituting this into van der Waals’ equation, we obtain for z 
the quadratic equation 





4 1 Pb? 
P—sr+y (1+ A )=0, (13.12) 
whence 
2 1 g 3 Ph? 
-3[tezV 1-—-]. (9-19) 


and the inversion peri ap is 


T,= ‘ORD ae [tty Yi- se em | 


Introducing the critical temperature Ter = = and the cri- 

tical pressure Per = "m we rewrite the last formula in the form 
1 P 2 

7, -37,, (1 ++V i-a] (13.14) 


It can be seen that two points of inversion exist at P < 9Per: the 
upper 7, and the lower T, the difference between which diminishes 
with rising pressure; at P=9P,, the two points of inversion merge 


into one point Tj = 37,,. On the contrary, at P > 0, nz 1 Tos 
n Ter. For most gases at low pressures the lower inversion 


b. 0790 
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point is located in the liquid-state region. The inversion curve plot- 
ted on a P-T plane is dome-shaped as shown in Fig. 25. The region 
of the positive effect lies inside the curve. This is evident, if only 
from the fact that according to formula (13.9) 4 becomes negative 
when 7 — oo and volume V is fixed. 

For most gases (with the exception of hydrogen and helium) the 
upper inversion temperatures are high compared to room tempera- 
ture, and for these gases A0 even at room temperature. It follows 
that the Joule-Thomson effect re- 
sults in a decrease in gas temper- 
ature and its use in nitrogen li- 
quefaction plants is associated 
with this property of the effect. 

For H, and He, used under or- 
dinary pressures, the upper in- 
version temperatures are very 
d low, and at room temperature 

ATepT; 3TcrTiz2Ter — T the Joule-Thomson process results 

in the heating of the gas. In this 

FIG. 25 connection, for hydrogen and 

helium to be liquefied, they must 

first be cooled using other methods, below the inversion tempera- 

ture. Hydrogen is cooled by bringing the gas into contact with li- 
quid air, and helium with liquid hydrogen. 

As is seen from expression (13.9), the positive effect takes place 
when the correction a/V? in van der Waals’ equation is of primary im- 
portance, and the negative effect when the correction b prevails. 
This can be easily understood, using the ideas of molecular theory. 





The correction vi is associated with the action of molecular attrac- 
tion forces, and when these forces prevail they decelerate the mo- 
tion of molecules as they move apart—when the gas expands after 
forcing its way through the porous plug. In this case the kinetic 
energy of the molecules and, consequently, the gas temperature de- 
crease. Thecorrection b is associated with the finite volume of the 
molecules, i.e. with the action of the molecular repulsion forces as 
the molecules draw closer. If these forces prevail, they accelerate 
the molecules as they move apart, with the kinetic energy of the 
molecules and gas temperature therefore increasing. 

So far we have been considering the differential Joule-Thomson 
effect manifesting itself during infinitely small drops in pressure 
Of practical interest is the integral effect, for which 


P2 


T= = (5p), aP (13.15) 
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In practical applications the value of 7, is determined by the choice 
of method for precooling the gas, and the magnitude of P, coin- 
cides approximately with atmospheric pressure. Let us find what ini- 
tial pressure P, must be chosen for the effect tobe maximum. Differ- 


entiating Eq. (13.15) with respect to P,, we find that (w = 0 


at P = P,, T = T,. But this is the condition under which the ini- 
tial state lies on the inversion curve for the differential Joule-Thom- 
son effect; consequently, having chosen the precooling temperature 
T,, we can find the optimal initial pressure on the inversion curve. 

It should be noted in conclusion that all the results obtained 
agree only qualitatively with experiment,since van der Waals' equa- 
tion describes only approximately the behaviour of real gases. 


Problem 


Find the equation of the inversion curve in variables P,T 
for (a) the first Dietericiequation, (b) for the Berthelot equation. 


Answer. (a) P=8 (1 -4 T) exp (4-7) ; 


(b P—18y2 (1-22 53 (c Py 








14. Thermodynamics of Rods 


Let us turn now from the thermodynamic properties of homoge- 
neous systems, described by parameters P,V, to the treatment of 
other thermodynamic systems. 

By way of example let us first examine a rod having a length 
l and acted upon by a longitudinal tensile force f. The work done as 
the rod is stretched by dl is expressed, in accordance with the se- 
lected rule of signs, by formula 


6A = —j dl. (14.1) 
Comparing this with the formula of work derived for gases, 64 — 
P dV, it can be seen that in order to pass from relations of the 


thermodynamics of gases to relations of the thermodynamics of rods, 
the following substitutions must be made: 


P——f, V+, (14.2) 


Thus, in the thermodynamics of rods the role of the generalized 
force is played by the quantity —f, and the role of the generalized 
coordinate by the length of the rod /. The basic thermodynamic equa- 
tion then takes on the appearance 


dU (S, l) = TdS fd (14.3) 
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or, by means of the Jacobian, 


aT, S O 

20, ^ 1. (14.4) 
In the thermodynamics of rods the equation of state, expressed in 
the form P = P (V, T) for gases, will evidently take the form f = 
= f (l, T). In cases of large strains (deformations) and a wide range 
of temperatures the exlicit form of this equation is rather complex 
and it can be found only by experiment. However, over quite a wide 
range of temperatures not close to the fusing point, the length 
of a rod as a function of temperature and the tensile force, ! (T, f), 
will be expressed by formula 


L(T, 0) — L(T,,0)4 +a (T — To), (14.5) 
where 7, = 273.15 K, « is coefficient of linear expansion, depend- 


ing only on the material of the rod, not on its length and tempera- 
ture, and according to Hooke's law 


T, f—1(0,0 _ 1 
(T, 0) =a h (14.6) 


where E = Young’s modulus, depending on the material of the 
rod and weakly depending on temperature; 
o = cross-sectional area of the rod. 
Combining relationships (14.5) and (14.6), we obtain the equation 
of state for an ideal rod: 


l 
fe Ec {qapar T -1). (14.7) 


where lọ = l (To, 0). 

Below, the quantities E and o will be taken as constant for an 
"ideal" rod, and we shall ignore the change in the cross-sectional 
area o upon extension (an allowance for this change yields effects of 
the second order of magnitude with respect to relative deformation 
Al/l). Since for most solids the coefficient of linear expansion 
a ~ 102 deg-!, the product a (T — T,) remains rather small com- 
pared to unity up to temperatures close to fusing point; thus quan- 
tities of the second order of magnitude with respect to aT will be 
ignored. In particular, within the accuracy limits indicated, formu- 
la (14.7) can be rewritten in the form 


[— Ec (uem 79141). (14.8) 


Only formula (14.8) will be used below as the equation of state of a 
rod. 

The isotherms of an ideal rod plotted on the f-l plane are shown 
in Fig. 26. The dotted segments of the curves are isotherms outside 


Ch. I. General Laws of Thermodynamics 69 


the region of elastic deformation, where Young's modulus becomes 
dependent on deformation and decreases compared to its magnitude 
in the elastic region. 

Let us now find the most important thermodynamic functions of 


the ideal rod, above all its entropy, making use for this purpose of 
the formula (4), = — (3), , obtained from formula (11.17) 


upon the standard substitution (44.2). Then 


as = (2) art (-- 5-), di =t ar — SE) dl. (14.9) 


From the equation of state (14.8) we find 





of V — aEol 
an lo 
whence 
d$ =£ ar 4 20 q (14.10) 





In order to integrate the above equation, the dependence of C, 
on T and l must be known. In 
spite of the fact that we are con- 
sidering — rods—thermodynamic 
objects differing in their nature 
both from ideal and real gas- 
es, there exists an important, 
oven if formal, similarity be- 
tween the equations of state in 
these three cases—ideal gases, 
real gases, and ideal rods. This 
similarity is that in all three 
cases the generalized force (P for 
gases, f forrods) is alinear func- 
tion of temperature [Eq. 
(14.8)]. It follows from this that FIG. 26 
for an ideal rod C, is indepen- 
dent of l, just as for idealand real gases Cy is independent of V. 
This assertion can be proved by substitution P — —/, V-> in 


formula (11.15): 
Si)h- -r(z),-9 





ol oT? 
Integrating now the equation (14.10), we find 
S= [29 Ci e aT + e + const. (14.11) 


''he dependence of C, on temperature, just as that of Cy for gases, 
cannot be found within the framework of thermodynamics, and is 
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specified in statistical physics. It will be shown in Sec. 53 that for 
a number of bodies at not very low temperatures C, is constant and 
amounts to about 2.5 x 10* J/deg-kmol (Dulong and Petit law). 
For such (perfect) rods formula (14.11) takes the form 


Ecl? 
S-C,lnT- e 


Let us find the expression for the internal energy of an ideal rod. 
According to (14.10) and (14.8), 


dU =T dS + fdi — C, dT + («EoT ii) dl = C, dT + Ec La 5i 


and 





+ const. (14.12) 


U= f C,(T) dT + 258. + const, (14.13) 
and for perfect rods 


U= cT 4. EE. 


-rconst. (14.14) 


In contrast to ideal gases, whose energy is independent of volume, 
the energy of ideal rods is a quadratic function of deformation. 

Like the array of thermodynamic coefficients of gases (11.5), 
the thermodynamic coefficients of rods can be set out as follows: 


Gr), Gr). (ar), 
(T), (r) Cor 
(zr 2) (ar), 2 
(ar), Gs), (4), 
As with gases, only three of these coefficients are independent. In 


the thermodynamics of rods it is best to choose as the basic three 


coefficients ( 3r), (3), and ( st), = 2. The first two can 
be readily measured on the one hand, while they are specified by the 
equation of state of rods on the other. In particular, for ideal rods 


we have 


(14.15) 


(a), — als, (14.16) 
( J. ) =E aT- T) I- (14.17) 


For rods it is easier to measure the heat capacity C, than C.. 
Let us find the difference C ,. — C, for ideal rods. Carrying out the 
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standard substitution (14.2) in formula (11.23), we obtain 


G) [I \2 
C,-C=7 (4) (2 js (14.18) 
Substituting (14.16) and (14.17) into Eq. (14.18), we find 
C—C, = (ary ee, (14.19) 


and since the right-hand side of Eq. (14.19) is the second-order infi- 
nitesimal in «7, the difference C, — C, is very small and can be 
taken as equal to zero for the degree of approximation assumed. 

Let us express by way of example the coefficient (2), charac- 
terizing the change in temperature upon adiabatic extension of a 
rod, in terms of easily measured quantities. Making use of formula 
(11.24) and carrying out the standard substitution (14.2), we get 


aT) _ — T (80 Y . — ab? 
(3r). C; e )* C, (14.20) 
Since for most solids œ > 0, then (2), <0. i.e. rods cool with 


an increase in load. Experimental studies of the adiabatic extension of 
wires, carried out by Joule and Haga, have shown a good agreement 
with theory. It will be noted that along with experimental studies of 
the adiabatic compression of liquids, Joule and Haga's studies were 
among the first experimental tests of the second law of thermodynam- 
ics, the entropy principle. 

For some bodies (rubber, some polymers) a <0, so that rods made 
from them contract upon heating. It follows then from formula 


(14.20) that (3), > 0, i.e. that a rod made from such material 


heats when acted on by a tensile force. This can easily be verified 
carrying out experiments with a rubber plait. 





Problems 


1. A copper rod having a length l = 1 m is being stretched iso- 
thermally, with a tensile force of f —10? N, 7—300 K. Young's 
modulus E = 1.2 x 10" N/m?, the linear extension coeffici- 
ent a = 1.6 x 10-5 deg-', the cross-sectional area o = 
= 0.1 cm*. Find the work done on the rod, A, and the quan- 
tity of heat Q supplied from a thermostat (pay attention to 
the difference in the orders of magnitude of the quantities 
Q and A and explain the physical reason for this difference). 


I 
Answer. A= ii #043, Q=aTfl—4.8 J. 
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2. Plot on f-l and T-S planes the cycle consisting of the fol- 
lowing three processes: (a) a rod is stretched isothermally at 
temperature 7, with a tensile force f; (b) at f = const the 
rod is cooled to temperature 7; (c) the load is removed adia- 
batically and the rod reverts to its initial state. What is the 
form of this cycle when a rubber plait is used? 


15. Thermodynamics of Magnetics 


This section is devoted to the thermodynamic properties of para- 
and diamagnetic materials placed in an external magnetic field 
H. The thermodynamics of ferromagnetic materials is particularly 
complex, since phase transitions, that is the change of a ferromagnetic 
into a paramagnetic material are involved. The theory of ferromag- 
netic materials will be considered in Chapter VIII, devoted to the 
statistical theory of phase transitions (Sec. 78). As in the case of 
rods, we must have, firstly, the expression for elementary work and, 
secondly, the equation of state. 

As is known from electrodynamics, the total elementary work done 
by the sources of a magnetic field to change the field and magnetize 
the substance upon a change in the induction vector by the quanti- 
ty dB, referred to one mole with volume V, is expressed by formula 


6A — — dB*. We shall limit ourselves to a consideration of uni- 


form fields and homogeneous and isotropic magnetic materials. 
Here, the direction of vectors H and B coincides, and the formula for 
work acquires the form 


VH 
6A= ——-dB. (15.1) 


Just as with the thermodynamics of rods, the minus sign in (15.1) 
indicates that at dB > 0 the work is done by the external field on 
the magnetic material. It is clear from formula (15.1) that to pass 
over from the thermodynamics of gases to the thermodynamics of 
magnetic materials the following substitution must be made in the 
corresponding formulae: 

P VH 


——A VB, (15.2) 


and the differential of the internal energy rewritten to read 


dU = T d$ += dB. (15.3) 


* The Gaussian system of units is used in Secs. 15 and 16, devoted to elec- 
trical and magnetic phenomena. 
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The main thermodynamic indentity acquires in the Jacobian form 
the following form: 

aT, S) — 

—ÁT- UV, = E (15.4) 

In this section the volume of one mole of a magnetic material, V, 

is assumed to be constant, i.e. we ignore the phenomena of magne- 

tostriction and piezomagnetism that will be considered briefly in 
Sec. 20. : 

It is convenient to present the equation for work (15.1) in a some- 


what different form. Making use of the relation B — H HE M. 


where M is the magnetization vector, or the mean magnetic moment 
per mole, expression (15.1) can be presented as the sum of two terms: 


64 —64' + 84 — —a (TE) —H aM. (15.5) 
Introducing a new thermodynamic function U* — — 
whose natural variables are S and M, we obtain for its differential 

dU* = T dS + H dM. (15.6) 


The calibration condition for absolute entropy in the Jacobian 
form will now be rewritten to read 
aT, S) O 
and the standard substitution for passing from formulae for the 
thermodynamics of gases to formulae for the thermodynamics of mag- 
netic materials will have the form 


P-——H, V—>M. (15.8) 


In doing so, one must realize clearly that U* does not mean inter- 
nal energy less the energy of a magnetic field in a vacuum. This fol- 
lows from the factthat H representsthe field intensity already changed 
by the presence of the magnetic material. In each concrete pro- 
blem H can be found by solving equations of electrodynamics with 
boundary conditions (B,, = Ben, Hy; = H,;), the result depending 
essentially on the shape and size of the magnetic material. 

Let us now turn to an examination of the equation of state f (B, H, 
T) = 0 or f (M, H, T) = 0, considering in the first place paramag- 
netic materials, i.e. substances that can be magnetized only in the 
presence of an applied field and for which the direction of magneti- 
zation coincides with that of the applied field. We could construct 
the thermodynamics of paramagnetic materials using a purely phe- 
nomenological approach, not resorting to atomic and molecular mo- 
dels and taking from statistical physics only the form of the equa- 
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tion of state. We, however, prefer the qualitative treatment of the 
molecular model of paramagnetic materials to the purely phenome- 
nological approach, since the former makes it possible to foresee 
the important propertiesof the equation of state (saturation, or max- 
imum, magnetization), without using its explicit form. 

From the molecular viewpoint a paramagnetic material is a sub- 
stance every molecule of which has a magnetic moment. In the ab- 
sence of an external magnetic field the magnetic moments of indivi- 
dual molecules are oriented at random and the sum of the magnetic 
moments is equal on the average to zero. After a magnetic field in- 
tensity H is applied, the prevailing orientation of the magnetic di- 
poles becomes parallel to the field, and magnetization M appears, 
differing from zero. With rising field intensity H and decreasing in- 
tensity, or rate, of thermal motion (with decreasing 7) the degree of 
orientation of the elementary magnetic dipoles increases. The sat- 
uration (maximum magnetization) effect is observed: as H — oo 
or T — 0 the degree of orientation of the magnetic dipoles tends to 
unity, and M — M,. For each fixed value of the field intensity H 
and given temperature 7 there exists an intermediate value of mag- 
netization, falling between M = 0 and M = Mo. 

It is possible to draw an analogy between an ideal gas and a pa- 
ramagnetic material. The internal energy U of ideal gases depends 
only on temperature and is independent of volume, i.e. U = U (T). 

Let us find the general form of the equation of state of gases for 


which U = U (T). From formula dS = oe we obtain 
aU P 


If U = U (T), then = is a total differential, and the term —dVis al- 


so a total differential, which is possible only if the volume V 
is a function of F- An ideal gas represents a special case of gases 


for which the equation of state has the form V = f (z)- 


By analogy with ideal gases, let us assume that for paramagnetic 
materials the expression U* — U* (T) is also valid (an ideal para- 


magnetic material) It follows from this that M — 1(#). Let 
us write down the equation of state of an ideal paramagnetic mate- 





nl E R j g MH 
rial in the dimensionless form, introducing as an argument RT 





Han (ah), iss 


The analytical form of the function L (z) can be found only by 
ihe methods of statistical physics. We shall call it the generalized 
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Langevin function, or simply Langevin function; physical meaning 
of this function is the degree of orientation of the elementary mag- 
netic moments. It will be seen below that there exist various func- 
tions L (z), the classical Langevin function and a number of quan- 
tum Langevin functions. For this reason no use will be made of 
the L (z) function in its explicit 
form, for to obtain most of the 
physical results only the follow- 
ing qualitative properties of 
all the L (z) functions are impor- 
tant: at z = Mot > 1 (strong 
fields and low Enperia) the 
saturation effect takes place and 
L(x)—-1 as z—- oo. On the con- 
trary, at r«&1 (weak fields and FIG. 27 

high temperatures) the degree of 

orientation of the magnetic moments is small and L (z) <1. At 
z = Q the slope of the Langevin curve differs from zero: L’ (0) 4&0, 
and the expansion of the function L (z) for small values of z 
begins with the term proportional to z: 


L (z) = L' (0) z. (15.10) 


Finally, both the Langevin function and its derivative L' (z) 
are monotonic functions (L (rz) monotonically increases, and L’ (x) 
monotonically decreases), so that from the qualitative viewpoint the 
Langevin curve has the form depicted in Fig. Hu 


== 





tan a =L10} 


With presently attainable magnetic fields ^. "HT T x1 nearly al- 
ways holds (except for temperatures very close » "sero) and 


M = Mol (FE) m MEO gu =H. (15.11) 


MBL’ (0) 





The quantity Xm= is called the magnetic susceptibility 


of a substance, and formula (15.11) expresses the Curie law, according 
to which the magnetic susceptibility of a paramagnetic substance is 
inversely proportional to temperature. 

Let us find now the form of the equation of state for diamagnetic 
substances. As is well known from electrodynamics, in the absence 
of a magnetic field the atoms of a diamagnetic substance do not have 
magnetic moments. After a magnetic field is applied a precession of 
electron shells arises around the direction of the magnetic field, the 
so-called Larmor precession. A more elementary description of this 
process is as follows; after a magnetic lield is applied, currents are 
induced in the electron shells of an atom, and these currents do not 
attenuate when the field ceases to change, for there is no resistance 
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in the atomic contours. In accordance with the well-known Lenz 
law, the direction of these currents is such that the induced magnetic 
moments and, consequently, the magnetization are antiparallel to 
the external field. It is proved in electrodynamics that the magneti- 
zation of diamagnetic materials is proportional to the field intensi- 
ty H (just as for paramagnetic materials far from saturation), but 
in contrast to paramagnetic substances, the susceptibility of diamag- 
uetic materials is negative, ym < 0. 

Thus, the equation of state both for paramagnetic materials far 
from saturation and for diamagnetic materials can be presented in 
the general form: 


M = xa (T) H, (15.12) 
or 
B = y (7) H, (15.13) 


where p is the magnetic permeability, equal to 


= Án Xm (T) 
p(T) 21 +e (15.14) 


The difference in the properties of various magnetic materials (in 
addition to the fact that for diamagnetic materials %m < 0) mani- 
fests itself in the nature of the dependence of y,, and p on tempera- 
ture. Classical Langevin paramagnetic materials were shown above 
(formula (15.11), Xx, = A/T) to obey Curie's law and it was indicated 
that zm is inversely proportional to temperature. At a constant den- 
sity the susceptibility of rarified diamagnetic gases is independent of 
temperature, which is explained by the fact that thermal motion 
neither interferes with nor contributes to the appearance of induced 
magnetic moments. The nature of the dependence of ym and p on 
temperature may be essentially different for crystalline magnetic 
materials: with rising temperatures atoms and molecules pass into 
excited states in which both the constant magnetic moments (para- 
magnetism) and the induced magnetic moments (diamagnetism) 
may become essentially different from the constant magnetic and 
induced magnetic moments in normal states. For this reason the 
dependence of the quantities ym and p on temperature is specified by 
the concrete properties of a substance, and the functions %, (T) 
and p' (T) may be both positive and negative. 

Let us now find the fundamental thermodynamic formulae for mag- 
netic materials, first of all their entropy, limiting ourselves to the 
field-linear approximation M =X, (T HI. Using formula (15.7), 
we obtain the expression for dS in variables T, M: 


dS = (2) aT + (2), M= £u ar— (= ),2M. (15.15) 
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Taking into account the equation of state (15.12), we obtain 


4M dM 
ds = Cw ar 4 = (15.16) 
Xm 
Since in a linear approximation H CX M, then ait) = 0 [just 
Cy es è ôC ES 
as (x), — 0 for ideal and real gases and (S2), = 0 for 


ideal rods}, the first term in Eq. (15.16) and, consequently, the se- 
cond term are total differentials. Based on Eq. (15.6) the differen- 
tial of the function U* is 
1-- TX /Xm 
Xm 

where both terms are also total differentials. 

In particular, for Langevin ideal paramagnetic substances X, = 
= A/T, the expressions for entropy and internal energy are 


dU* — Cy dT + M dM, (15.17) 


C d M? 
S= { Luar _ A+ const, (15.18) 
Ü- j Cu (T) dT. + const. (15.19) 
For perfect paramagnetic materials (C,, — const) we find that 
S=Cy in T — 2. + const, (15.20) 
Ü — CT + const. (15.21) 


For diamagnetic gases Xm (7) = const and in accordance with for- 
mulae (15.16) and (15.17) we obtain at Cy = const 


S = Cy ln T + const, (15.22) 
~ 7 M2 
O=CyT + ry + const. (15.23) 


Just as in the case of rods and gases, we could compile an array of 
twelve thermodynamic coefficients and express them in terms of 
any three coefficients. In the case of magnetic materials it is con- 
venient to select as two independent variables the quantities 

0M $ oM 
(A), x8 (0H. (Sg) Xe Cu (7). 
Let us find the difference between the heat capacities, Cy — Cy. 
Making the standard substitution (15.8) in formula (11.23), we ob- 
tain : 


Ca—Cu — T (57), (2). (15.24) 
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Substituting (2). = yg and (Sf). = XmH, we find 


T (xn)? 
Cy—Cy = =e 


H?*. (15.25) 
For diamagnetic gases the difference Cy — Cu becomes zero and, 
using (15.11), we obtain for a Langevin paramagnetic material the 
expression 








Cu— Cu = L (0) R (A)? (15.26) 


and, consequently, at Moe 





« 1 (far from saturation) the differ- 


ence Cy — C y becomes ather small, just as the difference C, — C, 
in the thermodynamics of rods. 


Let us calculate the coefficient (sr I A describing the tempera- 


ture variation followingan adiabatic demagnetizing (magnetizing) 
of a magnetic material. Making the standard substitution (15.8) 
in formula (11.24), we find 


(ar). — Cra (15.27) 


Let us define these formulae for a paramagnetic material, using for- 
mula (15.9). We have 


(5), 73885 1 (A88). 








RTC y RT 
If the paramagnetic material involved is far from saturation, 
( aoe ) < i, then 


(zr). 9 (Rear) =Car 


As will be shown in Sec. 53, at low temperatures the heat capacity of 
solids is proportional to 7°, C ,, = aT’, and 
oT AH 
(sr). =: (15.28) 
Since E 3H Js — 0, an adiabatic disengagement of the field results 


in cooling. By virtue of the fact that Cam 25 ): œ T-*, this method of 


obtaining low temperatures becomes very efficient when applied at 
an already low initial temperature. This explains why up until the 
present day the adiabatic demagnetizing method is the most effective 
technique of obtaining ultralow temperatures. It should, however, 


be noted that the substitution of L' (^m MoH ) by L’ (0) becomes in- 





Ch. 1. General Laws of Thermodynamics 19 


valid at ultralow temperatures. Moreover, as T — 0 the derivative 
L' CRT ) tends to zero and, consequently, the method of magnetic 


cooling, the same as any other cooling method, becomes ineffective, 
as follows from the Nernst heat theorem. 

It is worth paying attention to one characteristic property of 
the M-H plano used in describing the phenomena associated with 
paramagnetic and diamagnetic materials. Let us place a non-mag- 
netized magnetic material into a thermostat and apply the mag- 
netic field H. Upon reaching the point at which magnetization is. 
M, let us place the magnetic material into a thermally-insulated 
vessel and subject the substance to adiabatic demagnetizing 
Without considering how these processes are represented on the .M-H 
plane (see the problem at the end of this section), it will be noted 
that at the end of the process of adiabatic demagnetizing we return 
to the origin of the coordinates (H = 0, M = 0) 

The resulting “cycle”, consisting of one isotherm and one adiabat, 
is that of a perpetual motion machine of the second kind (all the 
heat supplied along the isotherm is converted into work). In other 
words, contrary to what was said in Sec. 3, the adiabat and the iso- 
therm intersect at two points. This paradox, an apparent violation of 
the second law of thermodynamics, is explained by the fact that the 
origin of the coordinates of the M-H plane does not describe unam- 
biguously the stale of a magnetic material. The non-magnetized 
magnetic material (H =0, M =0) may be at an arbitraty tempera- 
ture and the process considered only appears to be acyclic proc- 
ess. This is properly illustrated, for instance, on the M-7 plane 
shown in Fig 29. The lack of one-to-one correspondence between 
the points on the M-T and M-H planes manifests itself formally in 
that the Jacobian used for passing over from the A-H plane to 
the M-T plane, 





Set = (at) at, 


becomes zero at H = 0. It is clear that in the vicinity of the point 
H = 0, M = 0 the calibration A — 1 also becomes impos- 
sible since 


à(T,$) _ a(T,S) o(T, M) _ c E v= ar 


9 (M, H) 9(T, M) ô(M, M, A) ~ 


where gr is the quantity of heat that must be supplied to the mag- 
netic material when its magnetization is changed by unity, if the 
temperature of the substance is to remain constant; as H — 0 this 
Jacobian increases inlinitely. 
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Problems 


1. Find the equation of the adiabat of a paramagnetic material 
plotted on the M-T and H-M planes in a linear approxima- 
tion. Depict the “cycle” involving isothermal magnetizing 
and adiabatic demagnetizing on the H-M and M-T planes. 

Solution. In a linear approximation we have 

AH H M? , 

M --——, S (M, H)—Cy ln (Ar) ^4 3 const. 
whence we find the equations of the adiabat and isotherm 
passing through the point HM, on the H-M plane: 

M M1— Mi 
j | Ho -irz eXP (zor at S » const, 


Dew at T — T, — const. 


The two curves are shown in Fig. 28. 
The equation of the adiabat plotted on the T-M plane is T = 


2 — 2 
= Tyexp EN and it can be seen in Fig. 29 that the magne- 
M 





T 
To 
I 
| 
Ti | 
I 
I 
Mo M 
FIG. 28 FIG. 29 


tic material "returns" to the non-magnetized state at M = O0 





with another temperature 7, — T, exp ( 5). 


2. Show that if e = 0, the dependence of ym on 7T must be 


expressedj by Xm = (BT + C)! (B and C are constants) 
and that this result is self-consistent. 
Hint. Use the condition of the total differential for dS (M, T) 
[formula (15.16). 


16. Thermodynamics of Dielectrics 


Let us consider in this section the thermodynamic properties of 


polarizing media (dielectrics) placed in an external electric field 


E. 


As is well known from electrodynamics, the total elementary 
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work performed by the sources of an electric field upon a change 
in the induction vector by dD, referred to one mole for a 
homogeneous and isotropic dielectric (D || E), is expressed by the 
formula 


V 
6A= —d—EdD. (16.1) 


The work specified by formula (16.1) is the total work done by the 
sources of the field and spent both to change the field E created by 
these sources together with the bound charges of the dielectric, as 
well as to polarize the dielectric. It follows from formula (16.1) 
that to pass over from the thermodynamic formulae derived for 
gases to the thermodynamic formulae for dielectrics the following 
substitution must be made: 


V 
P— —4 E V—D, (16.2) 
and the differential of internal energy be presented in the form 
dU =T dS + 1— E dD. (16.3) 


The volume of the dielectric is assumed to be fixed, i.e. the electro- 
striction and the piezoelectric effect are ignored. 
In the Jacobian form the basic thermodynamic identity is 


ô (T, S) 


—48 FE D T v (16.4) 


Let us represent the expression foriwork (16.1) in a somewhat differ- 
ent' form —similar to the form (15.5) in the preceding section. Mak- 


ing use of the known relationship D = E + i p, where p = 


= polarization vector (average dipole moment per 1 kmole); V = 
= volume of a kilomole, write down the work ôA as the sum of two 
terms, 


64 — 64' +64" = — a (ZE) — E dp. (16.5) 


3 
Introducing the thermodynamic function U* = U = , whose 


natural variables are S and p, we obtain for the differential of this 
function the expression 


dU* = T dS + Edp, (16.6) 
and the calibration conditions for absolute entropy takes the form 
aT, S) O O 

EIN. NN 1. (16.7) 


0—0799 
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The'standard substitution for passing from the thermodynamic for- 
mulae for gases to those for dielectrics now has the form 

P — —E, V — p. (16.8) 
As in the case of magnetic materials, here also it should be borne 
in mind that E represents a field intensity already changed by the 
presence of a dielectric substance, and that the intensity depends 
materially on the shape and size of the dielectric. This is why the 
function U* does not have the direct physical meaning of internal 
energy less the energy of the electric field in a vacuum. 

The equation of state for media that are polarized in an electric 
field, that is, for dielectrics, is the relation between the electric field 
intensity E, the polarization vector p and temperature. There are 
two different equations of state for dielectrics of two kinds—non- 
polar and polar. In nonpolar dielectrics the molecules (atoms, crys- 
tal lattice cells) have no dipole moments in the absence of an ex- 
ternal field. After a field E is applied, the positive and negative 
charges shift in opposite directions and the molecules acquire di- 
pole moments, with the apparent polarization being, for not very 
strong fields, proportional to the applied field: 


P = E. (16.9) 


The quantity %, is called the electric susceptibility of matter, it is 
independent of temperature for nonpolar gaseous dielectrics. This 
follows qualitatively from the fact that thermal motion does not 
affect the deformation of the molecules of a dielectric acted upon by 
an electric field, just as it fails to influence the magnetizing of dia- 
magnetic materials. Equation (16.9) is the equation of state of a 
nonpolar dielectric. 

In polar dielectrics the elementary particles (atoms, molecules) 
have dipole moments even in the absence of an applied field. However, 
at E = 0 these dipole moments are oriented at random and the 
polarization vector equals zero. In addition to the weak deformation 
of molecules, an applied electric field E causes a preferred orienta- 
tion of the dipole moments parallel to the field and creates a polari- 
zation differing from zero. The theory of polarization of polar di- 
electrics is very similar to the magnetization theory devised for para- 
ene materials and leads to a result similar to that obtained in 
Sec. 15: 





2 = ( mo), (16.10) 


where po=saturation polarization ( reached at the limit 225 » 1); 


L = Langevin function (having in this formula the meaning 
of the degree of orientation of elementary dipoles an? 
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possessing the properties described in the preceding sec- 
tion). 
In particular, in the case of weak fields and high temperatures 
e « 1), most frequently encountered in practical applica- 
tions, the Langevin function can be taken in a linear approximation 
L (x) zz L' (0) z, and we actually obtain, similar to formula (15.11) 
in the preceding section, the expression (16.9), where 


/ A 
ice D O= 


Thus, there is a certain similarity in respect to the dependence of 
susceptibility on temperature between the thermodynamics of polar 
dielectrics and paramagnetic materials, on the one hand, and the 
thermodynamics of nonpolar dielectrics and diamagnetic materi- 
als, on the other. At the same time, electric and magnetic phenome- 
na differ essentially in that the electric susceptibility x, is positive 
for any dielectric, while the magnetic susceptibility of diamagnetic 
materials is negative. 

Thus, the equation of state both for polar dielectrics far from sat- 
uration and for nonpolar dielectrics can be presented in the form 


p = xe (T) E, (16.11) 

T D=e(T)E, (16.12) 
where e (T) is the dielectric permeability of a substance, equal to 
e(T)=14+ 4% x. (T). (16.13) 


The thermodynamic formulae for dielectrics resemble the thermody- 
namic formulae derived for magnetic materials and they can be ob- 
tained from the relationships described in the preceding section by 
the substitution H — E, M — p (the formal nature of this corre- 
spondence is clear from the fact that the vector E is the true averaged 
intensity of a microfield, whereas the vector H is some auxiliary quan- 
tity, and the true averaged intensity of the magnetic microfield is 
the magnetic induction B). This substitution permits us to obtain, 
for instance, from formula (15.15) the expression 
Cp OE 

dS =—? aT— (ar), dP- (16.14) 
Further, at p — const the intensity E is a linear function of temper- 
ature for polar dielectrics [this follows from formula (16.10)] or the 
intensity is constant for gaseous nonpolar dielectrics. It follows from 
this that just as for gases, rods and magnetic materials the heat ca- 
pacity C, depends only on temperature and the first term in Eq. 
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(16.14) is a total differential. In the second term the coefficient for 
polar dielectrics far from saturation is 


(2),- X. 


and for gaseous nonpolar dielectrics it equals zero. 
By virtue of the iie for polar dielectrics we have 


d$ Tara BO en "SO pdpe [ar23 — (1645) 
and for nonpolar dielectrics 
Cy 
dS => aT, (16.16) 


whence, integrating, we find for polar dielectrics 
2 
S — Cylln T—-+const, (16.17) 


and for nonpolar dielectrics 
S = Cy ln T + const. (10.18) 
In the case of polar dielectrics, from Eqs. (16.6) and (16.15) we 
have for the function U* 


dU* = C, dT, U* — C,T + const. (16.19) 


Taking into account that ( 5. == 0, we get for gaseous nonpo- 
lar dielectrics the following relationship: 


dU* — C, dT 4- E dp — Cy dT + P 
whence, at yx, = const, we find 
U* =C + $ + conste (16.20) 


As an exercise find the difference M — C, and the change in tem- 
perature for polar and nonpolar dielectrics undergoing adiabatic po- 
larization. Some of these problems will be solved in Sec. 19 by another 
method. Finally, it should be noted, that the "paradox" considered 
at the end of the preceding section and associated with the invalidi- 
ty of the p-E plane close to the point p = 0, E = 0 also appears 
when dealing with dielectrics. 
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Problems 

1. Find” the difference Cg — Cp for polar and nonpolar die- 
lectrics. 

(xe)? 

Xe 





O for nonpolar dielectrics, 
m- 


2 
E for polar dielectrics. 


Answer. Cg—Cy—T 
2. Find the change in temperature caused by an adiabatic ap- 


plication of the field E for polar and nonpolar dielectrics. 
ar) WTE, 
Answer. (h= eo 


AE , l 
( Ed ) = | ta for polar dielectrics, 
ðE js 


O for nonpolar dielectrics. 


17. Thermodynamics of Radiation 


Let us consider an enclosure the walis of which are at a tempera- 
ture T. Owing to the radiation from the walls the enclosure is filled 
with electromagnetic radiation characterized by all kinds of direc- 
tione of propagation, polarization and frequencies. In equilib- 
rium state an equal and time-independent radiant energy density, 
depending on temperature 7, sets in at all points in the enclosure. 
Furthermore, the fact that the radiant energy density is the same 
at all points and the steady-state nature of the equilibrium state 
imply that an equal and constant spectral distribution of energy 
sets in which permits the introduction of the spectral radiant energy 
density p (v, T), so that the product p (v, T) dv is the quantity of 
radiant energy per unit volume for frequencies in the range between 
v and v + dv. It is clear that the spectral density and the radiant 
energy density are related as follows: 


u (T) — Í p(v, T) dv. (47.1) 
3 


The internal energy of radiation is related to the radiant energy dens- 
ity as follows: 


U =u(T) V. (47.2) 


It should be noted that a small hole in the wall of an enclosure 
represents with sufficient accuracy the model of a blackbody, since 
the radiation incident on this hole from the outside’ will partly 
be absorbed each time the radiation falls on the inside walls of the 
enclosure and be practically fully absorbed before leaving the en- 
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closure. In this connection equilibrium radiation in an enclosure is 
referred to as blackbody radiation. 

It can readily be seen that the spectral density (and radiant ener- 
gy density) of blackbody radiation is independent of the properties 
of the walls of the enclosure and is a universal function of frequency 
and temperature (but radiant energy density of temperature only). 

In fact, let two such enclosures, whose walls are made from differ- 
ent materials but are at the same temperature, have, if only for one 
frequency v, different. spectral densities. Then, connecting the enclo- 
sures by a light guide with a filter that passes light only of frequency 
v, we first obtain an energy flux from one enclosure to the other at 
equal temperatures, then from the enclosure at a lower temperature 
to the enclosure at a higher temperature, thus violating the laws of 
thermodynamics (see Sec. 10). 

Let us introduce along with function p (v, T) the spectral emis- 
sive power of a blackbody. The quantity e (v, T) determines the 
amount of energy emitted from a unit surface area of a blackbody 
per unit time. It wili be shown that the quantity e (v, T) differs 
from the function p (v, T) only by the factor of c/4. Owing to the 
isotropic nature of blackbody radiation, each point of the enclosure 
emits a flux of energy that is uniformly distributed in all directions 


(per unit of solid angle) and is equal to ime (v, T). The energy flux 


incident on unit area of the enclosure per unit time at an angle 
O to the normal in the solid angle dQ = 2n sin ð dð is equal to 


i p (v, T) cos 0 dQ = + p (v, T) sin 0 cos 0 dð. The same quan- 


tity of energy is emitted in the equilibrium state. Integrating this 
expression over a hemisphere, we obtain the spectral emissivity 
(emittance) 

2/2 


e (v, T) - Lp (v, T) j sin@cos@d8—=-— p(v, T). (17.3) 
0 


Integrating Eq. (17.3) over frequencies, we obtain the expression 
for the total emissivity of a blackbody Æ (T): 


E(T)— j e (v, T) dv $ u(T). (17.4) 
0 


If radiation is considered as a photon gas, then the fact that ener- 
gy density u (T) depends only on temperature, not on volume, causes 
the photon gas to resemble a saturated vapour. In fact, when a 
vapour is being compressed by a piston, a fraction of its molecules 
passes into the liquid phase, and at a constant temperature the 
energy density (or the energy per molecule) remains constant. By 
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analogy, when a photon gas is compressed with the aid of a piston, 
a fraction of the photons can be expected to be absorbed by the walls 
of the enclosure and of the piston, and so the energy density remains 
constant. It may therefore be assumed that a photon gas, like a sa- 
turated vapour, is not an elastic substance, i.e. that similar to the 
pressure of a saturated vapour, the pressure of a photon gas is inde- 
pendent of volume and depends only on temperature. 

The foregoing reasoning cannot, of course, be taken as proof and 
it does not fit the framework of thermodynamics; however, this rea- 
soning elucidates the form taken by the equation of state for the 
radiation phenomenon. 

This equation will be proved in Sec. 52, taking radiation as a 
photon gas. It can also be obtained from Maxwell's classical equa- 
tions of electrodynamics, and represents the pressure of isotropically 
incident radiation of light, i.e. incident at all possible angles upon 
any surface, as equal to one third of the radiant energy density and, 
consequently, dependent only on temperature: 


P=+u (T) (17.5) 


Equations (17.2) and (17.5), combined with the expression (11.25) 


for the. derivative G ) - 


UY rp (i E] 

C). 7l( or )y T | (17.6) 
make it possible to find the dependence of u on temperature. Sub- 
stituting Eqs. (17.2), (17.5) into Eq. (17.6), we obtain 

4u (T) = Tw'(T). 


Upon integration of the above formula we obtain for the radiant 
energy density the following expression: 


u (T) = oT, (47.7) 
and for the total emissivity E (T) the expression 


E (T) => T= aT, (17.8) 


l'ormula (17.8) expresses the well-known Stefan-Boltzmann law 
for the radiant energy density. The numerical values of the quanti- 
Lies a and o cannot be found by thermodynamic methods. The nu- 
merical value of a (it can be computed by the methods of statistical 
physics as shown in Sec. 52) equals 


a = 5.67 x 1079 J/m?.s»deg*. 
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Let us calculate the entropy of equilibrium radiation, assuming 
that 
d (uv) +5 wv, 
dS = og 9T3dV 4 4oVT? dT. 


Integrating the total differential, we find 
S — 5 of V+ const. (17.9) 


Thus, the equation of the adiabat representing equilibrium radia- 
tion has the following form: 


T°V = const. 
Making use of formula (17.9), we can find the heat capacity 
Orc (m), 7 4er. (17.10) 


The heat capacity at constant pressure is evidently meaningless 
[since P = P (T)] and, formally, Cp = (42).- +o. 


As to the spectral radiant energy density p(v, T), it cannot be 
determined by thermodynamic methods and requires the application 
of statistical physics. Thermodynamics, however, also makes it pos- 
sible to obtain some important information on the form of the func- 
tion p (v, T). These data constitute the essence of Wien's law, to be 
derived below. 

To derive Wien's law, it is sufficient to use the reasoning asso- 
ciated with dimensions, and the Stefan-Boltzmann law. 

From the viewpoint of classical physics the formula specifying 
the spectral radiant energy density, p (v, 7), can include the quan- 
tities v, T and two universal constants: the velocity of light in a 
vacuum c and the gas constant R. It is convenient, however, to re- 


place the gas constant by the Boltzmann constant k — =, since the 


two constants are interrelated. Assuming as basic quantities energy 
(dimension e), length (dimension å), time (dimension t) and temper- 
ature (dimension 0), the quantities p (v, 7), v, T, c, k have the di- 
mensions 


[p] = ex 3, (v]- vt!, [T]=9, [e]-Av'!, [k]— e07t. 
Let us assume that p (v, T), accurate to some dimensionless factor 
A, is a product of v, T, c, k raised to some powers: 
p(y tT) = Av" T^ePIR, 
Equating the dimensions of the basic quantities on the left- and 
right-hand sides of the last equality, we obtain m — 2, n — 1, 
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p = —3, q = í and, consequently, the unknown dependence has 
the form 
p(v, T) - A T- va, (17.11) 


It will be shown in Sec. 52 that classical statistical physics leads. 
to exactly the same result, with the remaining undetermined factor 
A being equal to 8x. The law expressed by formula (17.11) is referred 
to as the Rayleigh-Jeans law and agrees well with experimental 
data at small radiation frequencies; at high radiation frequencies, 
however, there is a great variance between the data calculated by 
the formula for the Rayleigh-Jeans law and experimental results,. 
indicating that, being a function of frequency, p (v, T) has a maxi- 
mum at a certain frequency, then diminishes with rising frequency. 
The Rayleigh-Jeans law, asserting that the quantity p (v, T) increas- 
es indefinitely with frequency v, leads to the absurd conclusion 
that the equilibrium radiant energy density u (T) [see Eq. (17.1)) 
is infinitely large—a paradox, known in the history of physics as- 
the ultraviolet catastrophe. 

In order to avoid this paradox and obtain an intelligent result, 
we have to leave the framework of classical physics and assume the: 
existence of one more universal constant, h, not appearing in state- 
ments of the classical laws, and allow for its presence in the defini- 
tion of p (v, T). This means that the dimensionless factor A is not 
constant quantity and actually depends on some combination of the: 
new constant and the quantities v and 7, assuming that the fre- 
quency v present in thiscombination is not raised to any power (other- 
wise we would have raised the argument ofthe function to an approp- 
riate power to make the exponent in v equal to unity), and tempe- 
rature 7 is raised to some power r. 


Denoting the coefficient at v by 4, we obtain 


v2, 





hy? . hvTT \ kT 
A-A(T). e& D-^(——)u 
Let us determine now the exponent r, imposing the requirement that. 
the Stefan-Boltzmann law be valid for u (T). Formula (17.1) yields 





Dee s 


or, introducing the integration variable y = hvT"/k 


sk*Ti-3r > 
u(T)— coh? f yA (y) dy. 


0 
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Since the entire dependence on temperature is now determined by 
the factor T!-*' to ensure the agreement with the Stefan-Boltzmann 





law it is required that 1 — 3r = 4, i.e. r = —1. 
Thus, we obtained for p (v, 7) the expression 
kT h 
p(v, T) e A- vA (x). (17.12) 


Formula (17.12) is the mathematical statement of Wien's law. 

It can be readily seen that the dimension of the new constant h 
equals the dimension of action [k] = et. It should be noted that, as 
will be shown below, in statistical physics the constant k coincides 
with Planck's constant, and its appearance in the physical laws go- 
verning radiation is associated with the important part played by 
«quantum reqularities in radiation phenomena. 

Multiplying the numerator and the denominator in (17.12) by 
~v, we present Wien's law in the more commonly encountered form: 


e (v, T) vit (F). (17.13) 


"Thus, Wien's law reduces the problem of finding the function of two 
variables p (v, T) to that of determining the function of one va- 


d v hv 
riable, / (7) [ or A(z) ]. 

The Wien law allows usto formulate an important rule determin- 
ing the location of the maximum emitted energy in the spectrum of 
blackbody radiation. Differentiating (17.12) with respect to v and 
equating the derivative to zero, we obtain 


wO N eS e [2^ Gr) eR ($F) ]=0 (47.14) 


at v = Vg. 
Denoting Ba = 2, we obtain the equation 
2A (z) + 2A’ (z) = 0. (17.15) 


Experimental studies have shown the curve representing the fre- 
quency dependence of p at a fixed temperature to have but one maxi- 
mum and, consequently, Eq. (17.15) has only one positive root 
Zz =b, ie. 


hym _ 
XT =b. (17.16) 
Thus we have obtained Wien's displacement law, indicating that as 
the temperature of an emitting body increases, the energy maximum 
shifts to the high-frequency range of the spectrum, and vice versa. 

Substituting formula (17.16) into formula (17.13), we obtain the 
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maximum value of p (v, T): 


p (vm, T) = AT, (17.17) 
where A = A (b) is constant. The value of p (vm, T) is propor- 
tional to the cubed absolute temperature. 

It should be emphasized once more that the derivation of Wien's 
law is all that can be obtained by applying the thermodynamic 
method to the theory of radiation. The exact form of the function 


A (7) and, consequently, the numerical value of the constant b 


in Wien's displacement law and the constant a in the Stefan-Boltz- 
mann law cannot be found by thermodynamic methods, and the 
problem has to be solved by applying the statistical method. 


Problems 


1. A spherical blackbody having radius R — 0.1 m and initial 
temperature 7, — 1000 K iscooled by radiation. The surround- 
ing medium is at a temperature 7 — 0 K. What time will 
ittake for the temperature of the sphere to drop to 7,—100 K? 
The heat capacity C = 5 x 10? J/kg-deg, the density p = 
= 8 x 10° kg/m’. 


Answer, t= LES (T;3— T7’) = 220 hours. 


2. Find the isothermal Ky and the adiabatic Kg compressi- 
bility of blackbody radiation. 


9 


Answer. Kp = +œ, Ks =- 


18. Thermodynamics of Water 


It was shown in Secs. 15 and 16 that the calibration of absolute 
temperature and absolute entropy, expressed by Eqs. (15.7) and 
(16.7), becomes invalid close to the origin of the coordinates on the 
M-H plane (and, correspondingly, on the p-E plane), due to the lack 
of one-to-one correspondence between the points on these planes and 
the physical states of a system (the state M = 0, H — 0or E — 0, 
p — 0 can occur at any temperature). 

Let us now consider by way of example a thermodynamic system 
for which the calibration of absolute temperature and absolute entro- 

y se 2 = 1 [see (4.1)] cannot bo employed in the vicinity of a 
certain line. It then becomes rather inconvenient to use the P-V and 
T-S planes to describe thermodynamic properties, such an approach 
obviously being inadequate for the physical essence of the problem. 
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It should, however, be emphasized that the exceptions are rather 
rare (for instance, water and some liquids, and also some solids), 
with the invalidity of the calibration (4.1) covering only small part 
of the P-V plane. But this calibration is suitable for most thermody- 
namic systems and for a large part of the 7-S/plane and, the (genera- 
lized force)-(generalized coordinate) plane, and it is in order to use 
the Jacobian method to solve practical problems. 

Most of the thermodynamic formulae derived in Secs. 1 through 
11 are true not only for gases but also for liquids. However, when deal- 
ing with liquids it is considerably more difficult to obtain concrete 
results from the common thermodynamic formulae, inasmuch as no 
universal equation of state exists that would be suitable for all 
liquids, in eontrast to ideal gases which all obey the equation of 
state RT —PV, and real gases the properties of which are approx- 
imately described by the van der Waals equation. Some of the com- 
mon properties of liquids can be identified only qualitatively (for 
instance, the fact that their compressibility is very low compared 
to gases), while the other properties of liquids are of a somewhat 
individual nature, usually described by empirical relationships that 
are different for different liquids. 

We shall limit ourselvesto a qualitative study of the thermodynam- 
ic properties of water and some other liquids, for instance, silver 
iodide, the characteristic feature of which is the so-called thermal 
anomaly, i.e. the fact that the isobaric thermal expansion coefficient 
changes its sign at a certain temperature 7',. So, for water the deriv- 
ative (+), is positive at t > 4°C, negative at t< 4 "C and 
equal to zero at t = 4 °C. 

For substances characterized by such anomalous behaviour the 
calibration (4.1) cannot be applied at the anomaly points. In fact, 
the physical principle that is valid for any homogeneous physical 
system is the basic thermodynamic identity 


dU — T dS — P dV. 


The total differential requirement gives 
oT ôP 
v). —- 38)» (46:5) 


a(T, S) | a(P, V) 
aV, S)  2(V,$)* 


or 





(18.2) 


However, to obtain the calibration (4.1), we have to divide the last 
equation by the Jacobian 

9(P,V)  8(P,V)9(P, T)9(V, B= qo (Or aV 

8(P,S)  9(P.T)8(V, T/A, S) Cy \ aV ); (ors 
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becoming zero at the anomaly points; because of this the calibra- 
tion is not used in this section. 

Let us consider the thermodynamic properties of water on the 
T-V plane. It should be noted that the Jacobian of transformation 
from the P-V plane to the 7-V plane is 


ô (P, V)__9(P, V)A(P, T) oP ov 
rH 30 nam v)7 hr) (ur), 083 
and becomes zero at the anomaly line.L (Fig. 30). This makes the 
study of the thermodynamic properties of water very instructive, 
since in this situation the theo- 
rem of one-to-one correspondence 7 | S=const 
between points in the small re- 
gions of the 7-V and P-V planes 
becomes invalid. 

Let us find qualitatively the 
shape of the isobars and adiabats “°? 
on the 7-V plane. The slope of 7; 
the adiabat on this plane is 


(x).7 y 


* P=const 
D A 








, 
OT 7 
s do ae Ie : Vp, Vp, V 
it is positive above the line L, 
negative below it and +œ on it FIG. 30 


(Fig. 30). It follows that the iso- 
bars having a vertical tangent intersect the line L, and the line L it- 
self is the locus of the points at which the volume is at its minimum 
for P — const. 

Let us now consider the adiabats plotted on the 7-V plane. Ac- 
cording to Eq. (18.1), the slope of an adiabat is expressed by 


S) AE VIP NIP neg. n 
wis aS jv 

LI (Py (av 
~ Cy (F rm Pp’ (18:4) 


Since (5p) <0, the slope of the adiabats in respect to the 


'V-axis is negative above the line L and positive below the line. 
Let us make sure that the line L is an isotherm. Assume that along 
some section of the line L its slope is, for instance, negative on the 
T-V plane. Then, according to Eq. (18.4), there exists in the region 
below the line L an adiabat (Fig. 31) that intersects the line Lat 
n certain point (this adiabat has a positive slope). The adiabat has 
a horizontal tangent at the point! of intersection, and its slope be- 
-comes negative in the region above the line L. Thus, on the T-V plane 
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the adiabat S = const would then have a maximum and would in- 
tersect some isotherms at two points, which contradicts the entropy 
principle. By analogy, if the line L had a positive slope along a cer- 
tain section, then some of the adiabats would have minimum points 
near the line Z and would also intersect the isotherms twice. Thus, 
the line L must be an isotherm and, as follows from (18.4), the line 

is simultaneously a limiting 


T L . ôT _ 
adiabat whose slope (T) =0. 
Lay The appearance of the adiabats 
-AN and isobars plotted on the T-V 


plane is shown in Fig. 30. 

It is interesting to note that 
the requirement that the line L 
be an isotherm leads to the equal- 


P eV R 
FIG. 34 ity (37), — f (T), upon inte- 
gration of which we obtain a 
somewhat unexpected form for the equation of state V = f, (T) + f, (P); 
in this form, however, the equation of state can be valid only in 
close vicinity to the line L (close to temperature To). This result is 
in good agreement with the often applied empirical equation of state 
for liquids, V = V, (1 + a (T — 273) — K rP}. 
Let us consider now the seeming paradox indicated by Sommerfeld 
[1]. Multiplying the two sides of Eq. (18.2) by the Jacobian aY, S) 


ô (T, Py’ 
we obtain 





14 Q) | [084 (WwW 
T 5) G9).7 - Ur)» uem) 
where (2$), is the quantity of heat that must be supplied or removed 


upon a change in pressure by unity in order for the temperature 
to remain constant. Consider a Carnot cycle with water as the work- 
ing medium, with the temperature of the heater above 4 °C and 
the temperature of the cooler below 4 °C. Then, along the section of 
isothermal expansion the pressure drops, 6P < 0, and, onthe other 


hand, (+ ) pet 0. It follows that according to Eq. (18.5) 6Q > 0—heat 
issupplied to the working medium. The pressure increases along the sec- 


tion of isothermal compression, 6P—0, but( 5) j >0. It follows that 


6Q — 0 along this section as well. Since the other processes making 
up the Carnot cycle proceed adiabatically, we obtain a machine that 
converts all the supplied heat into work, i.e. a perpetual motion 
machine of the second kind, which violatesthe laws of thermodynam- 
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ics. The "paradox" is readily explained by considering Fig.. 31, 
which shows that there are no adiabats connecting the isotherms ar- 
ranged above and below the isotherm L and, consequently, it is im- 
possible to realize a Carnot cycle in which the temperature of the 
heater 7, >> T, and the temperature of the cooler 7, < To. 

Let us now consider the thermodynamic behaviour of water, plot- 
ting the processes on the P-V plane. 

On the P-V planethe isotherm-adiabat L is represented by the curve 
L' steeply falling due to the low compressibility of water. The 
curve L' divides the P-V plane 
into two regions, region J and re- 
gion JJ (Fig. 32). It is easily 
seen that'region J is not a phys- 
ical region since no real states of 
water exist that would correspond 
to the points lying in that region. 
It follows from the fact that, as 
shown in Fig. 30, for each fixed 
pressure P there exists a mini- 
mum volume Vp, corresponding 
to the point of intersection of 
the isobar P — const with the 
isotherm L. 

Conversely, each point in re- FIG. 32 
gion JI represents two different 
physical states. In fact, Fig. 30 shows that each isochor intersects the 
isobar at two points, having different ordinates T, and 7, and, con- 
sequently, two different points on the 7-V plane merge into one point 
on the P-V plane, located in region JJ. 

Let us point out one more curious property of the ambiguous cor- 
respondence. If we consider not a point, but a small cyclic process 
on the P-V plane in the doubly degenerate region 17, then there exist 
on the 7-V plane two different cyclic processes corresponding to it, 
one above and one below the line L. The two cycles depicted on the 
T-V plane will be seen to be oppositely directed. 

Consider in region I] of the P-V plane the small cyclic process 
D (Fig. 32) made up of two isotherms and two isochors circumvented 
in the clockwise direction (5A > 0). Corresponding to this cycle on 
the T-V plane are two cycles D’ and D”, as shown in Fig. 30. The 
areas of the two cycles are specified by the formula 





6T 6V = ôP (Fhv) 


Wo made use of the fact that it is possible to substitute approximately 
on each isochor 6P (5s E for 6T. But for the cycle D' lying above 
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the line L the quantity (5), is positive, and since 64 > 0, the 


area of this cycle is also positive. Consequently, the cycle D’ is 
«circumvented clockwise. Cycle D" lies below the line L, and so is 
circumvented counterclockwise. 

So, a cyclic process created to perform asa heat engine and ensur- 
ing a gain in work, A > 0, is depicted on the 7-V plane by a closed 
curve, with the cycle proceeding clockwise if located above the line 
L, and counterclockwise when below it. For a cyclic process required 
to perform as a cooler (A < 0), the cycle is circumvented in the op- 
posite direction. 

The Carnot cycle, for which 7, is the isotherm of the heater and 
the cooler, degenarates into a section of the isotherm-adiabat L. 

So, the P-V plane is of little use in representing graphically the 
thermodynamic properties of water, due to the fact that there exists 
no one-to-one correspondence between the physical properties of 
water and the points on the plane. The situation is even worse with 
the 7-S plane,lon which the isotherm-adiabat L simply cannot be pre- 
‘sented as a two-dimensional continuum, since it degenerates into a 
point. This is why the 7-V plane is the most useful for adequately 
reflecting the physics of the phenomena. It will be noted, however, 
that states of water at'a distance far from the anomaly point can be suc- 
cessfully considered on the P-V and T-S planes and the calibration 





a(T, S) 
a(P,V) - 1 can be used for such states. 
Problem 


Investigate the validity of the T-P and S-P planes in the neigh- 
bourhood of the isotherm-adiabat L'to describe the thermodynam- 
ic behaviour of water. Represent qualitatively the adiabat 
and isochor on the 7-P plane and the isotherm and isochor on 
the S-P plane. 


19. The Thermodynamic Potential. 
Method of Thermodynamic Functions 


In Secs. 6 and 13 we have introduced three thermodynamic poten- 
tials. 

The internal energy (adiabatic potential), for which S and V 
are the natural variables, 


= U (S, V), dU =T dS —P aV, 


T — (4&),. P=- (4 s' (19.1) 
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The free energy (isothermal potential), for which 7T and V are the 
natural variables, 


F (T, V) = U — TS, dF = —SdT — P dV, 


s—- — ($F) p-—(3). (19.2) 


The heat content (enthalpy), for which the natural variables are 
S and P, 


W (S, P) — U 4- PV, dW — T dS + V dP, 
aw ow 
T=(ss)p V=) ue) 


The transformations F = U — TS and W = U + PV are re- 
ferred to as the tangential transformations or the Legendre transforma- 
tions (in the variables T, S and P, V respectively) and they offer a 
general method of obtaining new thermodynamic functions. 

There exists one more pair of variables 7, P that can be composed 
of the two pairs 7, S and P, V, taking one variable from each pair. 
To obtain a characteristic thermodynamic function for these varia- 
bles, let usapply the Legendre transformation to U for the two pairs 
of variables 7, S and P, V, i.e. add to the two sides of Eq. (19.1) 
the quantity d (PV — TS). The result is the Gibbs thermodynamic 
potential (or simply thermodynamic potential) for which the natural 
variables are T and P: 


®@=U—TS+ PV=F+PV=W-TS, 
db = —SdT --VdP, 


B — (FF) p> Y- ($5). (19.4) 


Knowing any of the thermodynamic functions expressed in terms 
of their variables, we are able in principle to find all the thermodynam- 


ic parameters of a system, including its heat capacity, and the equa- 
tion of state. 


For instance, knowing ® (T, P), formula $ = — (77). is used 


to find the entropy and, consequently, the heat capacity Cp=T (55), 
and formula E: ) Se, is used torelate P, V, T, i.e. to find the equa- 
tion of state. 

It should, however, be emphasized that, on the other hand, ther- 
modynamics provides only the relations between thermodynamic func- 
tions and their derivatives, permitting the solution of a number of 
concrete thermodynamic problems when one thermodynamic func- 
tion is known. But to find any of the thermodynamic functions in 
1—0799 
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explicit form, we must know the equation of state and the dependence 
of the heat capacity on temperature. (It should be recalled that 
the derivatives of the type (34) : (Se etc. can be found by 
the thermodynamic method.) In fact, even to determine the internal 
energy U we must know the derivatives 


(rhe (m) -P*T(me 


Thus, the relation between the information contained in the thermo- 
dynamic potentials (U, F, W, (b), on the one hand, and the informa- 
tion contained in the equation of state and in the dependence of heat 
capacity on temperature, on the other hand, is of a dual nature. 

Knowing the thermodynamic functions expressed in terms of 
their own variables, the thermodynamic relations can be used to 
obtain complete information on a system and, in particular, to find 
the equation of state and the heat capacity, and also the compressi- 
bility, the coefficient of thermal expansion and any thermodynamic 
coefficients. It will be shown below that it is precisely this approach 
that is followed in statistical physics: first,jthe thermodynamic func- 
tions are calculated independently with the aid of the formulae of 
statistical physics, then the thermodynamic relations (19.1) through 
(19.4) are used to find the equation of state and the heat capacity. 

On the other hand, to find the thermodynamic functions within 
the framework of thermodynamics we must know the equation of state 
and the dependence of the heat capacity on temperature. The form 
of these relationships must be taken from statistical physics or de- 
termined experimentally. 

It should be noted that many of therelations between thermodynam- 
ic coefficients, derived in Sec. 11 by application of Jacobians, can 
be obtained in a simpler way, making use of the fact that the expres- 
sions for dU, dF, dW, d@ are total differentials. So, formula (11.11) 
is the condition for d» (T, P) to be a total differential, and formula 
(11.10) is a similar condition for dF (T, V). 

It should be noted, however, that an equation of state, entropy and 
heat capacity can be found by simple differentiation only when the 
thermodynamic potentials are given as functions of their arguments. 
But if a thermodynamic potential is given in variables other than its 
natural variables, the problem reduces to a partial differential equa- 
tion whose solution requires that some boundary condition be given. 

One should note that cases when a thermodynamic function is giv- 
en in variables other than its own can be divided into two types 
(we shall restrict ourselves to a discussion of cases when only one 
of the two arguments of a thermodynamic function is a "foreign" 


one). 
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Case 1. The argument 7 is replaced by S or vice versa. The bound- 
ary condition required is then provided by the Nernst heat theorem, 
according to which at T = 0 the entropy equals zero. 

Let, for instance, the internal energy be given as a function of T 
and V instead of S and V. Since the variables 7, V are the natural 
variables of free energy, let us pass over to the potential given 
in these variables, making use of the relation between U and F: 


U=F+4+TS=F— T (F z (19.5) 


This equation is called the Gibbs-Helmholtz fundamental equation. To 
integrate Eq. (19.5), divide both its sides by 7” and present the equa- 
tion obtained in the following form: 


T (aF /aT)y — F a[(FY ou 
s T? z l T )= "mn? (19.6) 
whence we have 
u(r’, V , : 
F= -rÍ DO U(T aT’ -q(V)T, (19.7) 


where q (V) is an arbitrary function of volume that can be found by 
calculating the entropy 


SN oF U(T',V) 1, U,V) 7 
s=-(7)= = | 2 ar 4 20 pu 


=Ņ4(T, V)—9(V), (19.8) 


whence, in accordance with the Nernst heat theorem, we find q (V) — 
— w (0, V), obtaining, thereby, the free energy as a function of its 
natural variables 7 and V. 

The cases when the free energy is given as a function of S and V, 
the heat content as a function of 7 and P and Gibbs' potential as 
a function of S and P can be considered in a similar way. The Nernst 
heat theorem allows us to define in all these cases one of the thermo- 
dynamic potentials in its own variables, and, consequently, to obtain 
comprehensive thermodynamic information on the system involved. 
It should, however, be noted that the procedure described above, 
of passing to the natural potential, cannot always be realized. When 
tlie initial potential, given in foreign variables, is known for a cer- 
lain range of parameters and the extrapolation to T — 0 is impos- 
sible, it becomes impossible to apply the Nernst heat theorem. 

A simple example is that of an ideal gas for which U is expressed 
in terms of T, V by formula U = CyT and the integral in (19.7) 
and (19.8) happens to be a divergent integral (for an ideal gas, as 


T — 0, Cy tends to the constant + R, see Sec. 40). This indicates 


1* 
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that the concept of an ideal gas is invalid at very low temperatures. 
The same follows from formula (4.5) of the entropy of an ideal gas, 
that formally leads to S —- —oo at T — 0, which is in contradiction 
to the Nernst heat theorem. Naturally, all the foregoing reasoning 
does not mean that it is impossible to find the free energy of an ideal 
gas, but it does show that the information contained in the formula 
U = CyT is insufficient for this purpose (free energy can be found 
by formula F = U — TS, inasmuch as the entropy is already known). 

Case II. The argument P is replaced by V or vice versa. For in- 
stance, let the free energy be known as a function of 7 and P, in- 
stead of T and V. It will be seen below that such information is of 
virtually no use in finding the thermodynamic properties of a system. 
Passing to Gibbs' potential in its natural variables 7 and P, we have 


F(T, P)=O—PV=0—P() (19.9) 
Dividing both sides of Eq. (19.9) by P? and integrating, we obtain 


P 
F (T, P')dP' 
o- =p f EERIE eom. 


whence we find 


P 
T, P')dP' j 
S=— — pit HO SET — Pg’ (T). 


ce 


This should convince us that the Nernst heat theorem allows us only 
to find 9' (0), which clearly adds nothing to what we already know 
about the system involved. This is why we can determine by formula 
(19.9) only the dependence of «D on pressure. In particular, differen- 
tiating both sides with t to P, we find 


v=(2) 


F(T, P’)dP’ F(T, P 
=- E E D hoT) (19.10) 


PFP 


and only the compressibility 


(2) — FP(T, P) 
ôP Ir P 


can be found uniquely without the indefinite term 9 (T). 

In conclusion, it should be emphasized that investigating ther- 
modynamic systems with the aid of thermodynamic functions is pre- 
sently the most convenient means of solving concrete thermodynamic 
problems. The method was elaborated by J. Willard Gibbs. Some 
Supplementary features of the method will be considered below in 
Sec. 2 
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Problems 


1. Find the quantity of heat liberated (absorbed) in a dielectric 

placed in an isothermal field with intensity E (see Sec. 16). 
Solution. Select asindependent variables 7 and E (V — const). 
Passing over from the internal energy U [see formula (16.3)] 


to Gibbs’ potential D = U — TS — D , we find that 
dO = —S aT — 4 DAE. 
$ 


Integrating this expression at 7 = const and using the rela- 
tionship D — e(T) E, we find 


(T, E) — O (T, 0) — ye? 


Since S$ = — (+). we obtain 
S(T, E)- S (T, 0) + -5y e' (T) E*, 


whence we have 


Qp—T[S(T, E) —S(T, 0) =e Eg . 


For nonpolar dielectrics (e = const) Qr = 0; for polar die- 
lectrics e (T)=14+4, e' (T) = — A and Qr = — 5577. The 
negative sign at Qr indicates that heat is liberated and not ab- 
sorbed. A graphic physical interpretation of this effect can eas- 
ily be given by departing from molecular ideas. After the field 
is applied, work is being performed on the dielectric. At the 
same time, the potential energy of the dipoles decreases, since 
they are oriented parallel to the field. For this reason the kine- 
tic energy, and the temperature along with it, should increase. 
Since the process occurs at 7 — const, the liberated heat must 
then be absorbed by a thermostat. 
2. Show that for an equilibrium radiation Gibbs' potential 
equals zero. 
3. What can be said about the equation of state of a system for 
which the Gibbs potential equals zero? 
ðP 
Answer. (57),79. P —f(T). 
4. A tensile force f is applied to a rod having an initial length 
ly. Find the quantity of heat liberated (absorbed) by the rod. 
Solve the problem with the aid of free energy F (T, l) and 
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by means of the Gibbs potential ® (T, f). 
Answer. Qr —aTlyf (1 t xh) £z aT lof. 


20. Thermodynamics of Plasma 


This section is devoted to the thermodynamics of a highly ionized 
gas in which the most of particles have'anelectric charge (electrons 
and ions). The microscopic theory of plasma, based on statistical 
physics, will be covered in Secs. 49 and 66. It should be emphasized 
that substances in the plasma state are rather abundant in the 
universe surrounding us—the substance of the stars and the iono- 
spheres of planets are examples of plasma. On earth we encounter 
plasma in studying gas discharges, flames, blast waves and also 
in connection with the design and construction of magneto-hydro- 
dynamic (MHD) generators and thermonuclear reactors. 

The particles of high-temperature plasma with temperatures of 
the order of 10* K and above emit many quanta, as a consequence 
of which radiant energy constitutes an important part of the energy 
of plasma. For a rough (order-of-magnitude) estimate of the tem- 
perature at which the kinetic energy can be compared with the 
radiant energy, it can be assumed that at this temperature the 


Y. 4 x ; 
radiation pressure oT becomes comparable to the gas-kinetic 


pressure in the plasma, whence follows the estimate T ~ (P/o)!/*. 
At a pressure ranging from 10-* to 107? mmlig, this gives a tem- 
perature in the range between 10* and 10* K. In this section we limit 
ourselves to the treatment of low-temperature plasma, ignoring 
the role played by radiation. As will be shown in Sec. 66, compared 
with the expression for the internal energy of an ideal gas, the for- 
mula for the internal energy of rarefied plasma contains an additional 
term in the form AU = —AN?^TY?V1? (A = const), associated 
with the existence of Coulomb interactions between plasma particles. 
The fact that this additional term is negative is explained by the 
fact that the attraction forces prevail over the repulsive forces. 
This in turn is associated with the fact that each ion is surrounded 
in the plasma by a "cloud" of charges of opposite sign. 
The total internal energy per mole is 
U - Uy 4- AU = CT Vu. (20.1) 
We obtained the expression for the internal energy in variables T, V 
(instead of the natural variables S, V). In accordance with the 
general principles outlined in Sec. 19, we must turn now to the 
description of,the thermodynamic properties of plasma with the 
aid of the thermodynamic function in variables 7, V, namely, free 
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energy F. Let us use for this purpose the Gibbs-Helmholtz equation 
and the relation following from it: 


F— —T | dr t e()T, (20.2) 


where ọ (V) is an arbitrary function of volume. 

We face, however, the difficulty mentioned in Sec. 19. Expres- 
sion (20.1) including the internal energy of an ideal gas cannot be 
extrapolated to cover the region 7 — 0 and the Nernst heat theorem 
cannot be used to determine q (V). Integration of Eq. (20.2) leads 
to the expression 


F(T, V)= —CvT In T - — 5 + 9(V) T. (20.3) 


UU 


which is invalid at 7 — 0. The function ọ (V) can nevertheless 
be defined with the aid of passing to the limit as V — oo at T — 
= const, since for very rarefied plasma the expression —CyT In T + 
+ 9 (V) T must coincide with that for the free energy of an ideal 
gas (the correction for the Coulomb interaction vanishes in the 
limit). Consequently, from Eq. (20.3) we obtain 


-4 A 

whence, using formulae S = — en and P= — (55), we 
obtain the expression for the ud 
A 

S= Sia — : 4 DURS (20.5) 


and the equation of state 


a 
for rarefied plasma. Differentiating formula (20.5), we find the heat 
capacity Cy of plasma: 


Cv=T (55), = Civ t i A 


1 — 
2 pyn? © 


Formula (20.6) shows the pressure in plasma to be lower than that 
in an ideal gas which, like the minus sign of the correction AU, 
ıs explained by the predominance of attraction forces between ions 
in plasma. Formula (20.7) shows that the heat capacity of plasma 
exceeds that of an ideal gas. This stems from the fact that the heat 
uilded to plasma at V = const is expended not only to increase the 
kinetic energy of particles, but also to raise the potential energy of 
(he interaction forces between plasma particles. 


(20.7) 
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For plasma the difference Cp — Cy can be found by formula 


(11.23): 
| ôP A2 / A 2 
e (1+ enponyin) 
Cp—Cy= ~TeP, T C9 
Gr), 1—3gpifiyiii 


P sate 38 A 
or, accurate to infinitesimals of the order of Saray 


, 5 


Finally, let us find the change in temperature for an adiabatic 
process occurring in plasma. According to (11.12), 





A 

14 —— H5 

at) _ T (2) 2 P tenriiyv 
Vis ^ Cv VOT]v (Cuv ° 


2 (Cray 792 y V? 
In particular, for a monoatomic gas (Cia)y = 3R/2 and accurate 
to infinitesimals of the first order, we obtain 


(37). — m pita): (20.9) 


Problem 


Find the quantity of heat required to heat one mole of plasma 
at P — const from temperature 7, to T, (accurate to infinite- 
simals of the order A/RT?7V!7 and the work performed by 
the plasma. 


Api? 
Answer. LS [1 +7 = Wrz, — | 2— Tı), 


=R[1+4 T Gate 


21. Polyvariant Systems. Magnetostriction 
and the Piezomagnetic Effect 


Let us review the problems dealt with in the preceding sections 
concerning the thermodynamics of various monovariant systems 
with one mechanical degree of freedom. The basic thermodynamic 
identity for an arbitrary monovariant system is generally presented 


in the form 
dU = T dS — X dz, (21.1) 
or, with the aid of the Jacobian in the form 
2T S) 1, (21.2) 


a(X, z) 
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where X is referred to as the generalized force and the quantity r 
is called the generalized coordinate (for rod X = —f, z = l; for 
a magnetic material X = —H, z = M, etc.). 

It should be noted that for polyvariant systems the second law 
of thermodynamics, stating that the expression 6Q/T is a total 
differential, is, strictly speaking, not a postulate, but is partly 
a corollary of the well-known mathematical theorem stating that 
a linear differential expression in two variables, dU + X dz, always 
has an integrating divisor. The postulate that we introduce in 
thermodynamics is that this integrating divisor is identified with 
temperature. 

We can also compile for an arbitrary monovariant system an array 
of thermodynamic coefficients 


(25), (dE), GE). 
(G5), (2). (38), - 
(3), GE), (49), 


oS ox | Oz 
x J: (5). 8S ): 
and express 9 coefficients in terms of the three coefficients that can 
be most readily measured or found in statistical physics, and chosen as 
independent variables. The definition of free energy F= UTS remains 
valid for arbitrary monovariant systems and the expressions for 


the heat content (enthalpy) and for the Gibbs potential are gen- 
eralized in the obvious manner: 


W = U + Xr, Ò = U — TS + Xz. 
Let us now consider systems with several mechanical, nonthermal 


degrees of freedom, the so-called polyvariant systems, for which 
the expression for the elementary work has the form 


6A— a X, dz, (21.4) 
where X, — generalized force conjugate to the ith generalized 
coordinate rj; 


n — number of mechanical degrees of freedom. 
The principle of energy is, as before, described by the equation 


dU =60—6A=80— Ù X,dz,. (21.5) 
i=! 


Just as for monovariant systems, we can also formulate the tem- 
perature principle and the entropy principle for polyvariant sys- 
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tems. In this case the conditional temperature t and the conditional 
entropy c are functions of the generalized coordinates z; and of 
the generalized forces X;. However, the symmetry between the 
description of the state of a system in terms of variables P and V 
and the t-o description used for polyvariant systems vanishes, since 
instead of one pair P, V there exist n pairs of mechanical parameters 
Xi, r,, compared to the single thermal degree of freedom for the 
polyvariant system (one pair of conjugate thermal quantities T, 0). 
It is, therefore, expedient to introduce intothetheory of polyvari- 
ant systems the relationship 6Q— 7 dS as a postulate. Partic- 
ular emphasis should be placed on the fact that for polyvariant 
n 


systems the statement that the expression dU + >) X, dz, has an 


iz 
integrating divisor is no longer a trivial corollary of mathematical 
theorems, but is a true postulate, according to which for reversible 
processes the expression 


n 
dU + bi Xj dzi 


60 — i-i 
ee E (21.6) 


is a total differential. 
The main thermodynamic identity takes the form 


dU =TdS— 2 X, dz,, (21.7) 
i= 
‘The condition for the right-hand side of equation (21.7) to be a total 
differential of the function U (S, z,, z,, ..., z,) is the validity 
of the following relations: 
ô(T, S) — E. 
à. cp i (i91, 2, ...,n) (21.8) 
uH ceci (geri, 9 21.9 
"IP PET EN (i26 j —1,2, ...,n). (21.9) 
ô (T, S) 





Thus, instead of the single: equation — 1 for a monovariant 


8 (X, z) 
system, the basic thermodynamic identity yields in the case of an 


n-variant system n + Aem = mati equations (21.8) and 
(21.9). 

The expression for free energy F = U — TS remains the same 
for polyvariant systems. The heat content W and the thermodynamic 


potential «D are determined by formulae 


W-U- X Xin, Q-U—TS- X Xızı — FAM Xiz. 
i- =1 {=1 
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It should be noted that the Legendre transformation can be applied 
1o U or F for not all generalized coordinates, but only for a part of 


them, adding to U or F the term > X ,z; (m <n). 


We then have at our disposal a "number of new thermodynamic 
functions, the natural variables for which willbe the partly gener- 
alized forces X, (i =1, ..., m) and the partly generalized coor- 
dinates z; (i =m + 1, m 4-2, .. ., n). These functions have no 
special names, but they are sometimes convenient to apply. 

Let us consider by way of a simple example a bivariant system — 
a rod placed in a magnetic field. The expression for work is 


6A = —f dl — H dM, (21.10) 
i.e. we have 
X = —f, z,—l X= —H, z,-— M. 
The equations 
a(T, S) — a(T, S) — 
9 (X, :) 5 9 (Xa, z, (21.11) 


will again give the previously obtained results—the expressions for 
tlie temperature variation following adiabatic stretching of the 
rod with an additional condition of constant magnetizing, or for 
tle demagnetizing of the rod with its length remaining constant. 
To consider the physical effects that are of interest to us, it is neces- 
sary to pass over from the variables J, M to the variables f and H. 
l'or this purpose the heat content W* is introduced: 


W* = U* — jl — HM, dW* = T dS — ldjf — M daH. (21.12) 


‘Fhe conditions for the right-hand side to be a total differential at 
S = const is the equation 


Fr).,7 "rs H’ (24:19) 


lhe derivative on the left-hand side of Eq. (21.13) describes the 
adiabatic magnetostriction: deformation of the rod (elongation 
or contraction) upon a change in the magnetic field. The derivative 
ou the right-hand side of Eq. (21.13) is associated with the adiabatic 
piezomagnetic effect —the effect of magnetizing (demagnetizing) 
tle rod when it is acted upon by a tensile (compressive) force. By 
analogy, introducing Gibbs’ potential ®* = U* — TS — fl — 
IIM, we obtain from the expression 


d@* = —S dT —ldf — M dH, (21.14) 
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the expression 


(i) Ur T,H (21.15) 


relating isothermal magnetostriction and the isothermal piezo- 
magnetic effect. Expressions (21.13) and (21.15) without any analysis 
of the internal (molecular) mechanism of the phenomena indicate 
that these effects are closely related. Magnetostriction and pieso- 
magnetic effect can exist only simultaneously, i.e. if for a certain 


rod (7), no 0, then also (=). = 0 (similarly for T — const). 


Further, relationships (21.13) and (21.15) indicate that the direc- 
tions of thetwo effects are related. If an increase in the tensile force 
is followed by a greater magnetizing of the rod [Gu 20] 
then the rod elongates upon an increase in the field intensity 
[25 si >0] , and vice versa. Substances of the two types exist 


in nature. 
The other two conditions following from Eq. (21.12), 


(r)s,= B (2 a 
and e ^ 
sam n (T)ar 


describe already known effects: cooling upon adiabatic demagnetiz- 
ing (Sec. 15) and a change in rod temperature upon adiabatic exten- 
sion (Sec. 14). 

The other two conditions stemming from Eq. (21.14), 


(ana? ($), w=? (ar), 47 e. 


(S) f ae 7 (F); u= T 


relate the thermal effect upon deformation and magnetizing with 
the coefficient of linear expansion and the derivative of the magnetic 
susceptibility respectively. 

One more interesting example of a bivariant system is that of 
a substance placed simultaneously in an electric and a magnetic 
field. Determine the heat content W* by formula W* = U* — 
— HM — pE. We have 


dW* = T dS — M dH — p dE. (21.16) 
By analogy, for Gibbs’ potential ®* = U* — TS — HM — pE 


we find 
db* = —S dT — M dH — p dE. (21.17) 
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In addition to the already known relations, from formulae (21.16) 
and (21.17) we arrive at the following total-differential require- 


ments: 
(E)n Car) e CE uem (are. 0149) 


Formulae (21.18) may turn out to be trivial identities of the form 
U = 0. If this, however, is not so, then these formulae predict a cer- 
tain relation between these crossing effects: magnetizing of a sub- 
stance in an electric field and polarization of a substance in a mag- 
netic field. i 

These effects may evidently occur in polar dielectrics (paramag- 
netic materials), if the directions of the dipole and magnetic mo- 
ments in the molecules are correlated, and also in crystals of non- 
polar dielectrics (diamagnetic materials), if the directions of the 
easiest polarization and of the easiest magnetizing are correlated. 
In crystals these effects have actually been detected and studied 
both theoretically and by experiment (see [4]). 


Problem 
Find the relation between electrostriction and the piezoelectric 
effect. 
JOE. s 223 (OP 7.5 NT 3 
Answer. (se) s,,=( poi aE) Pd: x 


CHAPTER II 


SYSTEMS WITH VARIABLE AMOUNT 
OF MATTER. PHASE TRANSITIONS 


22. Systems with Variable Amount of Matter, 
The Chemical Potential 


So far we have been concerned with systems containing a constant 
quantity of matter. Let us turn now to thermodynamic systems in 
which the quantity of matter may change. Examples of such systems 
are bodies undergoing various chemical transformations (in which 
case the quantity of a given chemical compound is variable), or 
systems in which phase transitions take place (melting, crystalli- 
zation, evaporation, the transition from one crystalline modifi- 
cation into another, etc.)—in this case the variable is the quantity 
of the substance in'a definite phase. 

The internal energy of such a variable-mass system depends, evi- 
dently, not only on its own natural variables, S and V, but also 
on the quantity of substance, which we shall characterize by the 
number of moles N. It follows that 


dU = TdS —P dV + u dN, (22.1) 


where the quantity p has the dimension of energy per mole and is 
referred to as the chemical potential of a substance. The chemical 
potential is specified by the formula 


= (2), ,. ena 


Let us subdivide all thermodynamic quantities into eztensive 
(additive) and intensive. We include in the first class those quantities 
that increase in proportion to N with an increasing amount of sub- 
stance in the system, all other conditions being equal. Quantities 
in this class obviously include the volume of a substance V and 
the internal energy U, for which we have 


V=NV, U=NU, (22.3) 


where V and U are respectively the volume and the internal energy 
of one mole. In contrast to this, quantities such as temperature 7 
and pressure P do not change with increasing dimensions of the 
system and so are classified as intensive quantities. By virtue of for- 
mula dS — je entropy is also an additive quantity—the entropy 
of an equilibrium system is equal to the sum of the entropies of its 
individual parts, and so we can introduce the concept of molar 
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entropy S, related to the total entropy as follows: 
S = NŠ. (22.4) 
Finally, by virtue of formulae 
F=U— TS, W=U+PV, ®=U—TS+ PV 


all the thermodynamic potentials. are extensive quantities, and we 
can introduce molar quantities P, W, d. It is clear that all the 
molar quantities, the molar volume V, the molar entropy S, the 
molar internal and free energies Ü, P, the molar enthalpy W, etc. 
are intensive quantities. 

Note that molar thermodynamic functions depend on 7, P and 


on the molar arguments V — V/N, S — S/N, i.e. we have 


U (S, V, N)- NU (=, x). F(T, V, N)— NF (T, =), (22-5) 


W (S, P, N) - NW (= JB). Q (T, P, NF) - NO (T, P). 


We return now to the chemical potential and note that by virtue 
of the definitions of the functions F, W, ® the term p dN will be 
present in the differentials of all thermodynamic functions: 


dU =TdS—PdV+ypdN, dF = —SdT —P aV + paN, 

(22.6) 

dW = TdS + VdP+ydN, db = —SdT --VdP -- A dN, 
whence 


ao 

u= (sr S.V - (25 T,V - (av so ow nol (22.7) 

The relationships (22.5) show the chemical potential to be most 

simply related to the thermodynamic potential, whose arguments, 

except for N, are simply the intensive quantities 7 and P; thus 

ado ~ ® 

(5), pr. PHB, P=, (22.8) 

i.e. the chemical potential is a thermodynamic potential referred 

to one mole of substance. Thus the differential of p is expressed by 
the formula f, " 

dp = —S dT + V dP. (22.9) 


It should be noted that a system with a variable amount of sub- 
stance is a particular case of a bivariant system having, in addition 
to the mechanical coordinate V, one more special coordinate—the 
number of moles N for which the chemical potential p is the con- 
jugate generalized force. 
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Consider the differential of the internal energy 
dU = TaS —PdV + paN. (22.10) 


The conditions necessary for the right-hand side of Eq. (22.10) 
to be a total differential can be written in the form 


(rss - ($8)... (raya ca NE 


BF exa. 
(ar ave (3v Js. x 
Passing over to Jacobians, we have 
a(T, S) _ ô(P, V) 
ô(V, S) (V, S) 
8(T, S) | (N, p) 
a(N, S)  ô2(N, S) 


ô (P, V)  9(u, N) 
8(N, V) O(N, V) 


at N —const, 














at V — const, (22.11) 


at S — const, 














or 
sP Vy = 1 at = const, 
ae Y = —1at V = const, (22.12) 
SON) — 1 at $ =const. 


Treating in a similar way the differentials of free energy, heat 
content (enthalpy) and thermodynamic potential, in addition to 
Eqs. (22.10) through (22.12) we obtain 





a(P, V) — a 

Ilm, N) —1 at T=const, (22.13) 
a(T,S) — = 
ou, N) — —1 at P —const. (22.14) 


By way of example let us express the derivative (ew in 
terms of easily measured quantities. With the aid of formula (22.13) 


we get 





(= = O(N, | - [$55 O(N, P) a(P, V) 
ðu /T,V (p, V) Jr L9(N, P) a(P, V) (u, V) Jr 
= (Bye (Fy, [422 
OP in,T\ ôu /v,TL O(n, N) JT 


= ECOSSE 
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Being an intensive quantity, the chemical potential is independent 
both of the number of moles and of the volume, and so, by virtue 
of formula (22.9), we obtain 





Gum (Flare e 
whence 
(A )sv7 7 (o): p. 
Problem 


Prove the formula p(T, P) = o (T, P) = (T, PYN, 
beginning with the definitions 


B= (ar )s v= Cor) m Cor) 


23. The Increase in Entropy in Equalization Processes. 
The Gibbs Paradox 


So far we have been studying equilibrium thermodynamic systems 
and equilibrium processes. Thermodynamics, however, also allows 
important conclusions to be made concerning the direction in which 
non-equilibrium processes for which the initial and intermediate 
states are not equilibrium ones operate. In particular, these proc- 
esses include all equalization processes, i.e. processes in the course of 
which a closed system, consisting of two or more parts, each of 
which is in an equilibrium state, but between which there is no 
equilibrium, comes into a completely equilibrium state. Let us 
consider by way of example several such processes. It will be shown 
that if an equalization process is realized in a heat-insulated system, 
6Q = 0, the entropy of this system does not remain constant, as it 
would have been for an equilibrium adiabatic process, but increases. 

Equalization of Temperature. Two bodies at temperatures T, 
and T, (T, — T,) are brought into contact, with the whole system 
composed of these two bodies being heat-insulated. Suppose that 
upon the elapse of a certain time interval a quantity of heat 6Q 
(5Q, = —6Q) is released by the first body, while the second body 
receives the same quantity of heat ÔQ (Q, = 6Q). If the process 
of heat transfer were reversible (proceeded at an infinitely small 
temperature difference), the entropy of the bodies would have changed 
by dS, = —6Q/T, and dS, = 5Q/T, respectively. Since, however, 
the entropy of each body is a function of its state, then the change in 
ontropy cannot depend on the manner in which the amount of heat 
6Q was removed from the body; in a reversible or irreversible way; 


8—0799 
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it depends only on the quantity of heat. This is why the expressions 
dS, — —6Q/T,, dS, — 6Q/T, remain valid also for a real irre- 
versible process, while for the variation in the total entropy we find 


dS =dS,+ dS, =: 8Q (7-7) >0. 


Equalization of Pressure. A fixed piston in a heat-insulated cylin- 
der separates two volumes of gas at equal temperature but different 
pressures P, and P, (P, > P,). The piston is released and the process 
of pressure equalization begins. The real irreversible process is said 
to be an isoenergetic one, inasmuch as the system does not perform 
work on external bodies, nor is heat added to it from the outside. 
To make it possible to use the formula dS = 6Q/T, let us replace 
this real process with an imaginary isoenergetic equilibrium process. 
For this purpose, imagine that the piston is acted upon from the 
right by an external force smaller by an infinitely small fraction 
(per unit piston.area) than the difference P, — P,. The pressure 
force acting upon the piston will thus be almost balanced by the 
external force and the gas will undergo reversible expansion. Since 
the initial and final states are the same for the real irreversible and 
the imaginary reversible processes (they are on one constant-energy 
line), the entropy variation is the same for the two processes. As 
the gas undergoes expansion by dV in the left-hand part of the cy- 
linder during the imaginary process, the system performs work equal 
to (P, — P,) dV against the external force. Since the process is 
isoenergetic, it is accompanied by the addition of heat 6Q — 
= 6A = (P, — P,) dV and, consequently, by an increase in en- 
tropy by 


| 60  PB,—P 
dS — =; dV > 0. 


Thus, in the processes under consideration the equalization of 
temperature and pressure is accompanied by an increase in entropy. 

Let us emphasize here the following fact of fundamental import- 
ance: inasmuch as in the two examples considered above the system 
consisting of two bodies is heat-insulated, no entropy is added 
during these processes from the outside, but is generated inside the 
system. This means that when a system undergoes an irreversible 
process of temperature and pressure equalization, there are acting 
in the system internal sources of entropy. As the state of equilibrium 
is being approached these sources become exhausted and once the 
system comes into a state of equilibrium, cease to generate entropy. 

Let us study from this point of view two more non-equilibrium 
processes that have already been considered above. 

TheGay-Lussac Process. An equivalent reversible process must 
proceed at a constant internal energy: 


dU = TdS —PdV —0, 
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whence 
oS P 
(3x), 779. as) 
i.e. during the irreversible expansion of gas into a vacuum entropy 
increases. 


It is helpful to compare a real Gay-Lussac process with an imag- 
inary or fictitious process with the aid of the following table. 


Table 
Real Gay-Lussac process Imaginary process 
Non-equilibrium Equilibrium 
Adiabatic 5Q—0 Non-adiabatic 6Q--0 
Non-isentropic d$ 4-6Q;T Non-isentropic dS #+8Q/T 
Isoenergetic dU — 0 Isoenergetic dU — 0 


The Joule-Thomson Process. An equivalent reversible process 
occurs at a constant heat content (enthalpy) 


dW =TdS + VdP — 0, 

whence 

oS V 

3B).—-—7«^ (23.2) 
Further, since in the Joule-Thomson process the gas forces its way 
through a porous plug into a space at a lower pressure, the entropy 
in this process also increases. 

Let us compare the Joule-Thomson process with the imaginary 

process used to replace it with the aid of the following table. In 


Table 
Real Joule-Thomson process Imaginary process 
Non-equilibrium Equilibrium 
Adiabatic 6Q—0 Non-adiabatic 6Q-40 
Non-isentropic d$ 4-6Q/T ^ Non-isentropic dS = 6Q/T 
Isoenthalpic dW —0 Isoenthalpic dW =0 


order to examine one more example of an increase in entropy, it is 
first necessary to extend formula‘ (4.6) of the molar entropy of a 


perfect gas, 
vc g_ R rTVY-! 
S-S,=— In (£5). 
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to cover the case of an arbitrary quantity of gas. [Entropy is denoted 


by $ and volume by V, to emphasize that formula (4.6) pertains 
to one mole of gas. 
Owing to the additivity property of entropy and volume, sub- 


stitute in formula (4.6) S = S/N and Y = V/N (S and V are the 
entropy and volume of N moles of gas). The formula for entropy 
may be rewritten to read 


a LI In (TVY7!) 4- A, (23.3) 


where the constant A depends on the number of moles 
A=N [$.— pn (T ]—NRmN-BN—RNISN. (23.4) 


The constant B, depending only on the intensive quantities Sos 
V,, T$, is independent of the number of moles. 

Let us look now at the question of calculating the entropy of a 
mixture of two different perfect gases. Let a vessel of volume V 





FIG. 33 


contain N, moles of the first gas and N, moles’ of the second gas. 
Following Gibbs, let us carry out mentally an experiment showing 
that this mixture can be obtained from the basic components: in 
a reversible way without performing work and adding heat. Imagine 
two cylinders 7 and 2 with equal volumes V (Fig. 33), freely entering 
each other without friction and surrounded by a heat-insulating 
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enclosure C. The initial position of the two cylinders is depicted in 
Fig. 33(a). Cylinder Z is filled with gas A and cylinder 2 with gas B. 
The right wall a of cylinder 7 is permeable to the molecules of gas B 
and impermeable to the molecules of gas A, while the left wall b 
of cylinder B is impermeable to gas B and permeable to gas A. Let 
us slowly insert vessel 2 into 7 [Fig. 33(b)]. The space to the left 
of the partition b contains gas A, 
the space ba is filled with the 
mixture of gases A and B, and the 
space to the right of the partition 
contains gas B. Note that vessel 
B is being displaced without per- 
forming work, since the left and 
right walls of vessel 2 are exposed 
to the same pressure, equal to 
the partial pressure P, of gas B. 
Gas A permeates freely through FIG. 34 

partition b, exerting no pressure 

on it, and the resultant force acting on vessel 2 equals zero. At the 
end of this process the volume V of the combined cylinders [Fig. 33(c)] 
will be filled with a mixture of gases A and B, with the temperature 
of the gases not changing inasmuch as the gases undergo an isen- 
tropic (A = 0, Q = 0) mixing. Since the process is also reversible, 
the entropy of the gases does not change and the entropy of the 
mixture is expressed by 


S (T, V) = S, (T, V).+ S, (T, V). (23.5) 





In this way we came to Gibbs’ theorem stating that to calculate the 
entropy of a mixture it is necessary to add the entropies of the mix- 
ture components, assuming the components to be at the same tem- 
perature and that they occupy the entire volume of the mixture. 

Consider one more example of an adiabatic noncequiDibAum: pro- 
cess accompanied by an increase in entropy. 

Interdiffusion of Two Gases. A heat-insulated vessel (Fig. yt 
separated by a partition into two parts with volumes V, and V 
contains two different perfect gases at the same pressure and tem- 
perature. According to formulae (23.3) and (23.4) their entropies 
equal respectively 





SEU me z In(7TVY"') 4+ B,N,— RN, INN, . ae 
(23.6) 


S,= P. In (TVP7!) + B,N,— RN; ln N;. 





After the "ms is removed, isothermal mixing of the gases takes 
place (AA = 0, AQ = 0, AU = 0). At the end of the process, 
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according to (23.5) the entropy of the mixture is expressed by 








S— PE tnt (V, - Vj)" 7) B,N,— RN In N, 
F IL In[Z (V, 4-V,)"7*]-- B,N,— RN,1n Ny. (23.7) 


The change in entropy AS = S — S, — S, is expressed by 
AS = N,RIn PES 4 NR In PETS Ss 9. (23.8) 
1 2 


Thus, this irreversible adiabatic process—the equalization of con- 
centrations—is also accompanied by an increase in entropy. 

Formula (23.8) leads to the so-called Gibbs paradox: since the 
quantities characterizing the individual properties of the two gases, 
yı and y,, do not appear on the right-hand side of formula (23.8), 
it might seem that entropy increases even when two portions of 
the same gas are mixed. In this case, however, the removal of the 
partition does not result in any change in state and the entropy can- 
not change. 

Within the framework of thermodynamics the Gibbs paradox is 
explained by the fact that the formulae (23.5) and (23.7) pertain 
only to a mixture of two different gases. In the case of two volumes 
of the same gas the partitions a and b in the mentally conducted 
experiment (see Fig. 33) are either impermeable to the two portions 
of the gas, or permeable to them. In either case the displacement of 
vessel B does not result in mixing of the two portions of gas, but 
the compression of the gas does take place, accompanied by the per- 
formance of work on the gas and, if the process occurs in a thermostat, 
by the removal of heat. Thus, entropy decreases during the process 
and Gibbs' theorem becomes inapplicable. For this reason the en- 
tropy of any number of moles of a perfect gas must be computed by 
formulae (23.3), (23.4) without resorting to formula (23.5) Equa- 
tions (23.3), (23.4), derived on the basis that entropy is an extensive 
quantity, do not lead, naturally, to any paradoxes. This is vividly 
clear if these formulae are rewritten to read 


S=) {4 n[ (+) T|4- 5). 


If the number of moles N and volume V are increased a times with- 
out changing the temperature, then entropy will increase in the 
same proportion. 

The examples considered above show that entropy increases in 
equalization processes occurring in a closed system. This law can 
be proved more comprehensively only on the basis of atomic and 
molecular concepts, and this proof will be discussed in Sec. 91. 
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Thus, we accept, so far as a postulate, the statement that the 
entropy of an isolated system undergoing equalization processes 
increases, dS — O0. The final result of an equalization process is 
a completely equilibrium state. In the case of small deviations from 
equilibrium the gradients of all the system parameters are also 
small, and all processes occurring close to the state of equilibrium 
acquire the nature of slow, approximately equilibrium processes. 
Consequently, in the state of equilibrium dS = 0. From this follows 
the important conclusion that asthe stateof equilibrium is approached, 
the entropy of an isolated system increases and reaches its 
maximum value in the state of equilibrium. 

The law of increase in entropy in an isolated system is of para- 
mount importance. This law can be said to be, in a way, more com- 
prehensive from the physical viewpoint than the law of conservation 
of energy. In fact, when applied to an isolated system, the law of 
conservation of energy states that the transition from state Z to 
state IJ is only possible provided U, = U,—the energy of the sys- 
tem in the initial state is equal to that in the final state. But if this 
condition is satisfied, then, from the energy viewpoint, the reverse 
process of the passing of the system from state IJ to state J is equally 
possible. 

For instance, from the point of view of the law of conservation 
of energy the following processes are equally possible. 

1. Processes of heat leakage from a body at a higher temperature 
to a body at a lower temperature and the reverse process (if the 
energy balance is observed). 

2. A process of gradual deceleration and stopping due to friction 
of a body moving over a rough surface (with the kinetic energy of 
the body being converted into the energy of random molecular 
motion) and the reverse process (the energy of random molecular 
motion being converted into the energy of orderly motion of the 
body), in the course of which the body at rest cools off somewhat, 
but as a result begins to move. 

3. Expansion of a gas into a vacuum (the Gay-Lussac process) 
and the reverse process of spontaneous compression of the gas. 

4. Interdiffusion of two different gases and the spontaneous sepa- 
ration of the gas mixture. 

The number of similar examples could, naturally, be multiplied. 

The law of increase in entropy allows, for heat-insulated systems, 
the forward processes in items 1 through 4, associated with an increase 
in (generation of) entropy, but prohibits the reverse processes involv- 
ing a decrease in entropy*. 

* A. Sommerfeld cites in his book (1] the figurative note made by Robert 
Emden: "In the huge manufacture of natural processes, the principle of entropy 
occupies the position of manager, for it dictates the manner and method of the 


whole business, whilst the principle of energy merely does the book-keeping, 
balancing credits and debits’. 
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Thus, the basic meaning of the law of increase in entropy consists 
in establishing the existence of irreversible processes, in particular, 
of all equalization processes. All these processes become reversible 
when the system approaches the state of equilibrium and entropy 
attains its maximum value. 

It should be noted in concluding this section (digressing from its 
main topic, the increase in entropy) that we have widened to some 
extent the framework of equilibrium thermodynamics and have 
considered some non-equilibrium processes. The method that has 
been used in the discussion involved the replacement of a real non- 
equilibrium process by an equivalent imaginary equilibrium process. 

There is one more method of studying non-reversible processes, 
applied to cases when the initial and final states of a system are 
completely equilibrium states or in equilibrium with respect to 
some of the system's parameters. This method resembles to a certain 
extent the black box problem of cybernetics: we have a certain 
device with an unknown internal structure, a black box, and the 
problem is to learn how to relate input and output signals. By anal- 
ogy, the thermodynamics of equilibrium processes fail to give 
us any data on the development of an irreversible process. We can, 
however, make use of any equations that are valid for the initial 
and final (equilibrium) states, in particular, of the energy principle, 
equation of state, etc. 

Let us considér by way of illustration the following: problem: 
a gas forces its way through a small opening into a vessel that was 
originally evacuated. The atmospheric temperature and pressure, To 
and P,, are assumed to be constant. The problem is to find the tem- 
perature of the gas in the vessel at the moment the pressures inside 
and outside the vessel become equal. The temperature relaxation 
time is far greater than the pressure equalization time and. begin- 
ning with 7 — T, the state of the gas in the vessel that is non-equi- 
librium with respect to temperature can be assumed to be a meta- 
stable state during the time that measurements are taken. The gas 
is assumed to be perfect. 

The answer to the problem is provided by the energy principle. 
Since the process of heat transfer has no time to terminate during 
the time the gas flows into the vessel, then the change in the internal 
energy of the gas already in the vessel, nC , (T — To), equals the work 
done by the external force (atmosphere) on the gas. 1f the gas filling 
the vessel occupied volume V, in the atmosphere, this (isobaric) 
work is equal to P,V, = nRT,, whence the equation Cy (T — Ty) = 
= RT,,T = S = yT,. It is interesting to note that we made 
no use of the pressure equalization requirement and, consequently, 
any small amount of gas entering the vessel acquires the temperature 
To- The subsequent amounts of the gas that flow into the vessel 
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are heated to lower temperatures, since they are being forced into 
the vessel by the pressure P, — P, where P is the pressure inside 
the vessel; though they compress and heat the portions of the gas 
which entered previously. The result shows these effects to compen- 
sate each other, and that the increase in temperature is independent 
of the amount of gas entering the vessel. 


Problem 


A vessel [of volume 2V is placed inside a heat-insulated vessel 
and is separated into two equal parts by a partition. The two- 
halves of the vessel contain gas at the same temperature To. 
and at different pressures P, and P, (P, >P,). A hole (with 
dimensions that are large compared with the free-path length) 
is opened up in the partition, and equalization of the pressures. 

* takes place. Find the common pressure P, the temperatures of 
the gas in the two halves of the vessel, 7, and 7, (the obser- 
vation time is small compared with the heat-transfer time), 
and the number of moles of the gas that passed from one half 
of the vessel into the other, AN. 


y-1 

1 T PitP,\ Y 

_Answer. P= (Pi P, z-( y 2) Y 
i-y 


T P,+P,\ Y» ]-! 
7 =([2-( “OP =] ] , 
Pi P,+P,\1v 
AN =r, [1- (^m) |]. 
Hint. Consider the mass of gas that fills the first half of the 
vessel fully after the hole is opened, and apply to that mass 
of the equation of the steady-state adiabatic process. 


24. Extrema of Thermodynamic Functions 


Let us make sure now that just like entropy, other thermodynamic 
functions also have extrema. 

Consider first of all an irreversible process occurring in a system 
that is not heat-insulated, and an amount of beat 6Q is added to 
this system or removed from it. This process can be mentally visual- 
ized as a sequence of two processes, a process during which the 
system acquires a state of equilibrium without supply of heat and 
its entropy increases, dS, >Q, and the following reversible process 
involving addition or removal of-heat, during which entropy increases- 
by 6Q/T = dS,.>0 if heat is added, and dS, < 0, if heat is 
removed from the system. 
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Combining the two relationships, we obtain the inequality 
d$—4$,4-4$,2 €, 6Q<T dS, (24.1) 

with the equality sign being valid only for equilibrium reversible 
processes. Using now the energy principle, 

dU — 6Q — P dV, 
we obtain the inequality replacing in the case of irreversible pro- 
cesses the basic thermodynamic identity: 

dUzT dS — P dV. (24.2) 


Using the definitions of free energy F = U — TS, heat content 
(enthalpy) W = U + PV and thermodynamic potential (D = 
= U — TS + PV, we obtain from (24.2) the inequalities 


dF«; —SdT —PdV, (24.3) 
dO< —5dT 4-V dP, (24.4) 
dW «T dS —- V dP. (24.5) 


Let us first turn to the corollaries stemming from inequalities (24.3) 
and (24.4). Consider processes occurring in a thermostat (T — 
— const) under two different supplementary conditions: V — const 
and P = const. Inequalities (24.3) and (24.4) give 


dF «0 at V — const, T — const, (24.6) 
db <0 at P = const, T = const. (24.7) 


Thus, when an irreversible process approaches equilibrium at V = 
= const and T = const, the free energy decreases, and at P = 
= const and T = const the thermodynamic potential diminishes. 
All processes become equilibrium ones in the neighbourhood of the 
State of equilibrium, and we have 


dF =0 at V = const, = const, (24.8) 
db =0 at P = const, T = const. (24.9) 


It follows from the foregoing that when a system for which V = 
= const, T = const is in the state of equilibrium, the free energy 
acquires a minimum value, F = F4, and in a system for which 
t — const, T — const, the thermodynamic potential is minimum, 
D = Dan. 

Let us make now the following important remark. Inequalities 
424.2) through (24.5) make sense only in the assumption that the 
parameters P, V, T, S have definite values for the non-equilibrium 
States of the system as well. The fact that entropy has also definite 
value for non-equilibrium states of the system stems from the very 
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statement of the entropy increase law. It will be shown below, 
in Secs. 35 and 63, that the formulae of statistical physics actually 
determine the entropy of any equilibrium or non-equilibrium state 
of a system. As to the parameters P, V, T, we shall limit ourselves 
to the consideration of such non-equilibrium states, in which these 
parameters also have definite values. In particular, there are no 
temperature and pressure gradients in these states. It follows from 
this that the foregoing concerns the systems that are characterized, 
in addition to the parameters P, V, T, S, by one or more variable 
parameters E; and the thermodynamic potentials U, F, W, ® depend, 
in addition to their own natural arguments, on the parameters E;. 
In a state of thermodynamic equilibrium these parameters acquire 
the values £ that must be found from the conditions of minimum 
free energy F at T = const, V = const or minimum thermodynamic 
potential at T = const. 

Examples of such systems, for instance, are systems consisting 
of several chemical substances reacting with each other, or systems 
consisting of several phases, in which melting, boiling and other 
processes can take place. The role of parameters E, is then played 
by the numbers determining the composition of a system, for instance, 
the number of moles of all chemical components or of all phases 
of the system. 

Consider now a body that is in contact with the surroundings, 
assuming that the body is not yet in thermal equilibrium with the 
surroundings, so that the temperature 7, and the pressure P, of 
the surroundings differ from the temperature T and pressure P 
of the body. Consider the energy and volume of the surroundings 
to be so large that no matter what processes the body undergoes, To 
and P, can be assumed to be constant. The surroundings and the 
body placed in it form a closed system, in consequence of which we 
have 


AU = —AU, = —T, AS, + P, AV, = —T$, AS, — Po AV 
(24.10) 


(all quantities with the subscript "0" pertain to the surroundings 
and the quantities without a subscript to the body). On the other 
hand, in the process of equalization the total entropy must increase, 
AS, + AS > 0, whence we find the inequality 


A (U — T,S + PV) « 0. (24.11) 


In a particular case 7 = T, = const, V = const we get again the 
inequality dF < 0 and the condition for thermodynamic equilibrium 
F = Fy. In the case T = T, = const, P = P, = const we obtain 
the inequality dD < 0, and the equilibrium condition D = Omin- 
In the general case, however, when T Æ To, P Æ Py, Eq. (24.11) 
shows that in the process of temperature and pressure equalization 
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the potential * = U — T,S + P,V decreases, and in the state 
of equilibrium * = df. 

Let us illustrate the foregoing by two simple examples. 

1. A cylinder, separated by an easily sliding piston into two 
compartments of volume V, and V, containing N, and NV; moles 
of a perfect gas, is placed into a thermostat at a temperature 7. 
The piston is at first fixed and the pressures in the compartments are 
P, and P,, not equal to each other. Then the piston is released, 
and the system attains a state of equilibrium. According to (24. 8), 
the condition of equilibrium requires the free energy to assume a 
minimum value. The free energies F, and F, are expressed by 


F,= Uj—TS,=N Cy T — 2. RT In(TVi )—TA, 


=}; (T) — N,RT InV,, 
whence 
F = f (T) — N,RT 1n V, — N,RT ln (V — Vy). 
The free energy of a non-equilibrium system, in addition to its 


fixed arguments 7, V, depends on the parameter V,, by which F 
has to be minimized. Tbe required equilibrium condition is 








OF _ MRT, NRT o, 
WV, Vi y—V; 
d the equality of pressures in the compartments, P, = P,, with 


V/V, = N,IN,. 

2. Replace in the preceding example the left-hand .wall with 
a second easily sliding piston, acted upon by the constant thermostat 
pressure P,. At first the pistons are fixed, and in the compartments 
the pressure P, + P, + P,. Then the pistons are released, and the 
process of attaining equilibrium occurs. Áccording (24.11), the cri- 
terion of equilibrium requires the free potential b* = U — TS + 
+ P,V to assume a minimum value; by analogy with the preceding 
example, the potential is equal to 


Q* — f (T) -- N,RT ln P,-- NRT In P,4- P, ( 








N,RT . N.RT 
P pi ) 


(we used formula 


S= 25n pa )+const 


and the equality V, = N,RT/P). In addition to its fixed arguments 
T and P,, the potential or depends on the parameters P, and P,, 
which should be used to minimize the potential. We have 

2p* — NiRT R Li 0 P, - Po, V, = TT ` 
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Let us turn now to considering non-equilibrium processes occur- 
ting at S = const and two supplementary conditions: either V = 
— const, or P — const. It should be emphasized that in distinction 
to processes with 7 = const that can readily be realized in a ther- 
mostat, irreversible processes with S = const can only be realized 
in rather artificial conditions. In fact, irreversible processes are 
characterized by the fact that entropy is being produced in the sys- 
tem, and to maintain the entropy constant, we should have available 
a cybernetic device with feedback that would remove exactly the 
amount of entropy (heat) required. For this reason the conditions 


U=Umn at S=const, V= const 
and 
W =Wnmn at S=const, P= const, 


that can-be obtained from inequalities (24.2) and (24.5), have no 
practical significance and they are mentioned here pursuing meth- 
odological considerations only. 

The difference between the potentials U and W, on the one hand, 
and the potentials F and ®, on the other hand, noticed above, is 
based on the following fundamental fact. 

The potentials U and W have neither sources, nor sinks in the 
system and they can be "added" to the system from the outside or 
“removed” from it to the surrounding medium. As far as the internal 
energy is concerned, this fact is obvious, since the internal energy 
can change only upon addition or removal of heat and after positive 
or negative work is performed. AT 
. For heat content this stems from the fact that this function can 
be considered to be the energy of some “extended” system. For 
example, the total energy Utot of a gas filling a cylinder closed with 
a piston of cross-sectional area o bearing a load of mass m is expressed 
by the formula 


Uto =U + mgh =U + Poh =U 4+ PV =W 


(h is the height of the column of gas above the piston). 
aConsequently, the functions U and W are uniquely specified both 
in the equilibrium and non-equilibrium states of the system, and 
they do not change in non-equilibrium equalization processes: at 
6Q = 0 and V = const for the internal energy, at 6Q = 0 and 
P = const for the heat content (enthalpy). Of course, in the case 
of non-equilibrium states, the internal energy U, being a single- 
valued function of:state, can no more be considered as;single-valued 
function of the parameters S and V, and the heat content, being 
a single-valued function of state, cannot be considered as a single- 
valued function of the parameters S and P (these parameters, gen- 
erally, have no definite values in non-equilibrium states). 
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For the functions of state U and W the absence of internal sources 
manifests itself in the fact that, in addition to the inequalities 


dUx;T dS — P dV, dW<T dS + VdaP, 
valid for them are the equalities 
dU —6Q —PdV, aW —6Q — P dV + a (PV), 


indicating that the quantities U and W can change only at the 
expense of added (removed) heat and performed work. For W this 
is the work done on the "extended" system, including the work spent 
in lifting the load placed on the piston, d (PV) — d (mgh). 

In contrast to this, for the functions F and @ there exist negative 
sources (sinks) that function inside a system undergoing irreversible 
processes, since the definitions of the functions include entropy: 


F = U — TS, D—-U--PV-— TS. 


The existence of the sinks follows from the fact that in these pro- 
cesses entropy has positive sources inside the system. As a result, 
in contrast to the functions U and W, F and @ are not determined 
uniquely in non-equilibrium states by the values of T and V or T 
and P but depend on other parameters. It is precisely this fact that 
explains why these functions possess the above-mentioned extrema 
that the functions U and W fail to possess. 

Let us consider in concluding this section a state of thermodynamic 
equilibrium in the presence of a time-independent applied potential 
field. 

In the presence of a field the expression for the differential of 
Gibbs’ potential will obviously include one more term, % (z, y, 2) dN 
(where the term % (z, y, z) is the potential energy in the external 
field referred to one mole): 


db = —S dT + V dP + ly + U (z, y, z) dN. (24.12) 
Formula (24.12) gives 


x poe CS PIHI (z, y, 2), (24.13) 
whence for the total potential ® we find 
O= (p(T, P) - 3L y, a) aN, (24.14) 


where dN is the number of moles in a small element of volume dV. 
The condition of minimum for ® in respect to the small variations 


6 (dN) with the supplementary condition (6 (dN) = 0 (the nor- 
malization condition) leads to the equality 


f (H(T, P)+ WU (a, y, 2)—218(dN) =0 
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(à is a Lagrangian multiplier), whence 
y (T, P) + U (z, y, z) = & = const. (24.15) 


Since the other condition of equilibrium is 7 — const, it follows 
from Eq. (24.15) that in the presence of a field pressure changes 
from point to point. Calculating the gradient of the left-hand and 
right-hand sides of Eq. (24.15), we obtain 

à 

3p), VP V (z, y, z)=0, 
or 

V¥P = F(z, y, z2) = — VU (z, y, 3). (24.16) 


Equality (24.16) shows how in the equilibrium state pressure 
depends on the coordinates in the presence of an external field. In 
particular, for an ideal gas placed in a uniform gravitational field 
41 (zx, y. z) = Mgz we obtain (M = molar mass) 


whence, integrating, we obtain the barometric formula 
Maz 
P = Pye RT . 
Problems 


1. A vessel of volume 2V containing an ideal gas is separated 
into two equal parts by an easily sliding piston, weighing 
P,0 (where c is the cross-sectional area of the piston). The 
vessel is arranged horizontally in a thermostat at tempera- 
ture T. The pressure in the two halves of the vessel is equal 
to P. The vessel is turned through 90? around its centre of 
gravity. Find the new volumes and pressures, Vi, Va, Pi, Pe, 
the change in the entropy AS, and the quantity of heat 
removed to the thermostat, AQ. (Give an elementary solu- 
tion of the problem and a solution based on the condition 
of minimum for a corresponding thermodynamic function.) 
The vessel is turned again through 90? around its new centre 
of gravity. Find the new changes in entropy and the removed 
heat, AS, and AQ,. 

Answer. After the first turn 


V,-Vitcz—y1—z], V,—-VÍ1—z-4-V1—z)], 
P 


Boll B ncs Soe seks, 
=p VIFA i-r ViFa' 


AS,=+" In [2z (V 1 JT a22— z)] <0, 
AQ, = PV (z— V 1E) «0, z= 5- (AQ TAS). 
After the second turn AS, = —AS,, AQ, = 0. 


1, P, 
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Hint. The free energy including the potential energy of the 
piston, as a function of one of the volumes V, or V, (non-equi- 
librium parameter), has a minimum value in the state of equi- 
librium. The parameters Vi, V}, P,, P, can also be found from 
the equations P,— P, = P,, 
V, + V4 —2V and from the 
equation of state. 

2. What thermodynamic 
function of a system gas- 
spring (Fig. 35) is at its mi- 
nimum in the state of equi- 
librium? The springed piston 

FIG. 35 is placed into a thermo- 

Stat at temperature 7. The 

spring constant is x (T), the distance between the piston 

and the left-hand wall, when the spring is not stretched, is 

equal to x,’ and the cross-sectional area of the cylin- 
der is o. 

Find the equilibrium value of z and the gas pressure P 
from extremum considerations and applying the elementary 
method*. 

Answer. In the state of thermodynamic equilibrium the mini- 
mum total free energy of the gas-spring system acquires a 
minimum value: 


x 





=)? 4RT 
F = Fy t+ E, rae [i+ 1-48]. 


25. Thermodynamic Inequalities 


The condition of thermodynamic equilibrium at constant temper- 
ature and pressure requires the thermodynamic potential to assume 
a minimum value. This means that if in the equilibrium state the 
increments of the parameters S and V (P = const, T = const) are 
6S and ôV, the increment of the thermodynamic potential 66D, must 
be non-negative at any values of ôS and 6V. This requires that the 
coefficients at 5S and 6V become zero, since the terms containing 
ôS and ôV to the first power change their sign as the signs of ôS 
and ôV change. For small deviations from equilibrium the sufficient 
condition of minimum for the potential Ð is the requirement for 
the differential of the second order to be positive. Consider this 
condition for a homogeneous system. 


* The problem' was suggested by G. L. Kotkin. 
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For a small deviation from the equilibrium state at P = const 
and T = const we have 
MENT) ah Fou ,9V 


tx [08 Sr), 0525 








- 68 8V + (Fz) (V: ] 


—T8S- PV, (25.1) 


where all derivatives of the internal energy U are taken in the 
equilibrium state, in which 


(Ihn (5).--*. (25.2) 


and only terms of the second order remain in expression (25.1). 
Ftom Eq. (25.2) we also find 


(4), =(4) <4. 
Ta) fr) as =(sr)e=—(Se)y (25.3) 
Rewrite inequality (25.1) to read 
(Sr), 65-2 (F) sev (S) (6V)2>0. (25.4) 


With arbitrary ôS and ôV the conditions of validity of (25.4) are, 
as is known, the inequalities 


(=), =e >, (25.5) 





(+> ).< (25.6) 
(a )s+ (ar) Corde — (a). i tS) ), 0 
(25.7) 

The first inequality gives 
Cy 20. (25.8) 


Inequality (25.8) has a simple physical meaning. Let a temperature 
fluctuation take place in some fixed volume, for instance, compared 
with the equilibrium temperature T,, the temperature increased 


hy AT. Then at Cy < 0, by virtue of the definition (om J,- €v. 


the internal energy of the volume under consideration would de- 
crease. This would cause heat transfer from the surrounding sections 
to the section under consideration and would, consequently, cause 


v. 0799 
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a further rise in temperature. Similarly, temperature fluctuation 
resulting in a decrease in temperature in some region at Cy <0 
would not die out and the temperature would tend to get lower. 
Thus, a state with Cy < 0 would be absolutely unstable with re- 
spect to small temperature fluctuations—a catastrophic heating of 
a substance wouldtake place in some regions and cooling to the 
absolute zero in other regions. 
Inequality (25.7) can be rewritten to read 


a(T, P) A(T, P) o(T,V) _ T (22) «o 


a(S, V)  8(T.V) a(S, V) Cy 
and by virtue of (25.8), it gives 


(57), «9. e 


With a homogeneous system in steady states both isothermal com- 
pression and adiabatic compression [see (25.6)] lead to an increase 
in pressure and vice versa. 

The visual meaning of inequality (25.6) or (25.9) is quite clear: 
in a steady state a gas must behave as a spring, i.e. a decrease in 
the volume of some mass of the gas must be accompanied by an 
increase in pressure inside this mass and vice versa. In the process 
small gas density fluctuations will die out. On the contrary, at 
(<7), >Q (for instance, on the rising branch of van der Waals’ 
isotherm, see Sec. 12) density fluctuations do not die out but increase. 
Let, for instance, a fluctuation compression of a substance occur 


in some region. At Gr). > 0 it will be accompanied by a decrease 


in pressure inside the mass, and the external pressure will continue 
to compress it till a drop of liquid forms. On the contrary, the region 
in which a fluctuation decrease in density took place will be expanded 
by the increased internal pressure till the region passes into a nor- 
mal state of a gas with (57), 0. In other words, if such a state 
would appear for a moment, the point lying on the rising branch 
of van der Waals' isotherm (Fig. 21) would instantaneously "fall 


down" on the isotherm-isobar ACE, representing the two-phase state 
of substance. Thus, states with (27), O are absolutely unstable 


with respect to small density fluctuations or to separation of sub- 
stance into two phases. 


26. Phase Equilibrium. First-Order Phase Transitions 


So far we have been considering the thermodynamic behaviour of 
physically homogeneous systems. Let us turn now to studying sys- 
tems comprising several phases in equilibrium with one another. 


: Ch. II. Phase Transitions 131 


By a phase is meant a physically homogeneous part of a system 
differing in physical properties from other parts of the system and 
separated from them by a well-defined boundary. Examples of two- 
phase systems are a liquid and its saturated vapour, a liquid and 
a crystal, two crystalline modifications of the same substance in 
contact with each other, etc. It should be noted that in a system 
whose phases are in equilibrium, a slight variation of external 
conditions (for instance, an addition or removal of some amount 
of heat) results in that a certain amount of the substance passes 
from one phase state into another (fusion, boiling, etc.). That is 
why, in studying the conditions of phase equilibrium, we consider 
simultaneously the development of the so-called phase transitions. 

We shall consider the nature of phase transitions at constant pres- 
sures and temperatures. For a two-phase system, in addition to T 
and P, the thermodynamic potential depends on the number of 
moles in each phase, N, and N,: 


O=O(T, P, N,, Na), d= —Sd7+VdP+p,dN,+p,dN,, 
(26.1) 

where 

am 

t= (sae) PE b= L2 AM 


are the chemical potentials of the first and second phase respectively, 
or 


dOr, p =p dN, +u dN;. 


Writing down Eq. (26.1), we assume that there are no pressure 
and temperature gradients in the system, so that we have an equi- 
librium state with respect to these parameters. Only the numbers 
of moles N, and N, may have nonequilibrium values, and we are 
interested in the way these numbers change in an equalization 
process. 

If a system undergoes equalization, then, as was elucidated in 
Sec. 24, the thermodynamic potential decreases, d® < 0. But 
N, + N, = const, dN, = —dN, and, consequently, 


(pı — He) dN, X0, (26.2) 


whence it follows that dN, <0 at u, =p and, on the contrary, 
dN; >0 at <u, i.e. mass flows from the phase with a higher 
chemical potential to the phase with a lower chemical potential. 
In the state of thermodynamic equilibrium the thermodynamic 
potential of the system (D has a minimum value, db = 0, whence 
it follows that the two phases come to equilibrium at p, = py. 
‘Thus, for a mass flow from one phase into the other the chemical 
potential plays the same role as the temperature does for heat trans- 
Jur or pressure for gas flow in corresponding equalization processes. 


we 
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Heat flows from points at a higher temperature to points at a lower 
temperature and heat transfer ceases as soon as temperatures equalize. 
Gas flows from points at a higher pressure to points at a lower pres- 
sure and the flow of gas ceases upon pressure equalization. Mass 
flow is directed from a phase with a higher chemical potential to 
a phase with a lower chemical potential, and mass transfer terminates 
when the chemical potentials become equal. 

It should be noted that when a temperature gradient provokes 
heat transfer in a substance or when a pressure gradient results in 
gas flow, it is clear that these flows lead to temperature and pressure 
equalization, respectively. A direct corollary of inequality (26.2) 
is the change in the number of moles N, and N,, and the question 
arises how the transfer of particles from one phase to another can 
lead to an equalization of the chemical potentials of the phases, 
p, and u. The answer to this question will be given at the end of 
this section, after a qualitative consideration of the dependence 
of the chemical potential on temperature and pressure. 

It should be noted that if at a certain moment of time the phases 
of a two-phase system are not at equilibrium (for instance, yu, > us), 
but the phases in contact are at the same temperature and pressure, 
the molecular transfer from the first phase to the second is an irre- 
versible adiabatic process (the two-phase system is assumed to be 
heat-insulated) that must be accompanied by an increase in entropy. 

Let us show that this is really so. The process can be visualized, 
for instance, in the following way. A closed heat-insulated vessel 
contains a liquid and unsaturated vapour above it. The absence of 
equilibrium (the unsaturation of the vapour) is guaranteed by the 
fact that the film covering the surface of the liquid is impermeable 
to the molecules of the substance. Then the film is removed and an 
irreversible process of equalization of the chemical potentials takes 
place. Following the common interpretation method applied to 
irreversible processes, let us replace the one considered above by an 
imaginary slow reversible process of evaporation. We can, for in- 
stance, leave the film in place, but assume it to become more and 
more permeable. 

We can apply to the imaginary equilibrium process the basic ther- 
modynamic identity 


dU, = T dS; — P dV, + u, aN, 


(i = 1, 2, the subscript 1 pertains to the liquid and the subscript 2 
to the vapour), Whence the change in total entropy is expressed by 


dS = aS ,4-dSja tt UPd Cur VH dNi— Hs Ng 


Since the imaginary process, just as the real one, is an isoenergetic, 
dU, = —dU,, and an isochoric, dV, = —dV,, process, with the 
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molecules passing only from the first phase into the second, dN, — 
= —dN,, we obtain 


dS = Ë 





—— dN, — 0, 


since p, >H} T >0. 

Thus, for two coexisting phases of a substance to be at equilibrium, 
in addition to pressure equality, P, = P,, and temperature equality, 
T, = T,, the chemical potentials of the two phases must be equal, 


m (T, P) = p (T, P). (26.3) 


This equation permits in principle to express one of the arguments 
of the chemical potential in terms of the other, i.e. makes it possible 
to find the dependence P = P (T) or T = T (P) (for instance, to 
fnd the pressure of a saturated vapour as a function of temperature 
or the melting point as a function of pressure, etc.), and, consequent- 
ly, the equation can be used to plot on the P-T plane the equilib- 
rium-phase curve. However, to find the equation of the curve P — 
— P (T) in a particular case, we must have the analytical expres- 
sion for the chemical potentials of both phases. 

Not knowing the exact expression for the chemical potentials 
pi (T, P), p, (T. P), we can, however, find the differential equa- 
tion of the phase-transition curve. Equation (26.3) shows the chem- 
ical potential to change continuously when a phase transition 
takes place. Inthe general case, however, during a phase transition 


the derivatives of the chemical potential (25). = —S and (25), = 


= V undergo a discontinuity jump, i.e. the molar volume and ‘the 
molar entropy of the first phase are not equal to the molar volume 
and the molar entropy of the second phase, V, Æ V,, S, S 
Such phase transitions are referred to as phase transitions of the 
first order. Since the phase transition, or change of phase, occurs 
at constant temperature 7, then from formula 69 — T dS it follows 


that the discontinuity jump in entropy, S, — Sj, is related to the 
molar heat of phase transition À by formula 


à = T (S, — S$). (26.4) 


The assertion that during a first-order phase transition S, ~ S, 
is equivalent to À + 0. Thus, first-order phase transitions are accom- 
panied by a jumpwise increase in volume and by absorption or 
liberation of heat of transition. Examples of phase transitions of 
this kind are all changes in the state of aggregation (boiling, melting, 
etc.) and many mutual transformations of crystal modifications of 
the same substance. 

The molar heat of phase transition À can be calculated not only 
by formula (26.4), but also in another way. According to the energy 
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principle, we have 
&—U,—U,-A— Ü,— D, +P (¥, — f) = W, — W,, 
(26.5) 


where A = work done when one mole of a substance changes from 
M one phase to the other; 
W - molar enthalpy. 
The quantity À is often referred to as the enthalpy of phase tran - 
sition (evaporation, boiling, etc.). 
Let us derive now the differential equation of the equilibrium- 
phase curve plotted on a P-T plane. 
Let as move along the curve representing a first-order phase 
transition from one point to another, the second being very close 
to the first. By virtue of Eq. (26.3), we have 


du, (T, P) = dy, (T, P) (26.6) 


and, making use of formula (22.9), we obtain the differential equa- 

tion of the phase-transition curve, 
ab $,-8, 
ay, 





(26.7) 
that can be rewritten with the aid of formula (26.4) to read 


dP À 
I TW)" (26.8) 
which is known as the Clapeyron-Clausius equation. 

It is clear from Eq. (26.8) that when À >O (phase transition with 


absorption of heat), ra L0 at T, >f, and, vice versa, i.e. when 


a phase change is accompanied by an increase in volume, the phase- 
transition temperature rises with pressure (for instance, boiling of 
liquid), and when a phase transition involves a decrease in volume, 
a contrary phenomenon takes place (for instance, melting of ice). 

In order to integrate Eq. (26.8) and find the dependence P (T) 
or T (P) in the explicit form along the phase-transition curve, we 
must know the equations of state for each phase, V, = f, (P, T) 
and V, — f, (P, T), and the dependence of the heat of phase tran- 
sition (latent heat) on temperature. In some particular cases, how- 
ever, equation (26.8) can be integrated in a simpler way. 

Let us consider by way of example a liquid-vapour equilibrium 
at temperatures low compared to the critical one. In this temperature 


region V, >> f, and the vapour is so rarefied, that its molar volume 
V, obeys with sufficient.accuracy the equation of state for an ideal 
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gas, V, = RT/P. In this region Eq. (26.8) reduces to 


aP iP 
aT AT" 


Assuming À — const and integrating, we find 


P-—P.exp ( 2 (26.9) 


a 
ar). 
where P4 is the pressure that the gas would have at 7 — oo. In 
fact, expression (26.9) becomes invalid at 7 ~ Ter. 

The Clapeyron-Clausius equation can be used in solving a number 
of problems involving first-order phase transitions. Let there exist 
some physical quantity depending on pressure and lemperature, 
A (P. T) (we can take for this quantity the molar volume Ñ; of any 
phase. the molar entropy S; of any phase, the heat capacity C;, 
the heat of phase transition A, etc.). We are interested in (he change 
of this quantity along the equilibrium-phase curve, depending on 
pressure and temperature. We have the following obvious formulae: 


(35), (36 et Gr) sp = Coe) Core s 
(26.10) 

($:),- (55), (3), - (30). (Fa 
(26.11) 


where (55), and (57) are the derivatives along the equilibrium 
nu 


dT 
phase curve. 
Consider two examples, illustrating the application of formulae 
(26.10) and (26.11) 
1. Calculate the derivative of the molar heat of phase transition 


with respect to temperature. According to formula A = T ($, — Sj. 
and making use of formula (26.11), we find 


Sr), &- Sr [ (St), (Ge) 
(8 a3, 
OL (oe (F) lY 
C p, (35), = (+), , we obtain 


PO 
F). =+ E dou Cp, — hano Fr /aT)p 


Using T (3) 
( =F. 


ala 
zo 
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In particular, at temperatures low compared tothe critical temper- 


ature, V, = m > V, and (22), = I > (>), whence 
dÀ 
(A), = Cr Co. (26.12) 


2. Let us find the compressibility of vapour V2 (4) | 
along the equilibrium-phase curve. According to (26.10), t 


(9), (C), (FF) 


and at T & Ter, V, = RT/P we have 


dV, — RT RT 
oP) = —» (1-4), 
whence for the compressibility we obtain 
V2 (25), |- 5 (1-42). (26.13) 





The temperature 7, = A/H, above which the expression on the 
right-hand side of Eq. (26.13) would become negative, is rather high. 
For instance, for water at pressure P — 1 atm this temperature is 
about 5000 K, which considerably exceeds the critical temperature, 
equal to 647 K. For this reason 
in the entire temperature region 
in which formula (26.13) is ap- 
plicable, the second term repre- 
sents a small addition to the iso- 
thermal compressibility of an 
ideal gas, equal to P=}. 

We have considered the curve 
of the first-order phase transition 

FIG. 36 plotted on the P-T plane, on 

which the intensive quantities T 

and P have no discontinuity jumps. Let us consider qualitatively 

first-order phase transition depicted on a T-V plane, on which 

volume undergoes a discontinuity jump when the transition tem- 
perature is attained at a given fixed pressure (Fig. 36). 

Let us also consider qualitatively a first-order phase transition 
represented graphically on a plane of two extensive variables, 
S and V. The thermal and caloric equations of state for each of the 
two phases are f, (P, V, T) — 0 and f,(S, V, T) = 0. Adding 
to these equations the equation of the equilibrium-phase curve 
plotted on the P-T plane, P = f (T), we can eliminate from these 
equations P and T and find the equation of two curves on the S-V 
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plane, S = S, (V) and S = S, (V), on which the first and second 
phases, respectively, cease to be stable (Fig. 37). The isobars and 
isotherms of the first phase terminate on curve /. In course of the 
phase transition the volume and the entropy undergo discontinuity 
jumps (dotted lines) and the isobars and isotherms of the second phase 
originate on curve JJ. Between curves J and ZI there is the region 
of forbidden values of S and V. 

Let us consider now on P-V and T-S diagrams a first-order liquid- 
to-vapour phase transition undergone by a van der Waals' gas. 
As was already mentioned in Sec. 12, van der Waals' equation 


(P+ 72) Vo) = RT 


describes rather approximately both liquid and gaseous states of 
a substance. The isotherms of this equation are plotted in Fig. 38. 
The segment of the curve between points 7 and 2 must describe the 








/ 
Pacon 





FIG. 37 FIG. 38 


transition from the liquid into the gaseous phase. Under ordinary 
conditions, however, a real phase transition does not follow the 
curve Zrg2, but is represented by isobar 7-2 (as it should be, since 
pressure undergoes no discontinuity jump in a phase transition). 

Let us prove that the equilibrium-phase equation (26.3) is equi- 
valent to the equal area requirement for areas J and JJ in Fig. 38 
(Maxwell's equal area rule). In fact, as it was shown in Sec. 6, the 
work done in an isothermal process is equal to the decrease in the 
free energy. For the work done along the isotherm 7rq2 we have 


Ay = | PdV=F,—F,. 
1rg2 
On the other hand, the equality of the chemical potentials of a liquid 
and a gas p, = pa, gives 
F,+ PV, — F,4- PV,, 
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whence we obtain 


|. Pid — P (P,— V.) (26.14) 
irg2 
i.e. the integral taken along van der Waals’ curve is equal to the 
area of the rectangle below isobar 7-2 and, consequently, areas I 
and II are equal. Thus, on the P-V diagram we observe a discon- 
tinuity jump in volume, V, — Vi, the magnitude of which is deter- 
mined by Maxwell's equal area rule. 

Let us consider the transition from the liquid to the gaseous state 
depicted on the 7-S plane. where the discontinuity jump of entropy 
is clearly seen. The isobars of a 
van der Waals' gas plotted on the 
T-S plane are shown in Fig. 39. 
The form of these curves can be 
found only qualitatively, since 
the entropy of a van der Waal's 
gas cannot be expressed as a func- 
tion of T and P in a finite form. 
To find the temperatures at which 
the phase transition and the dis- 
continuity jump of the entropy 

FIG. 39 take place, we must plot the 

isotherm 7-2. Let us prove that 

the position of this isotherm is also determined by Maxwell's 
equal area rule stating that the areas J and JJ must be equal. 

It is clear from formula (19.3) for the differential of the heat con- 
tent that in an isobaric process the added heat is equal to the change 
in the heat content. Thus, integrating along the isobar Zrq2, for 
one mole of a gas we have 


Q= | Tas - W,—W,. 
irg2 

On the other hand, the condition for equality of the chemical poten- 
tials of a liquid and a gas, u, = pe, gives 

W,—TS,=W,—TS,; 
comparing the two equalities, we find 

f T dS — T ($,— 8). (26.15) 

1r92 

i.e. the area below isobar 7rg2 equals the area below isotherm 7-2. 


Let us consider qualitatively how the curves p, (T, P) and 
Ho (T. P) intersect at T = const or P = const. Since 


(+ pa >0, (2 ),=(4 T' 
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the curves u, (P) and p, (P) at T = const have the form as depicted 
in Fig. 40. The abscissa of the intersection point, P,, evidently 
determines the pressure at the phase-transition point at the preset 
temperature 7. Since the equilibrium slate corresponds to the 
minimum value of thermodynamic potential, then at P >P, 
the second phase with a smaller molar volume is the stable one, and 
at P < P,, stable is the first phase with a larger molar volume. The 
vertical arrows indicate the direction of the phase transition at 
P < P, and P >P.. 

Thus, a two-phase system responds to an increase in pressure by 
that the phase with a larger molar volume changes into the phase 
with a smaller molar volume, which results in a decrease in pres- 
sure. This property of the phase transition is a specific manifestation 





FIG. 40 FIG. 41 


of the Le Chatelier principle—an external action upon a system 
causes a reaction in it that tends to annul the effect of the external 
action. Consider the curve representing the dependence y (T) at 
P — const. We have 


(#),--8<0. ($), een 


Thus the curves representing the dependences p, (T) and y, (T) 
at P — const are of the form shown in Fig. 41. 

In the figure the curve p, (7) runs steeper than the curve p, (7) 
and, consequently, the molar entropy of the first phase is greater 
than the molar entropy of the second phase. The abscissa of the 
point of intersection specifies the temperature of phase transition 
at the given pressure. The first phase is stable to the right of the 
transition point, and the second phase—to the left of it (the mean- 
ing of the vertical arrows in Fig. 41 is the same as in Fig. 40). It 
should be noted that an increase in temperature results in a transi- 
tion from the first phase to the second, with the latent heat of phase 
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transition being positive, A = T (S, — S,) >0, i.e. the process 
occurs with heat absorption, which entails a drop in temperature. 
This is another example illustrating the Le Chatelier principle. 

We can now give an answer to the question posed in the begin- 
ning of this section, concerning the nature of equalization of the 
chemical potentials as particles pass over from one phase to the 
other. It was shown that when the pressure or temperature of a two- 
phase system deviate from the equilibrium values, P, and 7,, the 
transition of particles from one phase to the other results in a smaller 
deviation (arrows on the abscissa axes in Figs. 40 and 41). This 
means that the phases are in a stable equilibrium. It can be seen 
that as pressure P, or temperature T, approach their respective 
equilibrium values, the difference in the chemical potentials, 
Bi — Hə, diminishes and becomes zero at the equilibrium point. 


Problems 


1. Find the heat capacity of a saturated vapour C,. 


Answer. C, — Cp, — (2), C x Cp, — a (the lat- 


ter equality is valid at T < Ter). (The subscript 2 pertains to 
a vapour and the subscript 1 to a liquid.) 
2. Find (F). for a liquid and for a vapour in equilibrium, 

taking the equation of state for the liquid in the form 

V, —V,(1— yP +a (T — T;)]. 
Answer. Far from the critical point 
7 

metl) (herelik) 

3. Find the pressure of a saturated vapour, taking into account 


the temperature dependence of A stemming from formule 
(26.12), 24 = ào — T AC (AC = Cp, — Cp, > 0). 


Answer. P = ATSC PeT, 


4. How will the pressure of saturated vapour change, if the 
confining vessel contains air at a partial pressure P (P/P.a, < 


«1. : 
Answer. AP, Z (+) P. 
2 


5. Prove that at P < P,, the isobar of a van der Waals’ ga: 


has the form shown in Fig. 39. 


Hint. Prove that ($5). changes its sign twice. 
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27. Three-Phase Equilibrium. Superheating 
and Supercooling 


When plotted on a P-T plane, the equilibrium curve for the first 
and second phases is given by the equation 


Bi (P, T) = pe (P, T), 
and the equilibrium curve for the second and third phases—by the 


equation 
us (P, T) = ps (P, T). 


If the two curves intersect at the point Po, To, then at this point 
the following relationships are valid: 


Hı (Por To) = Ha (Po, To) = pa (Po, To) (27.1) 


and, consequently, three phases of a substance coexist in equilibrium 
at that point. Equations (27.1) permit in principle to find the para- 
meters Po, T, of such a state. The corresponding point on the P-7 
plane is called the triple point. 

The equilibrium curves for the first and second, second and third, 
first and third phases meet at the triple point. So, for instance, for 
water this diagram of state has the form shown in Fig. 42. For water 
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the parameters of the triple point are Tọ = 0.0078°C, Po = 
— 0.006 atm. At this temperature and pressure water, ice and water 
vapour coexist at equilibrium. It is clear from the diagram that 
at a pressure lower than P, ice converts upon heating directly into 
vapour, without passing through the liquid phase, i.e. sublimates, 
At a temperature below 7, ice thaws upon an increase in pressure 
and when pressure is lowered it sublimates. 

The triple point does not necessarily describe equilibrium coexis- 
tence of the solid, liquid and gaseous phases of a substance. Most 
substances have not one but several crystal modifications. Therefore 
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the region of the solid phase is actually subdivided into a number of 
subregions. Then the triple point can depict the equilibrium coexis- 
tence of twocrystal and one liquid phases or of two crystal and one 
gaseous phases, or, finally, the equilibrium coexistence of three 
crystal phases. 

Figure 43 shows by way of example a more comprehensive dia- 
gram of state for water. Five different crystal modifications of ice 
are denoted by 7 (ordinary ice), JJ, III, V and VI. It is clear from 
the figure that modifications JJ, IIT, V, VI are stable at a pressure 
of several thousand atmospheres. The gaseous state region corres- 
ponds to pressures so low that it cannot be shown on the diagram 





Crystal 





FIG. 44 FIG. 45 


with the adopted scale. It can be seen from the figure that there are 
six triple points (the triple point at which ice 7, water and water 
vapour are in equilibrium naturally is not shown on the diagram). 

For helium the equilibrium coexistence of solid, liquid and vapour 
phases is quite impossible. The diagram of state for helium is depict- 
ed in Fig. 44. The curve separating the regions in which the liquid 
modifications of helium, He J and He 11, exist is the line of second- 
order phase transition (see Sec. 28). 

Some other specific features of the diagram of state should be 
pointed out. The equilibrium curve for liquid and vapour phases 
terminates at the critical point Per, Ter, at which the difference 
between the liquid and the gaseous states of the substance vanishes. 
The equilibrium-phase curve of all substances, except helium, passes 
through the origin of coordinates. The equilibrium curve separating 
the liquid and the solid phases has no apparent discontinuity jump 
and continues to infinity, since the difference between the solid 
(symmetrical) and liquid (asymetrical) phases cannot vanish. 

The regions of metastable states (dotted lines in Fig. 45) adjoin 
the two-phase equilibrium curves. This means that in region 1, 
in which the gaseous state is thermodynamically stable, there can 
exist under some conditions a liquid in a metastable state, i.e. 
a superheated liquid. Conversely in region 2, where the liquid is 
in a stable state, a vapour can exist under certain conditions in a 
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metastable state, i.e. a supersaturated vapour. In region 3, in which 
the crystal phase of a substance is in a stable state, there can exist 
under certain conditions a liquid in a metastable state, i.e. a super- 
cooled liquid. 

The possible existence of these metastable stales is connected 
with the behaviour of molecules in the thin surface layer separating 
the two phases. The depth of this layer is of the order of the range 
of molecular interaction. 

A detailed study of the surface layer requires a knowledge of the 
intermolecular forces, and is a rather complicated matter. It is, 
however, possible to approach the problem within the framework 
of thermodynamics in a purely phenomenological way, mentally 
replacing the surface layer by an infinitely thin boundary suríace, 
or interface, separating the two phases. The interface has been shown 
experimentally to possess an additional free energy, meaning that 
to increase the area of the interface by do at a constant temperature, 
it is necessary to perform work « do, where the quantity a is inde- 
pendent of the area and depends only on the substance of the two 
phases and on temperature. The quantity a is measured in units of 
energy divided by area, and is referred to as the surface tension. Thus, 
allowing for boundary effects, the energy of a two-phase system 
ceases to be additive quantity and is expressed by the formula 


F- NAE, 4 NF, ao, (27.2) 


where Ñ, and F, = molar free energies; 
N, and N, = number of moles of the first and second phases; 
o = interface area. 
In accordance with formula D = F + PV, we can write a similar 
formula for the total thermodynamic potential of the two phases 


o = Nip, + Nas + ao. (27.3) 


If, however, the quantity of the substance in the two adjacent 
phases is large, the last term in formulae (27.2) and (27.3) is infini- 
lely small and can be ignored, as was done in the preceding discus- 
sion. The fact is that the number of moles of the substance in the 
surface layer is proportional to the area of the interface, i.e. to the 
linear dimensions squared, while the number of moles in each of 
the phases is proportional to the volume of the phases, i.e. to the 
linear dimensions cubed. Thus, the fraction of the substance in the 
inlerface is inversely proportional to the linear dimensions and is 
extremely small for large-size phases. 

Ilowever, when a substance free of any foreign impurities—dust 
particles, gas bubbles in a liquid or drops of liquid in a vapour, etc. 
undergoes a phase transition, the new phase originates in a finely 
divided form: in the form of small crystals, fine liquid droplets, 
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vapour bubbles. In these small nuclei of the new phase a considerable 
proportion of particles is located in the thin surface layer, and the 
term ao in formula (27.3) becomes significant. This is why the growth 
of a small enough nucleus of the new phase is disadvantageous from 
the thermodynamic viewpoint. The fact is that when a substance 
changes from a phase with a higher chemical potential to a phase 
with a lower chemical potential, the decrease in the volumetric 
fraction of the thermodynamic potential would be more than suf- 
ficiently compensated for by the increase in the surface energy ac 
resulting from the increase in the surface area of the nucleus. For 
this reason the total thermodynamic potential would then increase. 
It follows from the foregoing that if the nuclei of the new phase are 
of a fine size, the initial phase is metastable beyond the phase- 
transition point. In fact, although the total change from the initial 
phase to the final phase would be accompanied by a decrease in the 
thermodynamic potential, the initial stage of this transition (the 
growth of fine nuclei) would require the potential to increase. 
Such a situation, naturally, does not arise if there are in the sub- 
stance sufficiently large centres of formation of a new phase, such 
as specks of dust and gas bub- 
bles. The relative role of the sur- 
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tions playing the role of fusion 
or sublimation centres. It has, however, been shown experimentally 
that a stable superheated crystal state can be achieved with good 
monocrystals, if the heating is done from the inside (with the aid, for 
instance, of a high-frequency field). 

It is very easy, without taking any special precautions, to arrive 
at metastable states when different crystal modifications of the 
same substance undergo phase transitions. This is explained by the 
fact that the thermal motion of crystal particles takes the form of 
small oscillations which hamper to a large extent therearrangement 
of the crystal lattice. It is clear from Fig. 46, showingthe diagram 
of states of carbon, that diamond can be in a state of thermodynamic 
equilibrium only at pressures of tens or hundreds of thousands of 
atmospheres. Meanwhile, diamond is known to exist and be prac- 
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tically stable at normal pressure as well, meaning that under these 
conditions diamond is in a metastable state, but its change into a 
stable phase (graphite) at lew temperatures takes an extraordi- 
narily long time. Diamond converts rapidly into graphite when 
heated in a vacuum (to avoid burning) to temperatures ranging from 
1000 to 1200 K. 

Let us consider in concluding this section the behaviour of a liquid- 
phase nucleus in a vapour, depending on its size (see [2]). Assume the 
drop of liquid to be of spherical shape with a radius r and ignore the 
effect of the gravity field. We use Fi, Vi, P,, Ny to denote the 
molar free energy, molar volume, pressure and the number of moles 
in the drop of liquid, and F,, V,, Pa, Na for the same quantities 
in the vapour; denote by P, the external pressure. As was shown in 
Sec. 24, the criterion for equilibrium at a fixed temperature is that 


the potential ®* attains a minimum value. In this case the chemical 
potential 


— NPT, Vi) + NaF, (T, V2)+ Po(N V, + NV) -+ Anra. (27.4) 
We take the quantities |V,, V, and r, excluding the fixed tempera- 


ture, as independent variables of the chemical potential (D*. The 
variables N, and V, are related to N, and r by formulae 

N,=N—N, V 7 f (27.5) 
Find the extremum conditions for the potential ©* with respect to 
V. and r: 














op* F. 

a7, Na [Et P] =Ni P+ Pol =0, (27.6) 
o* FÉ ; ie 
i aN; th] a + Bara =4ar? [ Pit Po =] 3 


(27.7 
It follows from equations (27.6) and (27.7) that P, = Po, P, 2 


= P, + 2a/r, i.e. in the equilibrium state the vapour pressure is 
equal to the external pressure, while the pressure in the droplet of 
the liquid is higher than the vapour pressure by 2«/r (pressure at a 
curved surface). Let us now find the equilibrium criterion with 
respect to the processes of evaporation and condensation, that is, 
changes in the number of moles N,. We have 


00* x F V.—V F i 
ay, 7 Fa (Te V)— E, V) E P, V2 v [mo Po] a 


r3 





= (Fy —F) + Po (/,— V) — (5— P) a 


= u (T, P)— u (T, P,). (27.8) 
10-0799 


With a flat interface, the pressure of a saturated vapour is deter. 
mined by the condition y, (T, Psat) = pa (T, Peat). It is clea 
from (27.8) that at a given pressure P, > P,at (the vapour is super. 
saturated) the droplet will grow when y, (Ti, Pj) < pe (T,, Pe) 
and will evaporate when p, (7), 
P4) > pe (Ta, Pa); the potential 
@* diminishes in both cases. 

Figure 47 shows the dependence 
p(P)at T = const for the li- 
quid (curve 7) and gaseous (curve 
2) phases. The abscissa of the 
point of intersection equals the 
pressure of the saturated vapour. 





Psat P2 Per P It is clear from the figure that 
for a drop of liquid to grow the 
FIG. 47 pressure inside the drop must be 


lower than Per, determined by 
formula Py (Tis Per) mE He (71, Pa). Since Per = P, + 2a/rey, we 
can determine the radius of the drop 


= (27.9) 


ror pe — P; ° 
Drops having a radius r œ> rer (P, < P, < Per) grow; drops with a 
radius r < re, (Per < Pj) evaporate. When dealing,with slightly super- 
saturated vapour the chemical potentials u, and p, can be expanded 


into a series in powers of (P — Psat). The equation defining Per 
takes on the following appearance: 


(3+), (Por— Prat) = (3) (P2— Peat), 


whence, substituting (35) 2 T,, we obtain, according to Eq. (27.9), 


|... 2f, 

Ter Wo yap (27.10) 
where AP = P, — P,4,. The critical radiusof a drop is directly 
proportional to the surface tension and is inversely proportional to 
the supersaturation AP; the more a vapour is supersaturated, the 
finer are the drops capable of serving as nuclei for the liquid phase. 

If a drop carries an electric charge (for instance, a drop originates 
around an ion), then an additional term appears in the equation for 
the thermodynamic potential, that is, the free energy of the electric 


field a dV, which is inversely proportional to the drop radius r 


(see Problem 3 in this section). Inasmuch as this term diminishes as 
the drop grows, we find a tendency for charged drops to grow even 
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in an unsaturated vapour. This explains the initiation of showers 
during thunderstorms, with a large number of ions being formed 
during electric discharges, and also explains the principle behind 
the operation of the Wilson cloud chamber.. 


Problems 


1. Find the change in the parameters of the triple point, AP,, 
AT, caused by the presence of air in the vessel at a partial 
pressure P (P/P, « 1). 





APo Vias Vili 

Answer. = — et 
Po Vides tVehartVeris 
ATo PV, (Vs—V;) 


To Vias Vai t+Veris 
(the subscripts 1, 2, 3 pertain to the solid, liquid and gaseous 
phases respectively; Ages Aga, ^s; are the molar heats of fusion, 
boiling and crystallization at the triple point; Me + Ass + 
+ As, = 0, ^a and Ags are positive, As < 0). 

2. A vessel with volume V = 1.5 x 10-? m° contains, 0.5‘moles 
of ice (VN = 0.5), 1 mole of water (N® = 1) and some 
number N® of moles of water vapour. What quantity of heat 
must be added (removed) for the system to move from the 
triple point? The molar volumes of ice, water and vapour 
at the triple point are respectively V, = 19.8 x 
x 102 m?/kmol; F, = 18 x 10-3 m?/kmol and the molar 
heats of the phase transition are M, = 6 x 10° J/kmol, 
hes = 4.5 X 107 J/kmol, As, = —5.1 x 10? J/kmol. 

Answer. The triple point can be abandoned in two ways. 

1) Along the liquid-vapour equilibrium curve, in which case, 

at the moment the triple point is left, N, = 0, a= Aas (Na — 
— Nw) — har (Na — N®) zx = Mas No = 3x 105 

2) Along the ice-vapour “equilibrium curve. In thi case N, = 0, 

Qe = has (Ng — NP’) — M (NMa — NP) A — RON = —6 x 
x 10? J. Condensation of all the vapour in ‘the system 

is impossible. 

Hint. The equations defining the number of moles in the system 


have the form N, + N, +N, = NP+NP+N9, NS 
+ NV; + NVa m V, 
No Z y — Ni", -NW , 
3 U 
3. Consider the conditions for growth of a drop ofliquid having 
radius r at whose centre there is an ion with charge g and 
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radius a. Answer for unsaturated and supersaturated vapours, 
depending on r. 
Answer. The condition for growth of the drop of liquid is the 
validity of the inequality u, (P,, T) < u: (Pz, T), where 
vapour pressure P, is equal to 
external pressure Po, and 


q! &e&—1 
8nré e ? 





P, =P, 28 — 


where e is the dielectric) per- 
meability of the liquid. The 
pressure P, is plotted as a func- 
tion of r in Fig. 48, 








7na* eœ 1/3 
FIG. 48 P, mar = (3T yi + Po. 

In a heavily supersaturated vapour, characterized by the 
inequality u, (P, max, T) > u: (Po, T), all the drops, both 
of large and small radius, are free to grow. In a slightly super- 
saturated vapour, characterized by P, > Peat, pı (Pi max, T) > 
> pa (Po, T), drops of small radius, r < rı, and large, r>r,, 
are able to grow, while drops of an intermediate radius are 
unstable. In an unsaturated vapour only drops of a sufficiently 
small radius, r < ra grow. (Estimate rj, rs, rs.) 


28. Second-Order Phase Transitions 


Along with the first-order phase transiuons considered above, 
during which the chemical potential changes continuously at the 


transition point, 4, = p2, and its first-order derivatives (57), = 
= —S and ($) = V undergo discontinuity jumps, there 'also 
exist phase transitions at which the first-order derivatives ofthe 
Chemical potential undergo no discontinuity jumps (at the transition 


point $, = $, V, = V.), and the second-order derivatives 


um). (are (m) 7 apar= (or) 

aP? jr \ aP ]r' oT? }p T?’  à3POT GT jp 
have finite or infinite discontinuities at the phase-transition point. 
Such phase transitions are said to be continuous. The general theory 
of continuous phase transitions will be dealt with in Part II of 
this book (Ch. VIII). This section is confined to a discussion of the 
so-called second-order phase transitions, during which the second- 
order derivatives of the chemical potential undergo finite discon- 
tinuity jumps at the phase-transition point. (Throughout this sec- 
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tion, we mean by the jumps in thermodynamic quantities finite 
changes.) Thus, second-order phase transitions do not involve dis- 
continuity jumps in volume, in the absorbtion or liberation of heat 
of the phase transition, but in such quantities as compressibility, 
volume expansion coefficient and heat capacity. 

Second-order phase transitions are usually associated with abrupt 
changes in various properties characterizing the symmetry of a body. 
For instance, if the lattice points of a centered cubic lattice, found 
at the centres of the cells, experience even the smallest displace- 
ments, the lattice symmetry changes abruptly. Another example 
is the case of a lattice in which atoms of a certain kind canoccupy 
places of two types: their “own” (the probability of which is greater 
than 1/2) or "foreign" places (the probability of which is less than 1/2). 

The two probabilities change with temperature and they become 
equal at some specific temperature. At that moment the lattice 
constant diminishes abruptly and, consequently, the lattice sym- 
metry undergoes a discontinuity jump. When a magnetic material 
changes its state from a ferromagnetic material to a paramagnetic 
material, the symmetrical arrangement of the elementary magnetic 
moments undergoes a discontinuity jump. 

All these examples show that the discontinuity jumps in sym- 
metry, occurring at the second-order phase transition point, are 
associated with the displacement of a quite small number of atoms 
or with their displacement over short distances, the displacement 
thus causing neither consumption of energy nor a discontinuity 
jump in volume. 

It is not difficult to derive for second-order phase transitions the 
Ehrenfest equation that replaces the Clausius Clapeyron equation 
Là = 2 (V, — V,), which clearly can have no application to second- 
order phase transitions, since the right-hand side of the equation 
is an indeterminacy of a 0/0 type. 

Denote by the symbol [A] = A, — A, the discontinuity jump 
experienced by the quantity A upon a transition from the first 
phase to the second and find the increment of the quantity [p] upon 
displacement along the phase-transition curve, accurate in dP 
and dT to the second-order terms: 


ue ((35), er (3), re E) ] err 
t [555 ] P4745 (+ p| (7). 


),J err 
), ]2? 47-5 + EM (dry. (28.1) 





or 


^ Ig m UV] aP— [S] a4 5 [ (5 


+([3 


di st d x 
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Since for a second-order phase transition [7] = 0 and[$] — 0, 
then 


atum d [ (37), ] eo [Cor-),] P r— 5 P ey. 8.2 


Along the equilibrium phase curve [n] = 0, and 


1ry wv av 1 [C 
z[C),] em (7), ] 2027-2 Parr -—0. (28.3) 
Equation (28.3) must provide the differential equation for the equi- 


librium curve. For the value of to be unique, the discriminant 


ar 
dT 
of quadratic equation (28.3) must be equal to zero: 


icri[(),]+7[($),] =o (28.4) 


Equation (28.3) can be used to obtain two equivalent expressions 
for]the derivative ar along the phase-equilibrium curve: 


dT 
dP o =a ((8V/aT) p] dP _ [Cp] 28.5 
dT (FIP) Z 4T TIIT) ^ (28.3) 


The set of equations (28.4), (28.5) is referred to as Ehrenfest's egua- 
tions. 


29. Thermodynamics of Superconductors 


Many metals and alloys at low temperatures,close to absolute 
zero, undergo a phase transition passing to the so-called supercon- 
ducting state. The most striking property of substances in this state 
is the complete absence of resistance to electric current, discovered 
in the first experimental studies conducted by H. Kamerlingh 
Onnes in 1911. It should be borne in mind that the current flowing 
in a conductor is a non-equilibrium process associated with the 
existence of a flux of charged particles, and, therefore, the effect 
of vanishing resistance is not a matter for thermodynamics but 
for kinetics. 

The superconducting and normal states of metals, however, hap- 
pen to differ not only in their conductivities, but also in the mag- 
nitudes of a number of purely thermodynamic quantities. This 
means that these states represent different thermodynamic phases 
of a substance, with the transition from one state to another being 
a first-order phase transition if it occurs in a magnetic field, and 
a second-order phase transition when the magnetic field is switched 
off. 
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It should be noted that an analogous situation is encountered 
in studies of liquid helium. Viscosity, being associated with a non- 
equilibrium process involving equalization of the velocity of direc- 
tional motion, is not studied by thermodynamics. However, the 
superfluid and normal forms of helium (He I and He II) are two 
thermodynamic phases, and the transition from one phase to the 
other is a second-order phase transition. For this reason the tran- 
sition of a metal from the normal to the superconducting state in 
the absence of current and the transition of He I to He. II in the 
absence of a liquid flow can be studied by thermodynamic methods. 

The transition of metal from the normal to the superconducting 
state is accompanied by a change in its magnetic properties, with 
the magnetic field failing to penetrate a large superconductor; more 
precisely, the magnetic field exists only in a thin surface layer about 
10-5 cm thick. It follows that inside the superconductor 


B — 0. (29.1) 


Since the normal projection of induction, B,, is continuous on 
the boundary, the lines of the external magnetic field are tangential 
to the surface of the superconductor. 

In the absence of an applied magnetic field the transition from 
the normal to the superconducting state occursat a specific temper- 
ature, characteristic of any given superconductor, called the cri- 
tical temperature T,,. [n the presence of an applied magnetic field 
the transition from the normal to the superconducting state or 
vice versa depends essentially on the shape of the superconductor 
and can occur at several points of the superconductor simultaneously, 
if the field is nonuniform along the surface of the metal. 

Therefore, we shall limit ourselves to a cylindrical superconductor 
whose axis is parallel to the applied magnetic field H, so that the 
field is the same at all points on the side surface of the cylinder (not 
necessarily circular). Superconductivity vanishes in such a cylinder 
when the intensity of the applied magnetic field reaches a critical 
magnitude Her, which depends on temperature, Her = He: (T), 
and becomes zero at T = Ter: 


Her (T cr) = 0. (29.2) 


The critical magnetic field intensity Her is plotted as a function 
of temperature on the H-T plane, as is shown in Fig. 49. The curve 
representing the dependence of Her on T separates the normal n-state 
from the superconducting s-state. If the cylinder is placed in a field 
having intensity H < Her (0), superconductivity sets in at a tem- 
perature Ter (H) < Teor (0). The critical temperature Ter intro- 
duced above, at which superconductivity vanishes in the absence 
of an applied magnetic field, is 7,, (0). The curve in Fig. 49 is the 
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locus of the points of phase transition from the n-state to the s-state 
and vice versa. 

If the cylinder is placed in a field with intensity H, directed 
parallel to the cylinder axis, then, as a result of the continuity of 
the tangential component of the field intensity, the intensity of the 
field inside the specimen also equals H. 

By virtue of Eq. (29.1) (it should be recalled that the true averaged 

field intensity inside a magnetic 


H material is the induction B, and 
xe not the intensity H), we have 
cr (0 
H 
n B=H+4rM=0, M= —Zzzx- 
(29.3) 


Ter (0) zi (In this section we use M to 
denote the specific magnetiza- 
FIG. 49 tion—the magnetic moment per 
unit volume.) 
It follows from the above that the susceptibility of the supercon- 


ductor, Xm — (Fr). is equal to 


i cee HN (29.4) 


Thus, a superconductor can formally be described as an “absolute” 
diamagnetic material having magnetic susceptibility Xm—— i. 

Let us consider a superconductor as a system with two degrees 
of freedom (generalized coordinates: volume V and total magnetiza- 
tion VM; generalized forces: pressure P and magnetic field H). The 
thermodynamic potential ®* and its differential are then described 
by 


o* = U — TS + PV — HMV, do&* =—S dT + V aP 
— VM dH, 


and the differential of the chemical potential of the superconductor 
placed in a field is determined by the formula 


du, = —S dT + V, dP — V,M dH, 


where V, = molar volume of the superconductor; 


Š = molar entropy. 
Substitute into the above formula the level of magnetization M 
from formula (29.3), ignoring the weak eflects of magnetostriction 


such as the dependence of V on H and the dependence of the volume 
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of the superconductor on external pressure and temperature. Then 
V, — const, and we obtain 


dp, —- — ST -- V, dP +a (= Ji (29.5) 
Integrating Eq. (29.5), we find for the superconducting state 
m (T, P, H)=p, vum (29.6) 


Thus, the chemical potential of a CIE E placed in a VES 
V.H? 
3 














netic field is greater than that found in the absence of a field by —à- 


On the other hand, the chemical potential of a normal conducto 
can be assumed to be independent on the magnetic field, since the 
weak para- and diamagnetism can be ignored in the first. approxima- 
tion. It can, therefore, be taken that 


Bn = pn (T. P). (29.7) 


Thus, in the presence of a sufficiently strong magnetic field the 
superconducting state becomes disadvantageous from the thermo- 
dynamic viewpoint, u, (T, P, H) >, (T, P) and superconductiv- 
ity is destroyed. At the phase-transition points 


p (T, P, 0) de ia T, P). (29.8) 


Differentiating equation (29.8) with respect to T along the phase- 
transition curve Her = He (T) and ignoring again the very slight 


dependence of V, on T, we obtain 


z ~x V.H 
$,—8,— te (S). (29.9) 
By analogy, differentiating Eq. (29.8) with respect to pressure, we get 
y,—y,- "ia (352--),. (29.10) 


Formulae (29.9) and (29.10) show that when the transition from 
the normal to the superconducting state takes place in a magnetic 
field at T < Ter (0), it is accompanied by discontinuity jumps in 
volume and entropy, i.e. a first-order phase transition occurs. 
Multiplying both sides of Eq. (29.9) by T, we find the expression 
for the molar heat of a phase transition 


=T (Š. — $) = Vater oe) (29.41) 


Since Herp (T) is a monotonically uini function, À < 0. It 
follows that the transition from the superconductive to the normal 
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State is accompanied by the absorption of heat and that the reverse 
transition is accompanied by the liberation of heat. 
As to the sign of the difference in volumes, it is determined as 


can be seen from formula (29.10), by the sign of (“ie This can 


be both positive and negative for various superconductors, as has 
been shown experimentally. 
Dividing Eq. (29.9) by Eq. (29.10) term-wise, we obtain 








vc - — n). 8). (Gey, 


i.e. the Clapeyron-Clausius equation for the transition from the 
s-state to the n-state at H 0, T < Ter (0): 


ôP À 
( ar l^ a Uode) 

When the transition from the s-state to the n-state or vice versa 
is realized at H = 0, then T = Ter (0) and Her = 0. The discon- 
tinuity jumps in entropy and volume are then equal to zero and 
the right-hand side of Eq. (29.12) is an indeterminacy of the 0/0 
type. In this case the transition from one state to the other is a 
Second-order phase transition. 

Let us find the discontinuity jumps in the heat capacity and com- 
pressibility in this case. Differentiating Eq. (29.9) with respect 
to T and multiplying the resulting equation by T, we find, ignoring 
the dependence of V, on T, 


C.-C, =T] ale ( C ).] - EL (Po), (TE) 
(29.13 


At H = 0, T = Ta (0) jand “Here = 0 Eq. (29.13) reduces to Rut 
ger’s equation 








VT oH 2 
C.—C, — eee (Se), (29.14 


showing the heat capacity,in the superconducting state to be large 
than the heat capacity in the normal state. 
Differentiating Eq. (29.10) with respect to pressure, we find 


9V, S.  — F eH dH or \2 
( aP z= a) p= h | Her ( api). ( oP Jr] (29-48 
(We do not differentiate the volume V, on the right-hand side « 
Eq. (29.10). since this gives only small corrections to Eq. (29.15) 
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In particular, at H — 0 








of, oV Y, | OHer \2 
(7 T F p= —at oP E (29.16) 


showing the normal-state compressibility to be smaller than the 
compressibility in the superconductive state*. 


30. Multicomponent Systems. Phase Rule 


So far we have considered thermodynamic equilibrium in physi- 
cally heterogeneous, but chemically homogeneous systems consisting 
of several phases. Let us turn now to considering systems of complex 
chemical composition of several components. By components of 
a multicomponent system we mean the chemically different parts 
of the system, provided that the quantity of each component does 
not depend on the content of other components. 

An example of a two-component (binary) system is a water solu- 
tion of salt. This is atwo-component and single-phase (homogeneous) 
system. But if the solution is saturated and small salt crystals 
precipitate from it, it is then a physically heterogeneous system 
consisting of two phases, but is classified as a two-component system 
from the chemical viewpoint. 

Irrespective of whether water is in the gaseous, liquid or solid 
states of aggregation, it is a single-component system, since, despite 
the fact that water consists of hydrogen and oxygen, the amounts 
of these components are strictly and definitely related. If water 
undergoes electrolysis, the system becomes a binary one, since the 
amounts of water and hydrogen (or oxygen) can be preset inde- 
pendently. 

Generalizing the conclusions drawn in Sec. 26, we can easily 
derive the equation of equilibrium for a system consisting of n 
components and r phases. Surface effects associated with the exist- 
ence of the surface energy ao will be ignored in this section. 

The condition for mechanical equilibrium, fixed interfaces, requires 
pressure to be the same in all phases, so that we can describe the 
state of a system in terms of one pressure P. The condition for ther- 


* An attentive reader might be puzzled by the fact that in derivin , formulae 
(29.9) and (29.10), V, was assumed to be independent of pressure, and when 


formula (29.15) was derived, V, was differentiated with respect to pressure: 
Formula (29.15) explains this contradiction. It is clear from (29.15) that close 


Lm 


to the phase-transition point A is small, since the critical field Hep is 


shown experimentally to depend only slightly on pressure. Therefore, an ac- 
count of the dependence of Hg, on P would lead from the outset to the appearance 
oF er) . 


Of terms of a higher order of smallness with respect te( P 
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mal equilibrium requires temperature to be the same in all phases, 
so that a system can be characterized by one temperature T. 

Let us now specify the conditions for chemical equilibrium charac- 
terized by the requirement that particles do not pass from one phase 
to another. Considering in Sec. 26 a single-component system, we 
found as a criterion of chemical equilibrium Eq. (26.3), ny = pe, 
where p, — (Sr. ) is the chemica] potential of the ith phase. The 
chemical potential of a multicomponent system depends, in addition 
to pressure and temperature, on the number of moles of each phase 


component, and so we can introduce nr chemical potentials p? = 
, where NÍ! is the number of moles of the ith component 





present in the kth phase. 
Generalizing Eq. (26.3), we obtain the following relations for 
chemical equilibrium: 


pq = po PET po, 
pi? == pD... ae ap, (30.1) 
p= p=... = np, 


a total of n (r — 1) equations. Relations (30.1) can be used to solve 
practical problems provided the chemical potentials of all phase 
components of a system are known. However, even without the 
knowledge of the concrete form of all the chemical potentials y», 
we can establish the important relation of phase equilibrium, known 
as the Gibbs phase rule. 

The state of a multicomponent system for which the masses of 
all phases are given is characterized by the magnitudes of the inten- 
sive parameters 7, P and concentrations 


h 
DU N$ } 


= (30.2) 
nw) 
à : 


of the ith component in the kth phase. It should be noted that x” 
are interdependent, sinceforeach phase the following relationship 
is valid: 





n 

D2 =1. (30.3) 

im{ 
Thus, the number of independent concentrations in each phase is 
equal to n — 1. The total number of parameters characterizing the 
state of a multicomponent system, including T and P, is equal to 
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2 + (n — 1) r. Inasmuch as in a state of thermodynamic equilibrium 
these parameters obey n (r — 1) equations (30.1), the number of 
thermodynamic degrees of freedom, i.e. the number of free para- 
meters N that can be changed without disturbing the equilibrium 
state, is equal to 2 + (n — 1)r — n (r — 1), i.e. 


N=2+n—r. (30.4) 
Since N is non-negative (N > 0) by its very meaning, then 
r«n--2. (30.5) 


Relations (30.4) and (30.5) represent the statement of the Gibbs 
phase rule. 
For a single-component system n = 1, so that 


N=3-—r, r<3. 


When r = 1, we obtain N = 2 and the independently varying 
parameters are 7 and P. For r —2, we are on the two-phase equi- 
librium curve and N = 1; this means that of the two variables T 
and P only one can be given arbitrarily. In fact, the transition tem- 
perature on the phase-transition curve is a function of pressure, and 
vice versa. For instance, when a gas-liquid equilibrium is involved, 
the pressure of the saturated vapour is a function of temperature, 
Put = fı (T); in the case of coexisting liquid and solid phases the 
fusion point (temperature) is a function of pressure, Ttus = f; (P). 
Finally, when r = 3, then N = 0 and we find ourselves at the triple 
point, for which the two parameters Po, To are determined by the 


equations 
Po = fı (To), To = fe (Po). (30.6) 


It is clear that r = 4 is possible in principle (for instance, coex- 
istence of liquid, gaseous'and two solid phases), but such coexistence 
contradicts the Gibbs phase rule. 

Let us illustrate once more the Gibbs phase rule, using as an exam- 
ple the binary system, a salt dissolved in water. When n — 2, we 
have 

N-—4-—r, r<4. (30.7) 


Let r = 1 (for instance, a weak solution), then N -- 3 and all three 
parameters T, P and z can vary independently, not intersecting the 
two phase-equilibrium curves. 

Let r = 2, for instance, with (a) a vapour and a solution; (b) a 
solution and ice crystals; (c) a solution and salt crystals in equilib- 
rium. Then N = 2 and in case (a), for instance, we can preset inde- 
pendently temperature T and concentration z, while the pressure of 
the saturated vapour is a function only of T and z, as stated by 
Raoult’s law, Psat = f, (T, z). In case (b) we can take independently 
pressure and concentralion, while the fusion temperature is a func 
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tion of both, Ttus = f, (P, z). In case (c) pressure and temperature 
can be given independently, while the concentration of the saturated 
solution is a function of both, Tsat = fs (P, T). 

Let r — 3, for instance, with (a) a vapour, a solution and salt 
crystals; (b) a solution, ice crystals and salt crystals; (c) a vapour, 
a solution and ice crystals in equilibrium. Then, N — 1. In case (a), 
for instance, we can assume an arbitrary temperature, with the pres- 
sure of the saturated vapour and the concentration of the saturated 
Solution being determined by the equations 


Put = fi (T zat), Zeat = fa (Psat, T). 


In case (b) we can set pressure, with the fusion point and concentra- 
tion of the saturated solution being determined ‘by the equations 


Tias = fa (P, Zeat), Tsat = fa (PAT tus). 


In case (c) concentration can be set at will, while the pressure of 
the saturated vapour and the fusion point are determined by the’equa- 
tions 


Pat = fi (Ttuss Z), T'tus— fa (Pant, z). 


Let, finally, r — 4 (for instance, a vapour, a solution and crystals 
of ice and salt are in equilibrium). Then, N = 0. Such equilibrium 
is possible only at fixed values of all the parameters Po, To, Zo, which 
are determined by the equations 


Po =f, (Tos To), To = fa (Pos Zo), Zo = fs (Po, To). 


It is clear that the equilibrium coexistence of five phases, for in- 
stance, of a vapour, a solution, salt crystals and two crystal modi- 
fications of ice, though possible in principle, is ruled out by the Gibbs 
phase rule. 


Problem 


Consider an aqueous solution of two different substances not 
reacting with each other. Determine the number of thermody- 
namic degrees of freedom for a different number of coexisting 
phases. What is the maximum number of coexisting phases? 


31. Chemical Equilibrium in a Homogeneous System. 
The Mass Action Law 


Let a chemical reaction occur in a homogeneous thermodynamic 
system, that can be described by 


x v,A,=0, (84.1) 
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where A; = chemical symbols of the reacting substances; 
v; = stoichiometric coefficients indicating how many mole- 
cules of the ith substance appear (v, > 0) or disappear 
(v, < 0) as a result of a single act of reaction. 
For instance, for the ammonia formation reaction 


2NH,—3H,—N, = 0 
we have 


v, = (NH = 2, v, = v (H}) = —3, vs = v (Ne) = —i. 


Along with the direct chemical reaction, a reverse chemical reaction 
can also occur in the system, with one of the reactions prevailing 
over the other until equilibrium sets in. In the state of thermodynam- 
ic equilibrium the direct and reverse reactions balance each other, 
and the concentrations of the initial and final reaction products re- 
main constant. 

Let a reaction proceed at constant pressure and temperature. 
Thermodynamic equilibrium sets in when the thermodynamic poten- 
tial assumes a minimum value, 


db = —SdT --V dP 4- 2 p dN, =0, 
and by virtue of the conditions 7' — const, P — const, 
> Wi aN, =0. (31.2) 
i 


But dN, = v,z/N 4, where z is the number of reaction acts and 
N 4 is Avogadro's number; whence we find the condition of chemical 
equilibrium, 


x iv, =0, (31.3) 


derived from the reaction equation (31 1), replacing the chemical 
symbols A, in it with the relevant chemical potentials p,. If several 
chemical reactions occur in a system, then the state of equilibrium is 
determined by a number of equations of the type (31.3). To solve 
practical problems with the aid of Eq. (31.3), we must have at our 
disposal the expressions of the chemical potentials of all substances 
involved in the system. 

Let us consider the conditions of chemical equilibrium for a mixture 
of perfect gases. The chemical potentials of a mixture of perfect 
gases can be readily found by means of relationships 


O=U—TS-+PV, Uaz N,(CvT 4- 0), 


31.4 
S= 2 NL Cp, In T — R ln P, Sul, Py -N N,RT, ) 
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where P, — partial pressure of the ith gas; P, — PN / ÑN, = Pre 
zı = concentration of the ith gas; 
qı = internal energy of a mole of a gasat T=O (the chem- 


ical energy, including the molecular and atomic 
binding energy); 
$$, = entropy constant. 
Jiquations Dd 4) are used to find 


Iu y CRT t n— CRT In T— Sol + AT ln P= 


= RT ln Pi+ Xi (T), (31.5) 
where the quantity 
ya (T) =q + Cr,T (1 — 1n T) —SoT (31.6) 


will be referred to as the chemical constant of the ith gas. Substi- 
tuting Eq. (31.5) into Eq. (31.3), we obtain 
2 vi [RT 1n (z,P) —X, (T)] =0, 
whence 
>) vlgs —1n P >) yo 
and i i 


[a=k (P, T), (31.7) 


where the quantity K (P, T. the reaction constant, is determined by 
the formula 


-3Nu 
K(P,T)—P ' exp[— XE ND (31.8) 


and depends on pressure, temperature and the reaction involved. 
Formula (31.8) expresses the law of mass action. The left-hand side 
of this formula is actually a fraction with a numerator represent- 
ing the concentrations of appearing substances and a denominator the 
concentrations of disappearing substances. Therefore, the greater the 
reaction constant K (P, T), the greater the shift of the equilibrium 
in the direction of the reaction end products, and vice versa. 

In this connection it is important to know the dependence of K 
on pressure and temperature. As to the dependence on pressure, it is 


-^ 
a * 


determined by the factor P ‘ ,and, depending on the magnitude 
of Ww, three cases may be singled out. 


Ch. II. Phase Transitions — P 161 


1. Živ: > 0. The reaction results in the number of molecules (and, 
consequently, the gas volume) increasing. An increase in pressure 
leads to a smaller reaction constant and, consequently, to a smaller 
yield of reaction end products. 

2. 3v; — 0. The number of molecules (and the gas volume) di- 
minish in the course of the reaction. An increase in pressure is accom- 
panied by an increase in the reaction constant and in the yield of 
reaction end products. 

3. Jiv; = 0. The number of molecules (and gas volume) do not 
change in the reaction. The reaction constant and the yield of reaction 
end products are independent of pressure. 

To elucidate the nature of the dependence of K (P, T) ontemper- 
ature, let us calculate 


3 vi pu cr) — T; (0) 


ar (in (P, T) = -— gm 


Substituting the value of xy, (7) from formula (31.6), we find 


n 2 vi (Cy T+a)+ > vyRT 
i i 
op (in K (P, T)- RF 


R vi lCy T +a +P Dy viv 


RT? ! 
where V is the volume of one mole of a gas. It is clear that the first 
term in the numerator of the right-hand side of the above equation 
represents the change in the internal energy of the gas mixture, and 
the second term is the work done in the reaction, both terms per- 
laining to N 4 reaction acts. Therefore, 


9 Q 
op Un K (P, T)\= RT? * 


where Q is the heat liberated or absorbed during the reaction per N 4 
reaction acts. 
Hence, at Q > 0 (endothermic reaction) we have 


3 lin K (P, 7)] 0. 





With rising temperature the reaction constant and, consequently, 
tho yield of reaction end products increase. 
On the contrary, at Q < 0 (exothermic reaction) we have 


{ln K (P, T)] «0. 


‘ho reaction constant and the yield of reaction end products diminish 
with rising temperature. 


11-0709 
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Turning from a purely phenomenological discussion, it is wise 
to note the following obvious molecular-kinetic meaning of the mass 
action law. Rewrite the reaction equation (31.1) to read 


2i vn | An z D vA, 


where the subscript i pertains to the conditionally “appearing” sub- 
stances, and the subscript k to the conditionally “disappearing” sub- 
stances. In this form the equivalency of the direct and reverse reac- 
tions becomes obvious. For one act of the direct reaction to occur 
within the range of action of chemical forces, v; molecules (atoms, 
ions) of the ith substance must draw together ("collide" ). The proba- 
bility of this act and, consequently, the probability of the direct 
reaction w, are proportional to the partial pressure of the ith gas 
raised to the v, power: 


PX 
— A(T) P! TENS (31.9) 


For one act of the reverse reaction to occur, | v, | molecules of the 
kth substance must draw together, and 


Xy wal 
w. =B (T) P^ PLI (31.10) 
À 


In formulae (31.9) and (31.10) A (T) and B (T) are factors depending 
on the "mechanism" of the direct and reverse reactions and on the 
mean kinetic energy of molecules, i.e. on 7. In a state of dynamic equi- 
librium w, = w, and we come to the relationship 


Iyl 
II z, ! Z val- X" BO 


mae Aum =K(P, T), (31.11) 
kh 


which is another mathematical statement of the mass action law, 
described above by Eqs. (31.7), (31.8). 

The derivation of these formulae within the scope of thermodynam- 
ics makes it possibleto consider in greater detail the dependence of the 
reaction constant on temperature, and the advantage of the elementary 
derivation based on kinetics lies in the greater ease of its physical 
visualization. We shall consider again the mass action law within 
the framework of statistical physics in Sections 49 and 50, where we 
shall examine two physical problems—the ionization of atoms anil 
the dissociation of molecules of a diatomic gas. 

. We shall limit ourselves in this section to the consideration of a 
purely chemical example. 
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Consider the reaction of dissociation of hydrogen iodide: 
H, + L— 2HI = 0 
v (H;) 2 1, * (L) — 1, v (HI) = — 2. (31.12) 


Assume a vessel to contain initially N, moles of non-dissociated HI 
and N, moles of H,. Denoting the degree of dissociation by a = 


= m D, for the number of moles of H,, I,, HI we obtain 
1 


N(H)—-N,-LaN, N(ü)-z«N, N(HD-N,(-—a) 


and the equation describing the mass action law acquires the form 


1 ala+(2N3/N3)] — 
a (= ae '=K(T). (31.13) 


The reaction constant is independent of pressure (>) v; = 0) and in- 
i 


creases rapidly with temperature—the reaction(31.12)is anendothermic 
me. At low temperatures K (7) « 1 and a < 1. Then, the root of 
Eq. (31.13) approximately eques =— wt VY (59 + 4K; the 
degree of dissociation a = 2|/ K in the absence of excessive hydro- 
gen (N, = 0) and a z 2K (N,/N,) at N./N,> K. 

At high temperatures K (7T) >> í and the degree of dissociation 
is also close to unity. Replacing in the numerator a zz 1, we obtain 











Ny \1/2 

1 (Er 24-5 K"? at N,=0 

— Q= AK l or a= -7 a 27 
and 


= Ny \1/2 Ny 

a=1— (sve at N, > 1. 
‘Thus, an excessive amount of one of the components decreases the 
degree of dissociation. The physical meaning of this conclusion is 
obvious—an excessive amount of H, or I, raises the probability of 
tho reverse process in which atoms of H, and of I, combine into a 
molecule. 


Problem 

What proportion of the initial numbers of moles of H, and N, 
will ensure a maximum yield of ammonia in the reaction 2NH, — 
— N, — 3H, = 0, if P = const, T = const? 


Answer. y == th =3. 
Ng 
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Hint. For the given reaction the mass action law provides the 
equation 
zxg " 
yü-—zwu) 7 


determining zwg, as an implicit function of y. 


PART TWO 
STATISTICAL PHYSICS 


CHAPTER III 


STATISTICAL DISTRIBUTIONS 
FOR IDEAL GASES 


32. Statistical Regularities. Distributions, 
Most Probable Distributions 


As has already been stated in Introduction, the main objective of 
atntistical physics can be formulated as follows: knowing the laws 
governing the motion of individual particles of a system, to establish 
the behaviourial laws for macroscopic quantities of a substance. 
l'or this reason statistical physics offers a theoretical substantiation of 
thermodynamic laws on the basis of atomic and molecular ideas. 

This, however, does not exhaust the content of statistical physics. 
‘Thermodynamic methods are of no help in deriving an equation of 
ninte for a thermodynamic system, that would enable the equations 
of thermodynamics to be given a concrete physical content, or more 
wxactly to find any thermodynamic function. In contrast to thermo- 
dynamics, the statistical method permits one in principle to find the 
equation of state of any thermodynamic system. However, due to 
vnrious difficulties, mainly mathematical, this problem cannot thus 
fur be fully solved for a number of real systems. 

lu order to gain some insight into the essence of statistical methods, 
lvi us consider by way of example a gas consisting of a large number 
N of molecules. We will deliberately use Newton's classical mecha- 
ules Lo describe the state of the gas in this and in the following section, 
mul only later will we make use of a quantum-mechanical description. 
‘Vha purpose of doing so will become clearer below (Sec. 52): we intend 
to show that many ideas of wave mechanics are deeply rooted even in 
itnasical statistical physics and that the possibility was already there, 
wi the basis of the previously elaborated statistical methods of de- 
wrlhing ideal gases, for the appearance in physics of the quantum- 
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mechanical constant h, Planck's constant, long before Planck and 
Einstein published their papers. 

Ignoring the intramolecular structure a gas can be visualized as 
a system of N interacting particles, moving in a way prescribed by 
the laws of Newtonian mechanics. The equation of motion can readily 
be written down for each of the N molecules 


d 
mg 2 Fo (32.1) 


where v, = velocity of the ith molecule; 
ir = force of interaction of the ith and Ath molecules. 

To integrate this system, we must firstly know theforce of molec- 
ular interaction or the interaction potentialas a function of molec- 
ular spacing, providing a problem which cannot by any means be 
fully solved by atomic (nuclear) physics methods. Secondly, we 
must know 6N initial conditions—initial coordinates z;, Yı, z, and 
the projections of the initial velocity v,;, Vy: Vz; for each molecule. 
But even if we had such information, it would be practically impos- 
sible to integrate Eq. (32.1) and find the path and law of motion for 
each molecule, on account of the great number of equations (it should 
be recalled that under standard conditions 1 m? of a gas contains 
2.7 x 10% molecules). It should also be noted that even if it were 
posible, integration of system of equations (32.1) would be a fruit- 
ess expenditure of time, since the knowledge of the paths and laws 
governing the motion of individual molecules offers no information 
on the properties of a gas as a whole. Here a new circumstance must 
be considered: in a system consisting of a great number of particles 
new purely statistical or probability laws take effect that are foreign 
to a system containing a small number of particles. 

To understand the essence of these new laws, let us consider the 
following ideal situation: assume it is possible to measure rapidly 
and with great accuracy the energy of each molecule of a gas. The 
results of such measurement are presented graphically in Fig. 50 
(energy histogram) plotted in the following way. The axis of the ab- 
scissae on which the energy is laid off is subdivided into equal sec- 
tions each e, long. The selection of e, is arbitrary over a wide range 
and is dictated only by convenience (it will be seen below that it is 
convenient to select e, sufficiently small that in the interval leg, 
(L + 1)e, all energies can be assumed to be almost the same and 
equal to g, ~ leo). 

Further, we find the relative number of molecules with energies 
in the range les, (l + 1) £,. Denoting the number of molecules by 
n (l), let us introduce the definition 


n(l)= NOD (32.2) 
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where N (l, | + 1) = the number of molecules with energies in 
the range that is of interest to us; 
N = the total number of molecules. 

The function n (1) will be referred to as the energy distribution func- 
tion for molecules, or simply the energy distribution. Plotting the 
values of n (I) on the y-axis, we obtain the system of rectangles depic- 
ted in Fig. 50. 

When plotting an actual histogram, as well as subdividing the 
z-axis into equal segments e,, it is also convenient (for reasons that 
will be elucidated in Sec. 33 we shall refer to them as cells) to divide 
the z-axis into longer unequal segments that will be called bozes 
(Sec. 33). This is explained by the fact that the number of molecules 
with either very low energies or very high energies is very small, 


ntl) 


Eo 2€g leo (4+1) e 


FIG. 50 


and the number varies strongly from one experiment to the other. 
lt is therefore convenient to combine in these regions several cells 
(m, for instance) into a larger unit, a box. The relative number of 
molecules with energies in the range le, to (l + m)e,, where meo 
is the length of a box, is more stable and varies little from experi- 
ment to experiment. For the histogram not to distort the distribution 
pattern, the relative number of molecules with energies ranging from 
leg to (l + m)e, must, of course, be divided by m, i.e. be referred 
to one cell, and the result must be plotted on the coordinate axis. 
Repeating this experiment with the same gas in an equilibrium 
«Late and at the same temperature and pressure, we plot histograms 
differing only slightly from one another. All the histograms will be 
close to some averaged histogram and large deviations from it will 
bo rare, the reason for this being as follows. From the viewpoint of 
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classical mechanics, to describe the state of a gas at some moment of 
time means to give the coordinates z,, y;, 2; and the velocity projec- 
tions V,,, V,1, Yz: Of all molecules of the gas. Such a detailed descrip- 
tion implies that the microstate of the gas is given. For each energy 
distribution of gas particle there exists a great number of micro- 
states, since at a fixed energy a particle may have different coordinates 
and different velocity projections satisfying the condition 


my (03, --v$,- v) 
5H H Ua, Yi, Zi) =€, 


where the term %(z;,y;, 7j) is the potential energy of a molecule. 
For some energy distributions there exist great numbers of micro- 
states, but for other distributions—lesser numbers. There exists an 
energy distribution for molecules that is realized with a maximum 
number of microstates, this maximum being quite high for macro- 
scopic masses of gas(forfurther details, see Sec. 61). This means that 
such a distribution, referred to below as themost probable, is the most 
commonly realized and that the gas is evidently in a state with such 
an energy distribution for almost the whole period of time. This 
ideal experiment yields with overwhelming probability histograms 
which must be close to that corresponding to the most probable dis- 
tribution. 

All the above pertains, of course, not only to energy distribution 
of particles, but also to distributions of other physical quantities. 
We could study, for instance, coordinate, momentum and angular 
momentum distribution of gas molecules. 

Let us turn now to the thermodynamic description of the state of 
a gas, recalling that in thermodynamics the state of a gas is described 
in terms of such macroscopic parameters as pressure, temperature, 
etc. Let us consider it from the viewpoint of statistical physics. 
Gas pressure, for instance, is defined as the average force with which 
gas molecules strike 1 cm? of the wall of a confining vessel, P = f/o 
(here and below the mean value of a quantity will be identified by 
a bar above its symbol). 

The well-known elementary formula for the mean kinetic energy 
of the translational motion of a gas molecule, 


mv! 3 
m T, (32.3) 


s uows the absolute temperature T to be a measure of the mean kinetic 
energy of the gas molecule. It is also natural to identify the thermo- 
dynamic internal energy of a system, U, with the mean energy of 
molecules or atoms, ions, etc. of the system. 

The examples considered above show the macroscopic parameters 
P, T, U, etc. to represent the mean values of quantities pertaining 
to individual molecules. It is one of the main objectives of statistical 
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physics to find such mean values and elucidate the relations between 
them. 

Let us pose the question what information on gas molecules is 
needed in order to find, for instance, the mean energy of a molecule. 
It is clear that this information must include the energy distribution 
of molecules. 

In fact, knowing the function n (l), we find 


E N (L1-4-1 
e=) AGT ee Dnle (32.4) 
l l 


(energy e, is assumed to be small compared with e,, so that the change 
in energy along the length of a cell is immaterial). In a similar way 
it is possible to find the mean values of any energy functions, and 
any functions of coordinates and momenta, if the coordinate distri- 
bution or the momentum distribution are known. 

Thus, it is clear that in addition to the description of a macroscopic 
system by methods of phenomenological thermodynamics, another 
description is possible, based on an atomic and molecular model 
and probabilistic ideas, that is, a statistical description. The two 
methods are related by the basic physical postulate of statistical physics, 
nccording to which the distribution realized by the greatest number 
of microstates is the most probable distribution and is equivalent 
to the equilibrium state of thermodynamics. 

Let us point out here the fundamental difference between the ther- 
modynamic and statistical interpretations of the concept of the equi- 
librium state. Phenomenological thermodynamics assumes that in 
the absence of external effects a system remains in a state of equi- 
librium indefinitely long. From the viewpoint of statistical physics 
the system remains in that state for almost the whole period of time. 
In this connection statistical physics predicts the existence of fluc- 
tuations (discussed in detail in Ch. VII), i.e. of spontaneous and ex- 
tremely rare deviations from the equilibrium state in macroscopic 
hodies. This means a violation of the laws of phenomenological ther- 
modynamics. 

Thus, the most important problem of statistical physics is finding 
distributions with the highest probabilities. It should be stressed 
once more that the findings of statistical thermodynamics are only 
valid for systems with a very large number of particles. The smaller 
the number of particles in a system, the more often distributions are 
encountered differing markedly from the most probable. This means 
that a system with a small number of particles is in the most prob- 
ablo (equilibrium) macroscopic state and in other (non-equilibrium) 
states over intervals of time of the same order of magnitude. For 
this reason the use of most probable distributions becomes unjustified. 

Ilence statistical thermodynamics is an asymptotic theory whose 
ndings (except for the theory of fluctuations) are precisely valid 
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within the limits N — oo and V — oo (with the ratio N/V remaining 
constant). Such a limiting transition is known as the thermodynamic 
transition to the limit. In the formulae of statistical thermodynamics 
terms including high powers of N-! should be ignored, only terms with 
the lowest power of N- being retained. Turning to the problem of 
finding the most probable distribution, we shall consider in this 
section the simplest part of this problem, i.e. the finding of the most 
probable distributions for ensembles of non-interacting particles, 
or for ideal gases. 

The statistical properties of ideal gases can be studied by means 
of a rather general, but at the same time sufficiently simple method — 
the box and cell method. In spite of the fact that an ideal gas is a 
particular case, it does cover a great number of real physical problems 
which can be solved completely. 


33. p-Space. Boxes and Cells 


To find statistical distributions the concept of the phase p-space 
must be introduced. In the simplest case of a monoatomic ideal gas, 
gas molecules (atoms) are assumed to be material points, their inter- 
nal structure being neglected. By the p-space we mean a six-dimen- 
sional space, the coordinates of which are the three spatial coordinates 
of a molecule, z, y, Z, and three momentum projections, $, m, 6. 
The state of each gas molecule is represented in the p-space (from the 
viewpoint of classical physics) by a point, and the state of the entire 
gas by the totality of N points (N is the total number of molecules). 
The molecular coordinates and momenta vary with time, and the 
representative points in the phase space move along certain trajec- 
tories. During the time between two collisions the phase trajectory 
of each molecule lies on the constant-energy hypersurface. This 
five-dimensional surface is specified by the equation 


e= ECDEEE, pap (z, y, 2). (33.1) 


By analogy with the usual three-dimensional space, the concept 
of the phase volume in the p-space is introduced. By an element of 
volume we mean the expression 


dl = dz dy dz d§ dn dt, (33.2) 


that is subdivided into the products of the volume elements in the 
configurational space 


dV — dz dy dz 
and in the momentum space 
dV, = d$ dy dt. 
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Depending on the symmetry of the problem, it might be conve- 
nient to select as volume elements both in the configurational and 
momentum spaces not the Cartesian rectangular parallelepipeds but, 
for instance, the spherical layers: dV = 4zr? dr and dV, = 4np? dp, 
etc. 

The simplest graphical model of the p-space is the p-plane for 
unidimensional motion (Fig. 51). 

Let us consider by way of the simplest example a unidimensional 
"gas" placed in a gravitational field. The constant-energy lines are 
determined by the equation 


ga 
e= Sp PMET 


and are parabolas with OX as an axis, with the elements of phase 
volume being represented by area elements dz dE. A collision of 
two molecules results simply in 
that their representative points 5 
pass from one parabola to ano- 
ther, the total energy being con- 
served. The concept of the p- 
space can readily be extended 
to cover more intricate systems 0 x 
than a monoatomic gas. 
Let us assume an ideal gas con- 
sisting of molecules, each having 
f degrees of freedom (for instance, 
for a diatomic gas f = 6, for a tri- 
atomic gas f — 9). The p-space FIG. 51 
will then have not6 but 2f dimen- 
sions and its coordinates will be f generalized coordinates g; and f 
generalized momenta p, (i = 1, 2, ..., f). These generalized coor- 
dinates are chosen, as is usual in mechanics, in accordance with 
the symmetry of the problem, while the generalized momenta are 


defined as the derivatives of the Lagrangian p, — a. 


di 
The energy of the gas can be represented by the expression 


e= 2 Gy (qi) PiPy + U (0), (33.3) 


where >) airpıpa = kinetic energy of the gas, which is homogeneous 
ih 
: quadratic function; 
al (qı) = potential energy. 
Equation e = const is the equation of a constant-energy hypersur- 
face of 2f — 1 dimensions. The phase p-volume is specified, as before, 


by ; 
dT — dV dV, — [J de, dp;. 
1-1 


The points representing the state of a molecule in an equilibrium 
state fill the p-space with some density p, that depends in a specific 
way on qı, p; but is independent of time. This means that some 
ranges of values of coordinates and momenta of system particles are 
more probable than others and, consequently, that some regions of 
the phase space are filled by the representative points at a higher 
density, and others at a lower density. 

Let us try to find the most probable distribution of the represen- 
tative points in the p-space. This distribution will be described by 
a certain function of coordinates and momentum projections 
e(qi. p)— 2A. , where dN is the number of representative points present 
in an element of phase volume dT. The function p (gi, p;) allows us 
to determine the most probable distribution of molecules both in 
an ordinary space (coordinate distribution), for which purpose the 
function p (qi, p;) must be integrated over the momenta; and in the 
momentum space (momentum distribution), for which purpose the 
function p (qi, pi) must be integrated over the coordinates. In accor- 
dance with what was stated in Sec. 32, this distribution permits a 
comprehensive statistical description of gas properties. 

Let us introduce now the following important postulate: the dis- 
tribution function for the p-space, p (gj, pi), depends only on the 


particle energy € = >) a4.pips +U (qı) and not on q; and p, indi- 
i, k 


1, 
vidually. (The validity of this postulate will be demonstrated in 
Sec. 60, in which an important Liouville's theorem will be proved.) 

The statistical description of a gas will be undertaken in the same 
way as when studying the energy distribution of molecules, intro- 
ducing the subdivision of the p-space into “boxes” and "cells". Since, 
in accordance with the postulate the distribution function depends 
only on energy, we subdivide the space into boxes, carefully drawing 
the hypersurfaces of constant energy. On the one hand, the energy 
layers (boxes) used to dissect the p-space must be sufficiently thin 
that the representative points confined within the layer can reason- 
ably be given the same energy e. On the other hand, the layers must 
be big enough that the number of representative points in the layer N; 
is greater than unity, N; > 1. 

The feasibility of taking a layer of such a thickness will bo discussed 
in Sec. 39. For the present we shall simply note that by virtue of 
these restrictions the energy boxes in general will not be equidimen- 
sional, since the layers associated with very high or very low ener- 
gies must be selected so as to be "thicker" than the layers represent- 
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ing moderate energies, so as to contain a sufficiently large number 
of representative points. 

The second element required for the statistical description are equi- 
dimensional cells. These cells must be introduced because the occu- 
pation numbers must pertain to equidimensional cells, not non-equi- 
dimensional boxes, for all the states to be interpreted in the same 
manner. 

Thus, we introduce the subdivision of the p-space into equidimen- 
sional cells possessing a phase volume a. The shape of the cells is 
not fixed, although they must not be elongated excessively in any 
directions. As regards the magnitude of the cell volume a, the situa- 
tion encountered here differs drastically from that we met in the case 
of determining the size of the energy layers. The size of the boxes 
was determined according to the requirements N; >> 1 and &,,, — 
— e; < e; only by the order of magnitude, the sizes not being fixed 
exactly. The volume of a cell a is determined unambiguously by the 
laws of nature in an amazing manner, as will be described below 
It should be noted that the volume of a cell is likely to be rather 
small and, therefore, the energy boxes contain not only a great num- 
ber of particles (V; >> 1), but also a large number of cells, g, >> 1. 


Problems 


1. On the p-plane of a one-dimensional gas placed in a gravita- 
tional field the representative points occupy the rectangle &, 
E + df, z, 2 -+ dr. How will the form and phase volume 
(area) of these states change in the time At as a conse- 
quence of the classical equation of motion? 


z z X 2 xr? 
2. The same for a one-dimensional oscillator e = oz + F 


34. Bose-Einstein and Fermi-Dirac Distributions 


We introduced in the preceding section the subdivision of the p- 
space into non-equidimensional energy boxes and equidimensional 
cells. Let the ith energy cell, having an energy £;, contain g; cells 
nnd N; representative points (particles). Of interest is the number of 
different methods that can be used to realize such a distribution of 
representative points among the cells*. By virtue of equivalence of 
cells we consider any arrangement of representative points in the 
cells to be equiprobable and, therefore, the distribution that is re- 


* This problem is equivalent to the following combinatorial problem. As- 
sume a number of boxes, of which the ith box is subdivided into g; cells and 
contains N; balls. By what number of methods can such a distribution be rea- 
zod? ue analogy providesan understanding of the origin of the terms "boxes" 
and “cells”, 
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alized by thegreatest number of methods will be assumed to be the 
most probable distribution, corresponding to the equilibrium state 
of the gas. 

The solution of the combinatorial problem depends to a great ex- 
tent on certain properties of the system particles. First of all,two 
different hypotheses can be suggested a priori concerning the system 
particles (electrons, photons, atoms, ions, etc.): (1) all particles of 
one kind are absolutely identical to one another, (2) these particles 
differ slightly in such parameters as mass, charge, eic. (having in 
mind only constant parameters, and not variable ones such as veloc- 
ity, energy, etc.), just as production-line identical parts produced 
in a factory differ from one another. Clearly it is impossible to choose 
between the two hypotheses by measuring corresponding parame- 
ters, due to the existence of inevitable measurement errors and the 
great number of particles. It will be shown, however, that theoretical 
arguments permit the problem to be solved uniquely in favour of 
the hypothesis according to which particles of one kind are identical. 

Having assumed the validity of this hypothesis, we may neverthe- 
less consider these identical particles to be distinguishable from each 
other. This means that each particle of a system can be assigned a 
number (mentally we can label each particle with a number) and 
that we can later trace the motion of each particle and distinguish 
it from the remaining particles. The state of the system in which the 
coordinates and momenta of the ith particle are q; and p, and of the 
kth particle qa and ph, and the state in which the ith and kth par- 
ticles change places in the p-space, can then be considered as diffe- 
rent states. 

The hypothesis according to which identical particles are indistin- 
guishable from each other and the states of a system differing only 
in the rearrangement of particles are the same states is, however, 
more probable. In this section we shall be guided by this hypothesis, 
and the corollaries of the hypothesis on the ability to distinguish 
identical particles will be treated in Sec. 36. 

It should be noted, in conclusion, that there occur in nature two 
kinds of particles that can be distinguished from each other by their 
statistical properties in a collective, fermions aud bosons. 

Fermions behave according to an important law—the Pauli ezclu- 
sion principle. We consider it convenient to idealize somewhat the 
situation, formulating the Pauli exclusion principle in the following 
way (it will be formulated more exactly in Sec. 39). A system of N 
identical fermions can contain in any phase volume T' only a finite 
number of representative points, not exceeding some integer Nmax (T). 
The number Nmax (T) decreases uniformly as the considered phase 
volume I' diminishes, as shown in Fig. 52. Thus, the phase volume 
confined between na and (n -++ 1) a can contain no more than n points 
representing the state of a fermion. It should be stressed that these 
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results do not depend on the form of the phase volume under con- 
sideration, but only on its size. 

Assume now the minimum phase volume per representative point 
to be the volume of an elementary cell in the p-space, both for fer- 
mions and for bosons. It will soon become clear that the quantity a 
is determined uniquely by the laws of nature and can be found expe- 
rimentally*. 

The Pauli exclusion principle can now be formulated as follows: 
in a system of N identical fermions one cell in the p-space can con- 
tain no more than one representative point. 

In contrast to the foregoing, in a system of N identical bosons a 
p-space cell can contain any number of representative points from 
zero to N. 

The quantum field theory proves an important theorem—the 
Pauli theorem, relating the spin of a particle and the type of statis- 
tics that the particle obeys. According to this theorem, all particles 
with a half-integral spin are fer- 
mions (of theelementary particles 
they include electrons, posit- 
rons, protons, neutrons, p-mesons, 
hyperons, etc.), while all parti- 
cles with an integralspin are bo- 
sons (including among the ele- 
mentary particles photons, x-me- 
sons, K-mesons, etc.) As for 
compound particles(nuclei,atoms, 
molecules, ions), inasmuch as 
they include only particles with 0 a 2a 3a 4a Sa 
a spin s = 1/2, the following 
rule is ;valid for them: particles FIG. 52 
consisting of an even number of 
elementary particles are bosons, and those consisting of an odd 
number of elementary particles are fermions. 

It should be noted thatin formulating the Pauli principle the pres- 
ence of spin was ignored. It is well known that the states of a par- 
ticle with spin are degenerate with a degeneracy multiplicity of 
2s + 1 (the projection of spin on some selected direction can have 
2s + 1 different values) and, therefore, it would be right to say that 
n cell in the p-space can contain no more than 2s + 1 representative 
points. We may, however, leave unchanged the statement of the 





* According to Pauli's exclusion principle, the quantity a was already speci- 
fied in principle. We may, however, imagine the existence of a Universe in 
which only bosons would exist, and no fermions. In such a Universe a would 
not be determined a priori; however, as will be shown below, natural laws 
dictate unambiguously the selection of the volume of a cell and a can ell the 
mme be found from experimental data. 
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Pauli principle and change the definition of the p-space, adding to the 
coordinates z, y, Z, E, n, ¢ one more discrete variable, the projection 
of spin on the z-axis, acquiring 2s + 1 values. This is equivalent to 
stating that in the old sense of the word each cell of the p-space, 
determined by coordinates z, y, Z, E, n, € does not exist alone, but 
that there are 2s + 1 such cells. 

Let us now illustrate the difference in the statistical properties of 
the different particles, fermions and bosons, by considering a simple 
example. Arrange two particles in three cells 1, 2, 3. If these particles 
are distinguishable from one another (they are then denoted by a 
and b), nine different arrangements depicted in Fig. 53 are possible. 
Six different arrangements are possible for bosons, due to their indis- 
tinguishability (indistinguishable particles are represented by 
crosses), as shown in Fig. 54. Due to the indistinguishability of fer- 
mions and by virtue of the Pauli principle, only three arrangements 
are possible for them, as shown in Fig. 55. 

Having made these preliminary remarks, let us turn to the deri- 
vation of the} most probable distributions, beginning with a system 
consisting of ' identical bosons. 

Consider the ith box containing N; bosons (Fig. 56). Taking g; — 1 
partitions and placing them arbitrarily, the box is subdivided into 
g; cells. Thus, we have two classes of objects: particles and parti- 
tions. Denote by W; the number of different ways of arranging N; 
particles in g; cells. Since the particles are assumed to be indistinguish- 
able, these methods can differ from one another only in the number 
of particles in the cells when there is a fixed number of particles in 
the box, N;; while the different methods can be obtained from each 
other by transfer of particles from cell to cell (by changing the posi- 
tion of particles and partitions). Having fixed each such distribution, 
let us carry out every possible permutation of particles (their number 
is equal to N,!) and partitions (their number is equal to (g; — 1)!) 
which give no new distribution. It is clear that we shall obtain as a 
result all possible permutations of a collective of N; + g, —1 
objects, including both particles and partitions, i.e. 

Ni! (gi — D! W; = (Ni + gi — MI, 
whence 
(Ni+gi—1)! 
Wi—^w—1n- (er —1 (34.1) 

When dealing with a number of boxes, the number of ways W 
of distributing the particles among the boxes so that the first box 
contains N, particles, the second N, particles, etc. is evidently equal 
to the product W;. From this it follows that the main statistical for- 
mula for bosons is 


Gua 
- Ilio Nil (g1—1)! (34.2) 
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Passing over to finding the most probable distribution, we must 
determine the maximum value of the quantity W. It is, however, 
more convenient to find the maximum of the quantity o = In W. 
Making use of Stirling's formula for the factorials of large numbers 
(see the Mathematical Appendix, All) we obtain at NW, > 1 and 
gi »1 
c — In W — Y (ln (N,-4- g; — 1)! ^ In N,1— In (g,— 1)!] 

i 


^ zi (QN, rg) In (Nu gi) - Nin N— giln gil. (34.3) 

Let us look for the maximum of the quantity o under two supple- 
mentary conditions: the total number of gas particles is given by 

NN N (34.4) 


and the total energy of the gas is fixed: 
X Nue, —U. (34.5) 
1 


Using the Lagrangian method of multipliers (AIT), let us equate to 
zero the derivatives of the quantity ® = o + aN — BU, where a 
and f are Lagrangian multipliers, 

Ch 

oN, = in (N,4- zi) — 1n N,43- a — Be; — O. 


It follows from the above that the most probable number of par- 
ticles in a cell is expressed by the formula 


p c £i 
Nı= e 2+ Be T . (34.6) 


The distribution expressed by formula (34.5) was derived in 1924 
by A. Einstein and is referred to as the Bose-Einstein distribution 
(R. C. Bose derived it for the particular case of a photon quantum 
gas). The parameters œ and f are specified by the conditions (34.4) 
and (34.5), which after Eq. (34.6) is substituted, acquire the form 
1Y zm 
2 te, = N, (34. 1) 
i* —1 


£1£1 
=k 0. 34.8 
2 PERLE" (on) 
The physical corollaries of the Bose-Einstein distribution will he 
discussed below. ` j 
Let us turn now to the derivation of the distribution for fermions, 
the Fermi-Dirac distribution. Consider the ith energy box with n 
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number of cells g; and a number of particles N, (according to the 
Pauli principle N; < g;) depicted in Fig. 57. Since the particles are 
indistinguishable, the different ways of distribution differ from each 
other only in that some cells are occupied by one particle and some 
cells are empty, or, in other words, in the permutations of empty cells 


1 2 8j 


FIG. 57 


with occupied ones. Having fixed such a distribution, let us carry out 
all possible permutations without adopting any new methods of 
distribution of N, occupied cells and g; — N, empty cells. Having 
made these permutations, we obtain the total number of permutations 
gı! among cells: 


Ny (gi — NW, gil, 


whence the number of ways of particle arrangement is 


= gi! 
Wi; = Niüi—Np (34.9) 


The total number of ways of distribution of N particles among all 
boxes, observing condition that N, particles occupy the ith box, is 


— 11 os, 
Wwe = Wanner wor Ni i — N (33:40) 


Making use of Stirling's formula, find o — 1n W: 
o= S [gi ln gi — Ni ln Ni — (gi — Ni) In (g; — No). (34.14) 


Under the conditions stipulated by Eqs. (34.4) and (34.5), we find 
the maximum of the quantity c, using the Lagrangian method. 
l'or this purpose we equate to zero the derivatives of the quantity 
bD =o +aN — BU: 


yy = — 18 Nodo (e — Ny) +a— fe, — 0, 


whence we obtain for the occupation numbers N, 


po Ei 
MEE (34.12) 
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Formula (34.12) differs from the corresponding expression (34.6) 
in the Bose-Einstein statistics only in the sign in front of unity in 
the denominator. The parameters æ and f) are specified by conditions 


y, T —N, (34.13) 
i 

Ei 
2 FECI =U. (34.14) 


35. The Boltzmann Principle 


To impart a physical content to statistical distributions (34.6) 
and (34.12), it is necessary to ascertain the physical meaning of the 
parameters a and f that are formally defined by the equations (34.7), 
(34.8) or (34.13), (34.14). For this purpose it is necessary to add to 
the investigation methods of statistical physics one more important 
physical postulate. 

There exists a far-reaching similarity between the concept of entro- 
py, introduced in thermodynamics in a purely phenomenological 
manner, and the function o = In W that appeared in deriving the 
statistical distributions. 

Firstly, this similarity appears in the fact that, like entropy in 
thermodynamics, the function o is additive. In fact, if we mentally 
subdivide the volume of a gas into parts, the number of ways in 
which all its molecules can be distributed among the energy boxes 
is equal to the product of the number of these ways for each part. 
Thus, W is a multiplicative function, and its logarithm an additive 
function. 

Secondly, as was ascertained in thermodynamics, the entropy 
of an isolated system increases in equalization processes and reaches 
a maximum value in a state of equilibrium. Since we identify a state 
considered to be an equilibrium one from the viewpoint of thermody- 
namics with the state in which the distribution of particles among 
the cells of the phase p-space is the most probable, then in that state 
the quantity o = In W also assumes a maximum value. 

These arguments make it reasonable to postulate that with a degree 
of accuracy up to a constant multiplier thermodynamically defined 
entropy coincides with the quantity c. If we assume the numeri- 
cal coefficient to be equal to Boltzmann's constant k = 1.38 x 
x10-? J/deg, i.e. determine entropy by the formula 


S —kln W, 


our choice leads to the coincidence of the quantity S with thermo- 
dynamic entropy. 
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In statistical physics it is convenient to use another definition cf 
entropy, 
S = ln W, (35.1) 


according to which entropy is assumed to be a dimensionless quan- 
tity. Since the product T dS must have the dimension of energy 
[formula 6Q — T dS will be assumed to be valid when determining 
entropy by formula (35.1)], then temperature must be measured not 
in the degrees of the absolute scale, but in energy units (kT is re- 
placed by 7), preserving in doing so the former notations $ and T for 
the dimensionless entropy and the "energy" temperature. Equation 
(35.1) expresses the Boltzmann principle. 
The entropy of a system in a state of equilibrium is 


Smar = ln W max (35.2) 


(below we shall denote the entropy in a state of equilibrium simply 
by S). Since W < Wmax, then S < Smar as well. 

Thus, according to Boltzmann, the increase in entropy in an equa- 
lization process is the result of the system passing from a less 
probable states to the most probable state. 

The fundamental difference between the statistical interpretation 
of an irreversible process and the interpretation given by thermody- 
namics must be emphasized. From the viewpoint of phenomenological 
thermodynamics, in the case of an irreversible process a reverse pro- 
cess is impossible by definition. From the point of view of statistical 
physics a process reverse in respect to one that is thermodynamically 
irreversible is a transition from the most probable distribution to 
n less probable. Considerable fluctuations occur very rarely in a mac- 
roscopic system and their probability is low. In systems comprising 
n small number of particles the probability of even large fluctuations 
is considerable and fluctuations occur quite often. 

It will now be shown how the Boltzmann principle can be used 
in finding the physical meaning of the parameters a and p. 

We shall make use of formulae 


£i Eiei 
Deia h Ae 0689) 
i 


(the upper sign pertains to the Bose-Einstein distribution, and the 
lower to the Fermi-Dirac distribution) relating, thereby, the entropy 
in an equilibrium state with the number of particles N and the inter- 
nal energy U. 

Let us make the following preliminary methodological comment. 
All cells pertaining to the same box are equivalent. This is clear, 
in particular, from the fact that the number of particles in the box N; 
in proportional to g; in both the Bose-Einstein distribution (34.6) 
and the Fermi-Dirac distribution (34.12). Therefore, it is often expe- 
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dient to use the occupation numbers related to one cell, n, = N,/g;. 
These numbersJareTequal to 


1 


nı = —siBe 
e atea 


(35.4) 


the minus and plus signsrelating to systems of bosons and fermions 
respectively. Making use of the numbers n,, any sums over the "boxes" 


will be reduced to the form S gF (i), where F (i) is a function of 


the box number. When presented in this form the equivalence of 
the cells manifests itself clearly due to the presenceofthe multiplier g;. 

Let us now find the equilibrium-state entropy, first for a system 
of bosons. Making use of formula (34.3) and introducing the numbers 
nı, we obtain 


S= Ñ (Ni -v gi) Un (Ni+gi)— Ni1n N,— giing) 
= Agi (ni + 1) ln (n; +1)— niinn}. (35.5) 


The maximum value of the entropy can be found substituting the 
value of n; from the Bose-Einstein distribution: 


S= Del Lm -pL —In(i— em. (35.6) 


Using formulae (35.3), we finally find that 
S=—aN+ gU — Y g; In (1 —e?7 P0, (35.7) 
i 


By analogy, with the aid of formula (34.11) we find for a system 
of fermions that the entropy 


S=) le: In gi — N; ln Ni —(gi — N) la (gi — N4)] 
—Saeil(n inn; + (1— n) ln(1—n;)}. (35.8 
1 


Substituting the equilibrium distribution described by formul: 
(35.4), we obtain the expression for the maximum entropy 


s= Zef TUR Cre gl (35.9 


and, making use of formulae (35.3), 
S= —aN +pU + Sig, 1n (14- e?7 Pe, (35.10 
1 
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Combining the two results, we obtain the formula 
S=—aN+ BU F Y gi ln (4 F e* Pn, (35.11) 


where the minus sign relates to a system of bosons, and the plus sign 
to a system of fermions. 

The following extremely important difference between the entropy 
formulae (35.5) and (35.8), on the one hand, and (35.7), (35.10), 
(35.11) on the other, must be emphasized. Formulae (35.5) and (35.8) 
determine the entropy of a gas in both an arbitrary equilibrium and 
non-equilibrium state. By contrast, formulae (35.7), (35.10), (35.11) 
pertain only to the equilibrium state of a gas with a maximum entropy 
and most probable occupation numbers m, m;, .... The entropy 
of the non-equilibrium state can be seen to be a function of an in- 


finite set of occupation numbers n,, related by the conditions Den = 


= N and Sjg,n,e, = U and arbitrary in all other respects. In con- 


trast to this, the equilibrium-state entropy is fully defined by pre- 
setting the two parameters qœ and f, acquiring, thereby, a fundamen- 
tal value in equilibrium thermodynamics. 

In order to establish the physical meaning of the paramelers q 
and p, let us find the differential of entropy from formula (35.11) 
nnd compare it with the expression d$ used in thermodynamics. 
For this purpose we differentiate Eq. (35.11), first with respect to 
& at B = const, and then with respect to B at a = const, assuming 
each time that e; = const, g; = const. 

In the absence of applied fields (electric, magnetic, gravitational, 
etc.) the levels of energy e; and the multiplicity factors of g; depend 
only on the size of the vessel holding the gas (Sec. 45), i.e. on the para- 
neter V. When applied fields are present, the energy levels also depend 
on other external parameters, or more exactly, on the intensity of 
the applied fields. Assume that no external fields of any kind are 
present, except the field of the vessel walls. The conditions €; = 

const and g; = const are then equivalent to the condition V = 

const; therefore, 


as —_ _, [N aU € get 
(r)a v7 «( ap Jav tUtB s Vag PPT 
nnd, consequently, according to formula (35.3), 


oS oN aU 
v? (T)ar te Eav (35.12) 
ly analogy, using n (35.3), we find 


mhar is «(o B. v +8( 55 a havt X Tu. 


= —a (>), t? (s), v (35.13) 


184 Part Two. Statistical Physics 


Multiplying Eq. (35.12) by dB and Eq. (35.13) by da and summing, 
we obtain 
dSy = —a dN + B dU. (35.14) 


On the other hand, it follows from the thermodynamic identity 
for the differential of internal energy, 


dU = T dS —P dV + paN, 
that 


-4 2 ay 
dS = T dU 4- 74V T aN 
and at a constant volume 
dSy= — È daN 4+4 dU. (35.15) 


Comparing formulae (35.14) and (35.15), we find the physical meaning 
of œ and p: 


pB=+. (35.16) 
a=}. (35.17) 


The reader's attention is directed to the fact that in statistical 
physics we mean by N and dN the numbers of particles and not the 
numbers of moles, asinthermodynamics. Accordingly, in all follow- 
ing sections the chemical potential u does not refer to one mole 
of substance, as in thermodynamics, but to one particle, so that the 
relationship Htnerm = Vapstat is true. We shall, nevertheless, 
retain the symbol p for the chemical potential normalized to one 
particle. Substituting the expressions for f and æ into formula (35.11) 
and taking into account the relationship D = uN and F = U — 
— TS = D — PV, we obtain 


F—® 
T 





=+ J) gi ln (1 F e0), (35.18) 


whence we find the equation of state of Bose- and Fermi-gases: 
PV =F TY. gi ln (1 F 7*7), (35.19) 


The right-hand side of formula (35.19) is always positive, since with 
the upper sign (the Bose-Einstein statistics) the logarithm is nega- 
tive. 
Thus, the Bose-Einstein and the Fermi-Dirac distributions can 
be rewritten to read 
N= HM. (35.20) 


{(€;- T , 
zi [274 T1 
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and the supplementary conditions, keeping the number of particles 
and the total energy fixed, can be presented in the form 


PHENES |I giei m 
2 CMT ITA =", > eT =U. (35.21) 
1 : 


It should be noted that once the physical meaning of the para 
meters c and f is defined, the physical interpretation of relationships 
(35.3) must be significantly changed. The first of these equations 
specifies, as before, the chemical potential p as a function of the 
number of particles N and temperature T. The parameter p = 1/7, 
however, requires no supplementary definition. For this reason the 
second relationship defines the internal energy U as a function of u 
and 7, whereas the first relationship permits one, in principle, to 
find u as a function of N and T. Thus, Eqs. (35.21) determine the 
internal energy U as a function of the number of particles N and 
temperature 7. In particular, for a homogeneous system to which 
no external field is applied, the chemical potential u and the energy 
referred to one particle, U/N, are, like all intensive quantities, func- 
tions of density N/V and temperature T. 

Let us revert now to formula (35.11) and consider in greater detail 
a system in the presence of an external field. In contrast to the case 
considered above, in which the walls of the vessel constituted a field 
and the energy levels e; depended on the extensive parameter V, 
in the presence of other fields the quantities e; are functions of inten- 
sive parameters, i.e. of the intensities of corresponding fields. There- 
fore, the internal energy U can be considered to be a function of its 
natural parameters S, V, N and of the intensity of the field involved. 
In the presence of a magnetic field it will be assumed that U — 
— U (S, V, N, H). 

In further discussion the definitions of free energy, heat content 
a and chemical potential, F = U — TS, W = U + PV, 

= U — TS + PV, will be retained and they will be assumed 
i depend both on their natural arguments and on field intensities. 
It is then clear that formulae (35.16) through (35.21) remain valid 
for this more general case, when the energy levels e, are functions of 
field intensity. 

In concluding this section we will make the following remark. 
The derivation of the Bose-Einstein and Fermi-Dirac distributions 
by the boxes-and-cells method presupposes that while thermodyna- 
mic equilibrium sets in, the particles may change their energy, by 
passing from one box to another. Otherwise any initial non-equilibri- 
um particle distribution in the u-space would remain unchanged 
and would not relaxate to an equilibrim state, and the maximizing 
of In W would be meaningless. It is clear the passage of particles 
from one box to another becomes possible owing to interaction of 
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the particles with the surroundings (there is no interaction between 
particles). This surrounding medium must be a thermostat (7 — 
— const) with impermeable (N — const) walls. This follows from 
the fact that in deriving the statistical distributions the total number 
of particles N and the total energy U are assumed to be fixed; with 
a fixed number of particles N the total energy U of an ideal gas de- 
pends only on temperature. Thus, the Bose-Einstein and the Fermi- 
Dirac distributions and also the Maxwell-Boltzmann distribution 
that will be derived inthefollowing section represent the most prob- 
able] distributions of particles of an ideal gas in the u-space, on 
the condition that the gas is placed in a thermostat. 


Problem 


Using formulae (35.5) and (35.8), derive the Bose-Einstein and 
the Fermi-Dirac distributions, minimizing the free energy with 
the condition that N — const. 


36. The Maxwell-Boltzmann Distribution 


Let us consider now the corollaries of the hypothesis on the dis- 
tinguishability of identical particles. We are dealing as before with 
a system of boxes with energy e; and a number of cells g;, the prob- 
lem being to arrange in the ith box N, distinguishable particles. 
First, let us find the number of ways in which N particles can be 
arranged among these boxes without fixing the cells into which the 
particles are placed during the arrangement. Since the particles are 
assumed to be distinguishable, the different ways of achieving this 
distribution differ from one another in the permutations of particles 
found in different boxes. Denote the number of different ways by W'. 
Having carried out for each of the methods all possible permutations 
of particles inside each box, without introducing any new methods 
of distribution, we clearly obtain the total number of permutations 
-of N particles, whence 





91 = [| P NI 
WIJI Ni NS WaT 


i 


-= 


Let us find the number of ways in which N, distinguishable particles 
can be distributed among g, cells of the first box, N, particles among 
g cells of the second box, etc. Since for each of the N, particles of 
the ith box there exist, irrespective of the remaining boxes, g; pos- 
sible arrangements among the cells, the required number of ways is 


equal to gig; . . . gı —- gi!, and for all boxes equals let. It follows 
that the total number of ways in which N particles can be distributed 
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among the boxes is equal to 
Ni 
' E ; 
Ww -w'IIe'-wN! Il wi (36.1) 
Using Stirling's formula, we obtain for o := In W the expression 
g — N In NEXU, In g; — N; ln Ni). (36.2) 


The maximum of o must be found under supplementary conditions 
MN-N, È Nw =U. 


Making use again of the method of Lagrangian multipliers for 
finding the most probable distribution, we equate to zero the deriv- 
atives of the quantity D -= o + (a + 1) N — BU with respect 
to N;: 


Sy, 1n £1 — In Ny + a— Be, =0, 
from which we obtain the Maxwell-Boltzmann distribution 
N,— ge^ Pn, (36.3) 
The parameters a and f, as before, are determined by the conditions 
NM ge t= N, (36.4) 
2 giet PU, (36.5) 


(Note: when finding the maximum of the quantity o the term N In N 
was not differentiated with respect to V,. It can be easily ascertained 
by the reader that such differentiation changes only the magnitude 
of the parameter a, which all the same is found from conditions (36.4), 
(36.5) It is clear that the Maxwell-Boltzmann distribution can be 
obtained as a limiting case of the Bose-Einstein and Fermi-Dirac 
distributions (35.20): 
Fi 
N, = Sam a - 
If for any e, the condition 
ei MT s, 4 (36.6) 


ix satisfied, the unity in the denominator of this expression can be 
ignored and we obtain the Maxwell-Boltzmann distribution 


N,— ge”! n= vM esee. (36.7) 
t 
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This result could be foreseen from simple physical considerations: 
the inequality (36.6) is equivalent to the inequality EE and 


L 
represents the gas rarefaction requirement. In a rarefied gas the av- 
erage interparticle distances are large, and in this situation the par- 
ticle distinguishability or indistinguishability requirement becomes 
immaterial—in practice the particles do not draw closer to one an- 
other and they cannot be "confused". It is natural then that in these 
conditions the statistical distributions for indistinguishable parti- 
cles coincide with the distribution for distinguishable particles, i.e. 
the Maxwell-Boltzmann distribution. 

Let us return now to the question raised in the beginning of Sec. 34, 
whether particles of a single type (electrons, photons, atoms, etc.) 
are identical or can they differ slightly from one another. The answer 
to this question follows from the fact that, as is shown by experi- 
mental results, the Bose-Einstein and the Fermi-Dirac distributions 
are valid for all particles, while the Maxwell-Boltzmann distribution 
is approximately true in the limiting case of small occupation num- 
bers. This means that particles of a single type are indistinguishable 
and so identical. 

The expression for the entropy of a gas in an arbitrary equilibrium 
or non-equilibrium state can be obtained in two ways. 

1. From the expressions for the entropy of a boson (35.5) or fermion 
gas (35.8) it follows that at n, « 1 (sing the expansion ln (1 + 
-- z)zzratzr« il 


=- X ging ln n + N. (36.8) 


2. Using Boltzmann's formula S = In W, we obtain from (36.2) 
$*— — M gn In n, 4- N ln N. (36.9) 
i 


[In expression (36.9) the "entropy" is denoted by S*, since it differs 
from entropy S expressed by formula (36.8) in the term N In N — N.] 
The term N 1n N in formula (36.9) makes the "entropy" S* a non- 
extensive quantity, which returns us again to the Gibbs paradox, 
considered within the framework of phenomenological thermodyna- 
mics in Sec. 23 of this book. 

Actually, if we mix r portions of a single gas at the same density 
and temperature, and wish to calculate the entropy of the mixture, 
N, must be replaced by rN; and N by rN, leaving n; unchanged. 
As a result, the entropy defined by formula (36.8) increases r times 
and the total entropy of r portions of gas remains unchanged, while 
the "entropy" S*, determined by formula (36.9) acquires, in addition 
to the multiplier r, the term Nr In r. Consequently, the mixing re- 
sults in total entropy increasing by Nr ln r. This is the essence of 
the so-called Gibbs parador. 
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In the classical Boltzmann theory this disadvantage was formally 
"corrected", as suggested by Gibbs, in the following manner. The 
states of a gas differing from each other in the permutations of the 
representative points in the p-space, physically indistinguishable 
due to the identity of molecules, are assumed to be a single state. 
This leads to the need to divide the number of ways W by the number 
of permutations of N! molecules. Hence, In N! must be subtracted 
from S* and, according to Stirling's formula, the "entropy" S* "cor- 
rected” in this manner coincides with the entropy S. (The formula 
describing the Maxwell-Boltzmann distribution does not change, 
since we changed In W by the constant N 1n N — N.) 

Gibbs' foresight is worthy of admiration, for as far back as the 
end of the nineteenth century he anticipated the present-day con- 
cept of the indistinguishability of particles. From the point of view 
of logic, however, the method used by Gibbs to eliminate the entropy 
paradox can in no way be considered consistent. Indeed, first, in 
the derivation of the Maxwell-Boltzmann distribution gas particles 
were considered to be distinguishable and only in the final result is 
a "correction" introduced, accounting for the identity of states differ- 
ing from each other in the permutations of molecules. A logically 
consistent method of reasoning would be based‘on the particle indis- 
tinguishability hypothesis and would lead to the Bose-Einstein or 
Fermi-Dirac distributions. But the Maxwell-Boltzmann distribu- 
tion appears in this case as an approximate distribution in the lim- 
iting case of small occupation numbers. 

It should be noted that for the range of application of the Boltzmann 
distribution the inequality N;/g; « 1 is valid, and even at large 
numbers g, the numbers N, can be small or close to unity. Further- 
more, as will be shown in Sec. 39, in which account will be taken of 
the discreteness of the atomic and molecular energy levels, known 
from quantum mechanics, the g; numbers can be close to unity in 
certain conditions, mainly for low energy levels. 

In these conditions the derivation of the statistical distributions 
in calculating N,J and g,! by Stirling's formula becomes incorrect. 
All the same the Bose-Einstein and Fermi-Dirac distributions, as 
well as the Maxwell-Boltzmann distribution for small cell occupa- 
tion numbers N/g,, derived by this method, are correct. This can be 
shown by comparing the corollaries stemming from these formulae 
with experimental results and is confirmed by the fact that all three 
distributions can be derived by methods other than the boxes-and- 
colls method and not based on the assumption that the numbers N, 
nnd g; are large compared with unity. One of these methods, the gener- 
ul Gibbs method, applicable not only to ideal gases but also to sys- 
loms of interacting particles, will be discussed in detail in Ch. VI. 
‘ho Bose-Einstein, Fermi-Dirac and Maxwell-Boltzmann distri- 
lutions are then obtained as particular cases. 
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g Problem 


Using formula (36.8), derive the Maxwell-Boltzmann distri- 
bution, minimizing the free energy on condition that''N = 
— const. 


37. Transition to Continuously Varying Energy. 
Degeneracy Conditions for Ideal Gases 


We obtained above three statistical distributions. 
1. The Bose-Einstein distribution 


_ Eit 
Ni = -eT » N= 2c iT y =i zt 


(37.1) 
__ siti 
v= 2 ew QT. : 
2. The Fermi-Dirac distribution 
Imc EE. NV SBI _ 
N= TT X4 ? Fd QU T. , 
(37.2) 
o ua _ 
ps 2 erty 
3. The Maxwell-Boltzmann distribution 
N= gen 7977, N- py gyn 707, 
(37.3) 


U z Y) gue e "977, 
1 


It should be emphasized that from the viewpoint of classical phy- 
sics the energy, like any other dynamic quantity, varies continuously, 
acquiring any intermediate values. In deriving the statistical distri- 
butions the energy was only assumed for convenience to be a discrete- 
ly varying quantity when we introduced the subdivision into energy 
layers (boxes). Let us now assume that the energy layers are suf- 
ficiently thin, this assumption allowing us to replace in the formulae 
specifying the chemical potential and the internal energy the sum- 
mation over the boxes by integration. It should be noted here that 
since the variable multiplier present in the three distributions depends 
only on energy, the numbers of representative points in equal phase 
volumes of the same energy level are equal, and for a statistical de- 
scription of a gas we can introduce the number of particles dN per 


element of phase volume dT = [| dg, dp;, or the number of particles 
4 


whose generalized coordinates lie within (qi, q; + dg,) and genera- 
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lized momenta within (p;, p, + dp;). Then the number of cells g, 
must evidently be replaced by the expression 


[] da: dp: 


Ea E NETT ’ 
where a = phase volume of one cell, introduced in Sec. 34; 
g = weight factor. 

The appearance of the weight factor is associated with the fact 
that when q; and p; are fixed, a particle can often be found in differ- 
ent states, with different parameters. If, for instance, the spin of 
a particle is s, the projection of the spin in some direction in space 
can have 2s + 1 different values (—s, —s + 1, ..., s— 1, s being 
measured in units of ^/2x). In this case g :- 2s -+ 1. For light quanta 
g = 2, since when the frequency v and the propagation direction are 
fixed, the light quantum, photon, can have two independent direc- 
tions of polarization. 

Passing to the continuous description the statistical distributions 
will be rewritten as follows. 

1. The Bose-Einstein distribution 


_ £ dr _ g ar 
dr NORIS SEP Ne f L70 4" 
Ud f e dr (37.4) 
a J e-uyT_4° 
2. The Fermi-Dirac distribution 
XE ar g? dr 
JN ee MT V4 ’ N m"! | é6- MT ya n 
ar (37.5) 
U=£ f T 
a e(€ WT 1 
3. The Maxwell-Boltzmann distribution 
dN — £ ea-emgp, N=£ f en- YT gr, 
a 
(37.6) 


U — £ V eeu- qr. 
a 


Pay attention to the following important distinction between the 
Bose-Einstein and Fermi-Dirac distribution and the Maxwell-Boltz- 
mann distribution. pes ae 

In the case of boson or fermion systems the second equations in 
(37.4) and (37.5) can be solved in principle with respect to p, although 
in the general case this can be done only approximately, with p 
then depending on N and 7 and also, parametrically, on the phase 
volume a of a cell. For this reason, after the values of the chemical 
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potential are substituted into the expressions for U (37.4) and (37.5), 
the internal energy will also depend on the number of particles, tem- 
perature and the parameter a. It follows from the foregoing that the 
quantity a can in principle be found by comparison with experiment 
carried out, for instance, in measuring heat capacity Cy = (0U/OT)y. 
The situation proves to be quite different when we use the formula 
describing the Maxwell-Boltzmann distribution. Let us pay atten- 
tion to the fact that the chemical potential u and the cell volume a 
are present in Eq. (37.6) as multipliers in the same form as e"/7/a. 
Therefore the elimination of u from the system of the two equations 
means at the same time the elimination of a. Consequently, the in- 
ternal energy U is a function of N and 7 independent of a. Formu- 
la (37.6) yields the expression 
fag Neo a 
~ Ve "Tar * 
in which the phase volume a is not present. 
In the case of the Bose-Einstein and Fermi-Dirac distributions 


the internal energy U is determined by formula 
f ear (ee BT F1) 
1 dr (ee BT Xa) 


and depends essentially on p and, consequently, on a. Thus, as has 
already been mentioned above, for the exact statistical Fermi-Dirac 
and Bose-Einstein distributions the volume of an elementary cell, 
as was mentioned in Secs. 33 and 34, is not arbitrary, as is within 
certain limits the volume of a box; the volume of a cell is fixed exactly 
by laws of nature and can be found by experiment. This becomes 
impossible only in the limiting case of small occupation numbers 
(when the Maxwell-Boltzmann distribution is valid), and the phase 
volume of a cell acquires arbitrary values. 

Let us now determine more exactly the criterion of validity of the 
Maxwell-Boltzmann distribution, considering, in particular, the 
case of a monoatomic ideal gas in the absence of an applied field: 

polt o Pare 
EE = 2m s 
Since the energy depends only on the magnitude of the momentum 
vector, it is natural to subdivide the momentum space into spherical 
layers with a volume 4np? dp, whence we obtain for dT the expression 


dT = V-4np? dp. 


It is usually convenient to replace integration over momentum by 
integration over energy with the aid of the expression p = (2me)1/?: 


dT = V -27 (2m)! e1/? ge, 


U=N 
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The condition of validity of the Maxwell-Boltzmann distribution 
is the fulfilment of the inequality e(&-*/T < 1 at any e, including 
e = 0; the inequality then acquires the form 


eT « 1. (37.7) 
When this condition is satisfied we can find e#/T from formula 
Na -1 
IT = — -e/T 
T= E (J erar). 


The integral in the denominator can be readily calculated: 
J= J e~°/T dT = V -27 (2m)? | e-*/Tg1I? de 
0 


— V.-4n (2T)? | ez dz, 
b 
and, finally, we find (see Mathematical Appendix, AIV) 


J =V (2umT)*”, 
It follows that 


y Na 
~ gV (2nmT y * 


It will be shown below that for a monoatomic gas the volume a 
of an elementary cell equals h°, where k is Planck's constant, the 
criterion of validity of the Maxwell-Boltzmann distribution thus 
reducing to (the factor g ~ 1 can be omitted) 


At h? y^ « 1. (37.8) 


mmr i 


en/T 


Thus, the validity of the Maxwell-Boltzmann statistic is promot- 


«d by a small gas density, N/V, large molecular masses m and high 
temperatures 7. 
The reverse criterion 


mew) >! (37.9) 


ix the condition for which the Maxwell-Boltzmann distribution is 
inupplicable, the gas obeying the Bose-Einstein or the Fermi-Dirac 
distribution. The gas is then said to be degenerate and criterion (37.9) 
is known as the degeneracy criterion. 

Let us consider criterion (37.8) first for a gas consisting of ordinary 
atoms. Substituting the numerical values of k, N/V ~ 10!* cm? 
and m ~ (40-23 to 10-*4) g, we obtain T > 10- K. It follows that for 
urdinary gases at a pressure close to normal the Maxwell-Boltzmann 
distribution is a good approximation down to rather low temperatures. 


ta -0799 
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It is different for gases consisting of lighter particles, for instance, 
for an electron gas in metals. For an electron m zz 10-7 g and the 
Maxwell-Boltzmann distribution is, therefore, inapplicable to an 
electron gas in metal up to temperature of about 10* to 105 K and, 


consequently, the gas is a degenerate one. 


38. The Q-Potential of Bose and Fermi Gases 


It the absence of an applied field the integrals specifying the total 
number of particles and the internal energy of Bose- and Fermi gases 
are proportional to the volume: 

LA g Axp! dp 
= Ef a | ET TQ" (38.1) 


X X14 ex a 


-£ edr Z eánp? dp 
£f FOLLETTI tyf KI Er (38.2) 


which is why relationship (38.1) determines y as an implicit function 
of N/V and relationship (38.2) directly defines the internal energy 
as a function of p, T and V. Eliminating p from Eqs. (38.1) and 
(38.2) we can, in principle, find U as a function of the variables N. 
V and T. In both cases, however, U is found as a function of foreigr 
variables (it should be recalled that for internal energy the natural 
or own, variables are entropy S, volume V and the number of par 
ticles N). This is inconvenient in a number of cases; for instance, it i: 
impossible to determine the gas pressure P and its entropy S b: 
differentiating the internal energy, and more intricate technique. 
must be applied. It is, therefore, advantageous to introduce om 
more thermodynamic function, whose natural variables would b 
u, T, V. Write down for this purpose the differentials of the free ener 
gy and of the thermodynamic potential, Eqs. (22.6) and (22.9): 


dF = —SdT —PdV --udN, 
do — d (uN) - u dN +N du 
and subtract the second equation from the first: 
d (F — D) = —S dT — P dV — N dy. 
Denoting the quantity F — D by Q, we obtain 


Q—-F—dPO0-—-—PV, (38.: 
the differential of the ©-potential being expressed by 
dQ — —S dT — P dV — N dy. (38. 


Formula (38.4) shows that the natural variables for the Q-potenti 
are T, V and p and that the entropy, pressure and the number 
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particles can be found by differentiating: 


S=- (F) P=- (J) =F. v=-(= T.v’ 


(88.5) 


Let us now show how other thermodynamic functions, (b, F, U, 
W, are expressed in terms of the Q-potential. Using Eq. (38.5), 
we obtain for the quantity (D the expression 


eQ 
O=Np=—n (Zr Lys (38.6) 
Formula,F = b — PV = Ọ + Q yields 
Q 
F=9-n(>),,- (38.7) 
Using formulae (38.7) and (38.5), from relationship U = F + TS 
we obtain 
6Q dQ 
U=2-v(a )rv (a) (38.8) 
Finally, the definition W = U + PV = U —9Q is used to find 
6Q 6Q 
W-—k(R). v7 T (F) (38.9) 


All the above relationships are of a general nature and are applicable 
to any monovariant thermodynamic system. 

For the particular case of ideal Bose- and Fermi gases, according 
to formula (35.18), 


Q= —PV =T Sgin(i Fe’), (38.10) 


where the upper sign pertains to a system of bosons, and the lower to- 
a system of fermions. Upon integration the expression for the Q- 
potential acquires the form 


Q— x gT f T. in (4 F een), (38.11) 


It will be shown below that the Q-potential of a gas to which no 
external field is applied is simply related to the internal energy. 
Assume that the energy of a particle is expressed in terms of its 
momentum by the formula 

e = Bp, B = const, s = const, 


that covers both the case of non-relativistic particles (e = p*/2m, 
x = 2) and the case of relativistic particles (e = cp, s = 1 


13* 
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Integrating Eq. (38.11) over the volume, we find 
pap Sy i p? ln (1 F en-etyT) dp. 


Integrating the above expression by parts and allowing for the fact 
that the term outside the integral sign becomes zero at both the 
lower and upper limits, we obtain 

e 





eo 
4ng P? (de/ap) dp s 4ng ep? dp 
= — EV \ ores S | or: 38.12 
3a elep) - B /T X1 3 a i elxP)-u]/T — 1 ( ) 


Comparing Eq. (38.12) with the formula of internal energy 








_ dng y (__eptdp 
a vf d uVT = 4 * (38.13) 


we find the relationship that we are interested in: 
Q=— LU. (38.14) 


For non-relativistic particles, in particular, 
Q=—U, (38.15) 


and for ultrarelativistic particles (e.g. photons) 
=—5U. (38.16) 


It should be emphasized that together with formula (38.13) for- 
mulae (38.14) through (38.16) specify the Q-potential as a function 
of natural variables T, V and p. The entropy and pressure can, there- 
fore, be found by formulae (38.5), differentiating Q with respect to 
the variables 7, V. The last formula of (38.5), N = (Fev 
is usually used to find the chemical potential and for its subsequent 
elimination from the formulae for the internal energy, entropy and 
pressure. 

It should be noted in conclusion that formulae (38.14) through 
(88.16) are also valid for the limiting case presented by the Maxwell- 
Boltzmann statistics. For instance, when applied to a Maxwell- 
Boltzmann gas of non-relativistic particles, the formulae 


Q= —PV, U=3NT, Q= —$U 


yield the equation of state PV — NT. The Q-potential of a Maxwell- 
Boltzmann gas can be found from Eq. (38.10) by way of the limiting 
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transition e4/T < 1. It equals 
Q= — Tew/T 3 ge“, (38.17) 
D 


Let us now consider a Bose- or Fermi gas in the presence of an ap- 
plied field. Formula (38.3) holding true for the Q-potential, we arrive 
as before at (38.10), but, in addition to the variables T, V and p, 
the Q-potential now depends on the intensity of the field applied to 
the gas. 

Let us consider in greater detail the case of a gas placed in a mag- 
netic field, also to be discussed in Sec. 59. Calculate the derivative 
(22r... According to (38.10), 

aQ = 8e, 
(or nv. 7 2 Eri oH: 


Since the derivative 25 is the magnetic moment of a particle in the 


oH 
ith energy state with an opposite sign, we obtain 
oQ 
[ous v.5 7 MV. (38.18) 


where M is the magnetization. Thus, the differential of the 2-poten- 
tial is represented by the expression 


dQ — —S dT — P dV — N dy — MV dH. (38.19) 


Problem 


Find the first-order corrections to the chemical potential, pres- 
sure and heat capacity of slightly degenerate Bose- and Fermi 
gases (eH/T < 1). 


N h? 3/2 N hà 3/2 
D W/T =- —— ey (anes, 
Answer. e gV ( 2nmT ) [1 F eV \ánmT ) iF 





ACy = 4 








AP lA (M. al sni h? y 
P E 16gV (snr , 4 g V2xmT 


(the upper sign pertains to bosons, and the lower to fermions. 
The pressure in a Bose gas decreases, and in a Fermi gas in- 
creases, as compared with a Maxwellian gas). 


f. Energy Quantization. The Nernst Theorem 


This section is devoted to the changes in the apparatus of statistical 
physics caused by an account for the requirements of the quantum- 
mechanical theory. It should be noted for one thing that the hypo- 
thesis on the indistinguishability of identical particles introduced 
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in Sec. 34 is in fact a corollary of quantum mechanics. Indeed, as 
established in quantum mechanics, the classical concept of the tra- 
jectory, or path, becomes inapplicable to microparticles, and the 
motion of a particle is described as the propagation of more or less 
extensive wave packets which generally spread in space with time. 
This makes it impossible to trace the motion of a selected particle 
and distinguish it from other identical particles. For this reason the 
criterion on the indistinguishability of particles is an integral part 

of quantum mechanics. 
Another most important thesis of quantum mechanics, which is 
of paramount importance to statistical physics, consists in the fact 
that the energy of any system of 










Distinguishable , Indistinguishable particles in finite motion can ac- 
Masicice: jarite; quire only quantized values e,, 
)J i &, ... . In the general case 
Fonunuous continuous these energy values are degener- 
energy spectrum] energy spectrum ate, i.e. for each value e; there 


exists not one bul g; different 
states. In this connection the 
transition from the quantum-me- 


Indistinguishable chanical theory to the classical 


Distinguishable 





particles, particles, one has two aspects, as shown in 
discrete discrete Fig. 58. 

energy spectrum energy spectrum 1. With small occupation num- 

bers, particles can be assumed 

FIG. 58 approximately to be distinguish- 


able and pass from the formulae 
describing the Bose-Einstein and Fermi-Dirac distributions to the 
formulae presenting the Maxwell-Boltzmann statistics. The possi- 
bility criterion for this transition was considered in Sec. 37. 

2. The discreteness of the energy spectrum of real systems can be 
ignored, assuming energy to be a continuously varying quantity. 
It should be noted that this approximation was actually used in all 
preceding sections. 

Let us now find the conditions that make such an approximation 
possible. Let the energy of a gas particle depend on the quantum 
number n, with the meaning of this number and the nature of the 
function & (n) depending on the particular problem. The physical 
meaning of the number n and the nature of the dependence e (n) 
will be shown below to differ for translational, rotational and vibra- 
tional motions. Energy quantization can evidently be ignored if 
the distances between neighbouring energy levels are small compared 
with the energy proper. 

With large quantum numbers in all cases of practical interest 
e (n) is a homogeneous power function of the quantum number: 
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e (n) = An*; then 
Ae (n) = A [(n 4- 1)? — n2) x Aan9-! =q :0) : 


The condition ae « 1, therefore, leads to the inequality n > 1. 


Thus high levels are always closely arranged and energy can be as- 
sumed here to be a continuously varying quantity. Since at high tem- 
peratures most particles occupy high energy levels, energy quantiza- 
tion can be ignored in these conditions. 

At low temperatures, however, a considerable fraction of particles 
occupy levels with n > 1, the distances between levels being large 
and comparable to the magnitude of energy, and energy quantization 
becomes of essential importance. The exact meaning of the terms 
“high” and “low” temperatures is then established in the following 


manner. The energy of most gas particles is close to e OC T. From 
this we find the values of the quantum number, rer, that are essential 
at the given temperature: 


1 
e (nep) = Anet CX T, nax (+) oe 


Then the condition net >> 1 permits finding the characteristic tem- 
perature To, above which energy quantization is inessential; To OC A. 
It should be noted that the criterion T >> Tọ OC A differs in the 
general case from the gas nondegeneracy condition 


Tm) €t 


although both conditions are satished at high temperatures and for 
this reason a gas with discrete energy levels and a gas with contin- 
uously varying particle's energy can be both degenerate and nonde- 
generate. 

Energy quantization is to be accounted for in the problems that 
will be presented in Secs. 44 through 48. 

It should be noted that the derivation of the Bose-Einstein and 
Fermi-Dirac distributions and, consequently, the derivation of the 
Maxwell-Boltzmann distribution as their limiting case can be repeat- 
ed without any changes and will lead us to the same results; how- 
ever, the concepts of "boxes" and "cells" will then acquire another 
meaning. 

By a box must now be meant an energy level, i.e. the totality of 
states of a particle with a given energy value, and by cells individual 
states with a given energy value. If the level is not degenerate (for 
n given energy value there corresponds only one state), then a cell 
coincides with a box, and if degeneracy exists, for the energy level, 
a box, there corresponds a greater or smaller number of cells. Quan- 
tum mechanics proves that the ground energy level, having lower 
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energy, is not degenerate as a rule. It should be noted that the theory 
accounting for energy quantization by no means requires that the 
numbers g; should satisfy the condition g; > 1, which must be met 
to permit application of Stirling's formula. For this reason the method 
of boxes and cells used to derive the Bose-Einstein and Fermi-Dirac 
distributions cannot, evidently, be applied here. However, as was 
already mentioned in Sec. 36, these distributions remain valid and 
they will be again derived in Sec. 64, applying another correct method. 

Let us prove now the important Nernst theorem (already referred 
to in phenomenological thermodynamics, Sec. 10), according to 
which the entropy of a gas at T = 0 K is a constant quantity, inde- 
pendent of any variable parameters (pressure, volume, etc.). This 
constant will be shown to be equal to zero in many cases and there- 
fore Nernst's theorem is usually formulated as follows: 


S(T—0)—0, (39.1) 


although this statement fails to be universal. 

The Nernst theorem holds both for bosons and fermions. Further- 
more, if at T — OK the Maxwell-Boltzmann distribution were 
applicable to some particles, then this theorem would be true even 
for these non-existing particles, as it will be shown below. Since at 
sufficiently low temperatures a gas is actually always degenerate, 
this circumstance is of no practical use. 

Let us turn to the proof of Nernst's theorem, departing from Boltz- 
mann's formula (35.2) for the entropy in non-equilibrium states, 
S — In Wgax. Let us write down the formulae specifying the number 
of ways in which particles can be arranged over energy levels e, 
with generacy multiplicities g, for fermions, bosons and classical 
(distinguishable) particles (34.2), i 10), (36.1)]: 


Wie I GEL 


St 
Ni (gi— 1) ’ 

(39.2) 
Woi = =N! Hen Nil’ 


The energy of a gas must be minimum at absolute zero; therefore, 
all the particles of the boson system and also the classical particles 
occupy the lowest energy level (N; = 0, i 1, Ny = N), and in 
the fermion system the particles occupy n lowest energy levels, in 
accordance with the Pauli exclusion principle (N; = g; at i< n, 


"n 
N; = 0 at i >n, where YN: = N; the level with i = n can then 


i=! 
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be occupied both partly and completely, 0< XN, < gn). These 

distributions are shown in Fig. 59a, b where all g; are for definiteness 

assumed to be equal to unity. Since in formulae (39.2) all the mul- 

tipliers pertaining to the ith level become unity at N; = 0 and at 
N, = gı for a fermion system, at T —> 0, we get 

= En! _ (N+g—1)! — øN 

W= ae ND W= we’ Waar. (39.3) 

Let us assume that the ground level (g, = 1) for a system of bosons 

or classical particles is not degenerate, and that in a system of fer- 

mions the level with i — n (g, — 1) is not degenerate. Then it is 

clear that in all three cases W — 1. The physical meaning of this 


—9—9—9—9—9—9—6—9—6— SS 
{a) (b) 
FIG. 59 


result is obvious: under the conditions assumed the state of a gas is 
uniquely determined, since no particle permutations within one 
cell lead to a new state of the gas even for distinguishable particles. 
Consequently, we obtain the required result, expressed by formula 
(39.1), in accordance with Boltzmann’s formula. 

If the multiplicities g, and g, are not equal to unity (this may 
occur, for instance, for particles having spin, when the multiplicities 
of any states are equal to 2s + 1), the entropy at absolute zero is 
constant, though not equal to zero, as can be seen from formulae (39.3). 
For the case of bosons, for instance, using Stirling's formula, we have 


N —1) 
S(T—0)—In aa a (g,— 1) In N, 


and for a system of classical particles 
S(T = 0) = N In gy. 


All corollaries of Nernst's theorem (see Sec. 10) remain valid in 
this case as well, since they are based only on the fact that at abso- 
lute zero the entropy is independent of pressure, volume or of any 
other variable parameters. 

It should be noted in conclusion that Nernst’s theorem is also valid 
lor a system of interacting particles (which will be proved in Sec. 63 
within the framework of Gibbs' method). 


CHAPTER IV 
THE MAXWELL-BOLTZMANN GAS 


The preceding chapter was devoted to the general statistical laws 
for any ideal gases both degenerate, obeying the Bose-Einstein and 
Fermi-Dirac distributions, and non-degenerate, described approxi- 
mately by the Maxwell-Boltzmann distribution. Passing over to 
the solution of concrete problems, let us first consider an ideal Max- 
well-Boltzmann gas. Although the model of a Maxwell-Boltzmann 
gas is an approximate one, it is applicable, as was shown in Sec. 37, 
to molecular and atomic gases down to very low temperatures. 
At the same time, it is considerably simpler to give a mathematical 
description of a gas by means of the Maxwell-Boltzmann distribu- 
tion than with the aid of the Bose-Einstein and Fermi-Dirac distribu- 
tions. 


40. The Maxwell-Boltzmann Monoatomic Gas 
in the Classical Approximation. 
Phase Volume of a Cell and the Zero Point Entropy 


This section is devoted to the discussion of a molecular ideal gas 
at sufficiently high temperatures permitting, firstly, to make use 
of the Maxwell-Boltzmann distribution and, secondly, to ignore the 
energy quantization. 

We shall calculate the thermodynamic functions of the gas in 
this approximation, paying attention to the following important 
circumstance. [n phenomenological thermodynamics (see Sec. 19), 
the internal energy U and the entropy S are determined accurate to 
the additive constants U, and S, (arbitrary selection of the zero 
points for the internal energy and entropy). The free energy F and 
the thermodynamic potential ® are, therefore, determined in thermo- 
dynamics accurate to an arbitrary linear function of temperature, 
the heat content (enthalpy) W accurate to the additive constant, and 
only the Q-potential can be defined uniquely in thermodynamics. 

All thermodynamic potentials will be shown to be determined 
uniquely in statistical physics. The fact that the entropy S is deter- 
mined uniquely in statistical physics already follows from Nernst’s 
theorem (39.1). The entropy constant Sọ will be shown to be de- 
finitely related with the volume a of an elementary cell and, conse- 
quently, having determined the cell volume, we shall determine 
uniquely all thermodynamic potentials. 

As was already shown in Sec. 37, the equations fixing the total 
number N of particles and the internal energy U in the Maxwell- 
Boltzmann approximation permit elimination of the chemical poten- 
tial u together with the cell volume a. The elimination results in 
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that we obtain for the internal energy the expression (37.19) 
f ee P qr 
U — N dear. . 


The expression in the denominator is called the integral of states 
(statistical integral) and is denoted by Z: 


Z= f e~ Be dr. (40.4) 
It can easily be seen that the internal energy can be expressed in 
terms of the integral of states, since the expression in the numerator 
of U is equalto — 3 It follows that 
L-—N 2 (In Z) 
6 ; 
Returning to the variable 7, we obtain 


U = NT? (InZ). (40.2) 


The heat capacity of the gas can be found by the formula Cy = (27 ) y 


Thus, the internal energy of a gas is determined uniquely and the 
expression for it does not contain the cell volume a. In contrast to 
this the chemical potential although determined uniquely by the 


equation. N = g| eu- T as well, depends essentially on a: 


A ois Z N 
eum f erar =, p=T In ( a ). (03) 





By virtue of the formulae 


-N = MN, cl 
®=Np, F-O6—PV, S=—(+),, 
the cell volume a will also be present in the expressions for the ther- 
modynamic potential, free energy and entropy, and, in particular, 
will determine the entropy zero point. 

Let us now examine in greater detail the particular case of a mono- 
utomic gas in the absence of an applied field. Then, 

e=, dl— np: dpdV = 2n (2m)? et de dV, 

and the integral of states is expressed by 


Z —- 2n (2m)32V f e'/2e-elT de. 
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Introducing the integration variable z = e/T, we obtain 


Z — 2n (9m? y | zte dz = (2nmT)32V, (40.4) 
whence, according to Eq. (40.2), we find for the internal energy of 
a monoatomic gas the expression 

3 
U =o NT, 
and for the heat capacity of the gas 
3 
Cv — 5 N. 


Substituting the value of Z from formula (40.4) into the expression 
(40.3) for the chemical potential, we find 


Na 
n= Th [ rrr ]- e 


Eliminating N by formula (40.5), we obtain for the {2-potential 
the expression 


Q= —LU=—NT=— (2mm) TT, — (40.6) 
whence 
6Q V 5 
S=—(F)y, 7 s amry | 5 —F ] er. 


Expressing u/T in terms of N and T, according to (40.5), we finally 
find that 
3 8/2 (27m)?/? 
S= N In(TV35) - N In [47 C7 |. (40.7) 


The variable terms in Eq. (40.7) can readily be shown to coincide 
with the variable terms present in the thermodynamic formula (4.5) 


for the entropy of an ideal gas at y =+ . The additive constant in 


(40.7) is specified by the cell volume a. It should be noted that the 
formula for entropy derived in this section, just as the formulae for 
other thermodynamic quantities derived here, is inapplicable at 
low temperatures. One should not, therefore, be surprised at the 
fact that, according to (40.7), as T — 0 the entropy S — —oo, 
which contradicts the Nernst theorem. The thermodynamic functions 
of a gas at low temperatures must be calculated, taking into account 
the degeneracy in the gas, its non-ideality and the quantization of 
energy. 
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41. The Maxwell Distribution 


This section is devoted to the translational motion of particles of 
a Maxwell-Boltzmann ideal gas, ignoring energy quantization. For- 
mulae (37.6) yield the expression for the probability of finding the 
representative point in the volume element dT of the p-space: 


dN e */T qr 
Hier dE rr 





(41.1) 


where the expression in the denominator is Lhe statistical integral Z. 
The considered gas will be assumed to consist of molecules each having 
an arbitrary number n of atoms. Since, however, only the translation- 
al motion of the molecules is of interest to us, of all the molecular 
generalized coordinates and momenta, we shall consider only three 
coordinates of the centre of mass, z, y, z, and the relevant projections 
of the molecular total momentum &§, 1j, §, and express the energy of 
a molecule in the form 


1 
=7-+U(z, y, z) J- e', (41.2) 
where p? = Ẹ? + n? + C? = squared momentum of a molecule as a 
` whole; 
AL (z, y, z) = the potential energy of a molecule in 


an applied feld (assumed to be inde- 
pendent of molecular orientation); 

'&' — energy of the remaining degrees of 
freedom, independent of z, y, z, $, 


1. $. 

Integrating Eq. (41.1) over all degrees of freedom, except the 
translational, we shall find the probability that the centre of mass 
of a molecule is contained in volume dV and its momentum is in 
the range between p and p + dp. This probability separates into 
two factors: one depends only on the momentum, and the other only 
on coordinates: 
e7 PH 2mTay outs u, z)/T dV 


aw = (41.3) 


Pant ay, ni MG DT y ° 


which means that the momentum and coordinate distributions of 
molecules are independent of each other. Integrating Eq. (41.3) 
over the coordinates, we obtain 


e7PHImT ay 
T e Pim gy, 7 


Having specified the element of volume in the momentum space by 
tho formula dV, = 4np* dp and calculating the integral in the de- 


dW (p) — (41.4) 


206 Part Two. Statistical Physics 


nominator 


An f e- PHomTp? dp = (QnmT)3/2, (41.5) 
0 
we obtain the momentum distribution of molecules 


dW p = ra € "m pe dp. (44.6) 


Passing from the momentum to velocity, we have 


aW (v) = 4n (so) ec mettra dv. (41.1) 


Formulae (41.6), (41.7), corresponding to the Maxwell distribution, 
permit the solution of a number of concrete problems. 

Let us find the most probable velocity vp of gas molecules. For this 
velocity, formula (41.7) must assume a maximum value 


4 (pe - msi/2T) — ye-mvr/2T (2 -—) =0, (41.8) 


Vp = y (41.9) 


The mean and mean square velocities can also be readily found: 


whence 





v= f vdW (v) - Ax (z) [temer dv = (2), (41.10) 
Ü 


p= f v: dW (v) — 4a (m) | vie-meir dv= SD (4444) 
0 


It follows from the foregoing that the energy of translational mo- 

lecular motion is equal to 
a mv? 3 

The Maxwell distribution of molecular velocities is shown graphi- 
cally in Fig. 60. With rising temperature the maximum of the curve 
shifts toward high temperatures and the curve itself runs steeper 
with a more considerable “tail” extending to the region of high ve- 
locities. 

If the momentum space is cut not into spherical layers, but into 
parallelepipeds dv, dv, dv,, the distribution can be presented as a 
product of three factors of the form 


dW p) = (aor) e mde, (iz y, 2), — (4112) 


Ch. IV. The Mazwell-Boltzmann Gas 207 


which indicates that the distributions of various components of veloc- 
ity are independent. The Maxwell distribution of velocity projec- 
tion is presented graphically in Fig. 61. 

It is easily comprehended from physical considerations and can 
be checked by direct calculation that the mean value of the projections 


aw 
dvx 





Ve 


FIG. 60 FIG. 61 


Vx, Uy, V, is equal to zero. The probability that the ith projection of 
velocity falls in the range between v, and v, is 


v 


W (vi, 2) = (=) us f e-m»/27 dv, 


vi 


and passing to the dimensionless variable z — = = Vs v, we get 
P 


W (Vi, v2) = + [erf (z_) — erf (x,)], (41.13) 
where the function 
2 x 
= = —= | e-# 
Q (z) = erf (z) Vx | e^" dt (41.14) 


is referred to as the probability integral or the Gauss error function. 
It is not expressed in terms of elementary functions, but is well stu- 
died and tabulated [see, for instance, [5] where the notation (D (z) 
is used instead of the symbol erf (z)]. 

The function erf (x) satisfies the boundary conditions erf (0) = 0 
and erf (co) = 1. The function can readily be presented asymptoti- 
cally at z < 1, expanding e-7!* into a series and integrating it term- 
wise. Then, 


et (zm Fa a (1—zatt...). (41.15) 
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At large values of z (z 5» 1) [see Mathematical Appendix, AV, 
formula (V.9)) we have 
2 


(41.16) 





f(z)  1— —— 
er z21————. 
(z) TEF 
The probability that the absolute value of velocity is in the range 
between v, and v, is also expressed in terms of the function erf (z). 


According to (41.7), we have 
v2 
3/2 
W (v, v) = án (zz) f e-m?/2Ty2 dy 


vi 


xe x2? 
4 2 
"A | em Pt? dt = — —— td(e-"), 
Ya i Ya j 


where z, — PX = v= vi. Integrating the latter expression by parts, 
we obtain 
2 


y [z,e "i — z,e 7*1] + erf (z;) — erf (z,). (41.17) 


W (14, V2) = 





Problems 


1. A plate having an area S moves with a velocity u in a rarefied 
gas in the direction making an angle a with the normal. Find 
the resistance force F, if the molecular collisions with the plate 
are elastic. 


Answer. F = 2nST (1 + 2? cos? a) erf (E cos a) 


+ DL. cosae-tcos?a], where Ẹ = =. 
P 


Vi 
2. Find the density of particles dj (v), flowing with a velocity v 
in a beam, escaping from a vessel through a small opening, and 
the total flux j. Calculate the average and the most probable 
molecular velocity in the beam and compare them with the 
same quantities for a gas confined in the vessel. 


Answer. dj (v) —-nax ( T y^ e-mf2Ty3 dv, 








"22T 
jon (aig) s (E). 
pac ( 9nT \1/2 
(V 8m * 
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42. Spatial Distribution of Molecules 


Let us return to Eq. (41.3) and integrate it with respect to momen- 
tum projections: 


ge vnm dz dy dz 


aW (z, y, 2)= — : 
( f P 2G. V, DIT dz dy dz 


(42.1) 


Formula (42.1) describes the distribution in space of gas molecules, 
showing, as should have been expected, that gas molecules concen- 
trate in space regions where the potential energy is minimum. 

Let us consider a particular case of a gas placed in a gravitational 
field at altitudes small compared with the Earth radius, so that the 
potential energy 7/ (z) -- mgz. Integrating Eq. (42.1) over z and y, 
we obtain 


-mgi/T 
dW (z) — AS = Fe“ marlT dz, (42.2) 


on 
f e7™8z/T dz 
u 


Using the obvious relationship 
n(z) _ dW (2) 
n(0 . dW(0) ’ 


let us pass from the probability dW (z) to n (z), the number of mol- 
ecules per unit volume at the altitude z. This yields 





n (z) = n (0) e- nez (42.3) 
whence with the aid of the formula P = nT we obtain 
P (2) = P (0) e~ ™8/T, (42.4) 


Formulae (42.3) and (42.4) are called barometric formulae. It should, 
however, be noted that the corollaries stemming from these formulae, 
concerning the variation of pressure, density, chemical composition 
(dependence on m) with altitude are only applicable to a gas con- 
lained in a closed thermostat and cannot be applied in the case of the 
ronl atmosphere. This is owing to the fact that, firstly, the atmosphere 
ix not an isothermal system and, secondly, it cannot be in statistical 
equilibrium. 

The latter ascertion becomes obvious, if the approximate expres- 
mion for the potential energy is replaced by the expression stemming 
from Newton’s law of gravitation, 


U(r) = — ynM _ _ mgR? 


r r' 


where R is the average radius of the Earth spheroid. 
14-0799 
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Then, the probability density of finding a molecule at a distance r 
from the Earth's centre is expressed by 


D — ementirr, (42.5) 


Expression (42.5) can be seen to remain finite as r — oo and the 
normalizing integral f dW (r) is divergent, meaning that statistical 


equilibrium is impossible in a field that diminishes with distance as 
t, and that spreading of the atmosphere takes place for any planet. 

The same conclusion can be arrived at in another manner. It is 
known that for a body to escape from the gravitational field of a 
planet, it must possess a velocity exceeding the escape velocity v; — 
— V 2gR. But according to Maxwell's distribution law, at any tem- 
perature there exists a "tail" extending over the region of velocities 
exceeding v,. For this reason a fraction of molecules of the atmosphere 
continuously escapes from the planet, the fraction being the larger, 
the lower the escape velocity v,. 


Problems 


1. Normalize the Boltzmann distribution for particles in a uni- 

dimensional field 2 (z) = kz?/2 and find z (0 < 2< oo). 

2*. Particles of a gas are in a central field of a potential 4/ (r) = 

_ ( Uy ln (r/a), r « a, 

oo, r>a. 

tion. Find the heat capacity and pressure of the gas. Explain 
the paradox arising at low temperatures. 


Normalize Boltzmann’s distribu- 


43. Polyatomic Gases (Classical Theory). 
The Equipartition Theorem 


Let us apply the Maxwell-Boltzmann distribution to polyatomic 
gases. Formulae (40.1) and (40.2) remain valid, but by the quanti- 
ties dV and dV, in the expression for the volume in the p-space, dT' =: 
— dV dV,, must now be meant the products of the differentials of 
all generalized coordinates and of all generalized momenta respec- 
tively. 

In the absence of an applied field the energy of a molecule is equal 
to the sum of the kinetic energy, known from mechanics to be homo- 
geneous quadratic function of momenta a;,p;p, (the coefficients a;n 
generally depend on the generalized coordinates g;) and the potential 
energy of atomic interaction. (Below, we shall follow the known Ein- 


* The problem was suggested by G. L. Kotkin and V. G. Serbo. 
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stein condition, according to which repeated indices are summed.) 
Upon elimination of the translational and rotational motions of a mol- 
ecule as a whole, the internal motion of atoms in a molecule is small 
oscillations about an equilibrium position, in which the potential 
energy is at a minimum. For this reason close to equilibrium the 
potential energy is a homogeneous quadratic function of generalized 
coordinates characterizing the molecular configuration, i.e. of all 
coordinates less those that describe the position and orientation of 
a molecule as a whole. The quantity ?/min is assumed to be the zero 
point for the potential energy and the equilibrium point, the ori- 
gin of coordinates q;. The number of these "internal" coordinates is 
equal to 3n — 5 for an n-atomic molecule, if the molecule is linear 
(the equilibrium positions of atoms are arranged along one straight 
line), and to 3n — 6, if the molecule is nonlinear. In fact, the posi- 
tion of a linear molecule is fully given by three coordinates Ze, yc, Ze 
of the centre of inertia and two angles, while the orientation of a non- 
linear molecule in space is given by three angles. Thus, the poten- 
tial energy is expressed by the product b,,4,g,, where b,, are con- 
stant coefficients. It follows that 


€ (Qd, p) = Gi PiPn + 5540705; 


and in the case of small deviations from equilibrium the coefficients 
1,4, can be assumed to be constant (in the above expression summation 
is carried out over i and k from 1 to 3n, over r and s from 1 to 3n — 5 
in the case of linear molecules, and to 3n — 6 for nonlinear mole- 
cules). By the foregoing we have 


Z=BV f e P isPiPAIT Ilar f eWPratrtel? TT dq. 
I t 


‘The factor V appears in the above formula as a result of integration 
over the coordinates of the centre of mass of a molecule, and the 
constant dimensionless factor B as a result of integration over the 
angles specifying the molecular orientation in space. 

To make explicit the dependence of this integral on temperature, 
tho variable p, is replaced by P,T!/? and g, by Q,T'/2, resulting in 
that the integrand becomes independent of 7 and the factor 7"/2, 
where J is the total number of differentials present in the integral for 
Z, is taken out of the integral sign. If a molecule contains n atoms, 
the number of generalized momenta equals 3n and the number of 
"internal" generalized coordinates is equal to 3n — 5 or 3n — 6. 
Consequently, l = 6n — 5 for a gas of linear molecules and l = 

6n — 6 in the case of a gas of nonlinear molecules. In both cases | 
I^ the sum of the number of the translational and rotational degrees 
ul freedom and of the doubled number of vibrational degrees of free- 


l4 
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dom. It follows from here that 
Z — const. re. 


and, according to formula (40.6), we obtain 


ð ya l 
U=NT? -y (mT )=-z NT. 


For one mole of a gas 
© l Ux 
U=5 NT, Cy —NA. 


The obtained result can be formulated as the so-called equipartition 
theorem. Each translational and rotational degree of freedom contri- 
butes to the internal energy of one mole of a gas an amount of energy 
represented by the term N 47/2 and into the molar heat capacity the 
term N 4/2; each vibrational degree of freedom contributes twice as 
much, i.e. the contribution is presented by the term NAT in the 
expression for the internal energy and by the term N in the expres- 
sion for the heat capacity. 

Thus, classical physics gives all kinds of intramolecular motion 
equal status (the contribution of the vibrational degrees of freedom 
is twice as high due to the presence of the potential energy, equal 
on the average to the vibrational kinetic energy, whereas the trans- 
lational and rotational motions are associated with the presence 
of only kinetic energy). For monoatomic gases, in particular, clas- 


sical theory predicts the following values: Cy = X Na, Cp = E Na, 


y= i It could appear at first sight that for monoatomic gases exper- 
imental results substantiate these predictions: the measured heat 
capacities of these gases are close to TN A: 


This agreement with experiment is, however, only apparent, for 
there is in fact a striking discrepancy between the prediction of 
classical theory and results of measurement. The point is that atoms 
are by no means material points with three degrees of freedom, but 
they consist of a nucleus, built from nucleons, and an electron shell. 
The actual number of degrees of freedom of an atom is, therefore, 
equal to 3 (Z -'- A), where Z is the atomic number and A the number 
of nucleons in the nucleus. The measured heat capacity of monoatomic 


gases is, however, close to 2. Na This only indicates the fact thal 


in contradiction with the laws of classical physics the electron and 
intranuclear degrees of freedom do not contribute to the heat capa- 
city, i.e. they are "frozen". A similar situation is encountered in the 
case of polyatomic gases. If the electron and intranuclear degrees «f 
freedom are ignored, the equipartition theorem predicts for all di- 
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atomic gases, for instance, the same heat capacity C , equal to 4 Nay 
whence C p = + N a and y = I Experimental studies show, however, 


that al moderate temperatures Cy = Na Cp = Na and y = i 


for all diatomic gases. The heat capacity Cy diminishes with tem- 
perature and reaches the value of 2 N , for H, and D,, which cannot 


be reached for other gases since liquefaction of the gas takes place. 
On the contrary, the heat capacity iricreases with rising temperature, 


but the theoretical value of the heat capacity Cy =4 Na is not 


reached, since dissociation of gas molecules into atoms begins. 

The reason for the discrepancy between experiment and the pre- 
dictions of classical theory will be considered in Secs. 46 and 47, 
showing that the contradiction vanishes in the theory that accounts 
for energy quantization. 

The Boltzmann distribution can be used to determine the proba- 
bility density for any generalized coordinate and any generalized 
momentum. These distributions acquire a very simple form when 
we introduce the so-called normal coordinates in which, as is known 
(see, for instance, [6]), the quadratic formulae for the kinetic and 
potential energies reduce simultaneously to the diagonal form: 


€ — Qpi b,qr. 


Integrating the Boltzmann distribution over all momenta and coor- 
dinates, except those of interest to us, we obtain 


2 2 
APP a, -b,aHT y 
< Pi aW (qr) =- gr 


—a, p? . -b,q?/T 
fe rit dpi je ane dq, 


aW (pj) = 


i.e. the Gaussian distribution for each normal coordinate and for 
each generalized momentum. 

The equipartition theorem can be formulated not for the energy 
of one mole of a gas, but the average energy of a molecule. Each rota- 


tional and translational degree of freedom con tribute + to the average 


molecular energy, and the contribution of each vibrational degree of 
freedom amounts to T. The advantage of this statement of the equi- 
partition theorem consists in that it is applicable not only to ideal 
classical gases consisting of molecules, but also to individual, non- 
interacting with each other objects with an intricate internal struc- 
ture, considering each such object as a molecule. This technique will 
be applied, for instance, in Sec. 52 for a classical treatment of light 
radiation, and it will be used in Sec. 53 for heat capacity of crystals 
in the classical approximation. 


214 Part Two. Statistical Physics 


Problem 


Find the classical value of Cy for gases: CO, (linear molecule), 
H,O (non-linear molecule), NH;. 


44. The Maxwell-Boltzmann Gas with Two Energy Levels 


Let us consider a system of non-interacting particles, obeying the 
Maxwell-Boltzmann distribution and having two energy levels 
€o = 0 and e, = e with degeneracies gy and g, respectively. An 
example of such a system, for instance, is the totality of N particles 
with magnetic moments y fixed at the sites of a crystal lattice. If the 
spin of these particles is s — 1/2, then the energy of each such par- 
ticle placed in a magnetic field with an intensity H acquires two val- 
ues: —pH, if the magnetic moment is parallel to the field, and pH, 
if the magnetic moment is antiparallel to the field. Of a considerably 
greater interest is the fact that many physical systems with quan- 
tized energies at low temperatures are similar in their thermodyna- 
mic properties to a two-level system. Such similarity appears when 
at sufficiently low temperatures the number of particles on all levels, 
beginning from the third level and higher, is small compared to the 
number of particles occupying the first two levels. Situations of 
this kind will be encountered below in Secs. 46, 50, 51. 

Write the expressions for the level occupation numbers: 


No= goe"/T, N= gue, (44.1) 


Finding the chemical potential from the condition Ny + N, = N, 


N 


-eg/T , 


eT = —— 
Bot hie 


we obtain 
7 E 
Rias nin í ora 
ne tT 
N,—N ETIN n" : (44.3) 
The internal energy of the system is expressed by 


Neg,e~2/T Neg, 
U = Ne = ——_- = ——MÁÀÁÉÁÁL— 44.4 
1 gote ™T goete (aasa 


and, differentiating energy U with respect to temperature, we get 


— AV gor (e/T)* eei T 
Co e ea C d 
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The heat capacity of the system diminishes as T — 0 in proportion to 
e-T and at T — œ, as T^? and, consequently, the heat capacity 
reaches a maximum value at a certain temperature Tmax (Fig. 62). 
Let us find the temperature corresponding to the maximum heat 
capacity, Tmax, and the width of the maximum, assuming the ratio 
of the degeneracies of the excited and ground states, g,/go, to be expo- 
nentially large, In (g,/go) > 1. 
dC 


Differentiating Eq. (44.5) and equating the derivative jp (9 zero, 


we find for Tmax the specifying equation 





£ f £ e/Tmaxt2 
RI In =" +1n "RIS m (44.6) 


for which at In (g,/gj) >> 1 the approximate solution is 
(44.7) 


T max = 


en 
ln (£1/g9) ` 


Substituting into Eq. (44.5) the value of Tmax from Eq. (44.7), 
we find the maximum heat capacity 


Cmox =-7 N In? (g,/g0), (44.8) 


and the relationship CmarâT ~ AU = Ne permits to estimate the 
width of the maximum: 


áe 
ATO Ta (81/80) ` 

The physical interpretation of the obtained results is obvious. 
For a two-level system there exists a range of temperatures, close to 
Tmax, within which an inten- A 
sive transition of particles from 
the ground level to the excited Cmax 
takes place. Below this tempera- 
ture the main fraction of partic- 
les occupies the level e, = 0 / 
and above this temperature the 
distribution of particles over 
energy levels approaches the 
uniform one, Nji/N,z gg. If 


In (g,/89) >> 1, the order of mag- Tmax € T 
nitude of the temperature Tmax, 
at which a considerable frac- FIG. 62 


tion of particles has already 

passed to the level e, = e, is ln (g,/g,) times smaller than e, and the 
temperature interval within which this transition occurs is still 
ln? (g,/g9) times smaller. 
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It follows from the foregoing that in a two-level system the larger 
the ratio of the degeneracies of the excited and ground levels, the 
lower the temperatures and the narrower the temperature interval 
within which the transition to the excited state occurs. These regu- 
larities remain quantitatively valid for systems with more than 
two energy levels, if the third level is separated from the second by 
a sufficiently large energy interval, so that at low temperatures a con- 
siderable fraction of molecules occupy the first two levels. 


Problem 


Find Tmax, Cmax and AT for the limiting case g,/g) < 1 (con- 
trary to that considered in this section). 


e 4 g e? 
Answer. Tmar= 5: Cmax 2 zr p N> AT — —7- e. 


49. Quantization of Translational Motion 


Considering in Sec. 40 a monoatomic ideal gas, we have found the 
thermodynamic functions of the gas, assuming it to be nondegenerate 
and neglecting energy quantization. In this section, again assuming 
the gas to be nondegenerate, we take into account the energy quan- 
tization of particles moving in a vessel of confined volume. 

The Maxwell-Boltzmann statistics with quantized energy permits 
the introduction of the concept of the sum over states (also referred 
to as the partition function) Z, identical with the concept of the inte- 
gral of states. 

Eliminate from the expressions 


N= 2 get 9977, U= x g,e, eU 07 


the chemical potential to obtain 


—e;T 
Yee | 


GaN 2S 
Nac 7 
- 

1 

Introducing now the partition function 

Z= Xi ge, 
1 
we can rewrite the above formula to read 
a 
= 2 — 
U=NT ar (In Z). 


The Q-potential of gas is found by formula (38.17): 
Q = — TenTZ. 
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(We consider it useful to recall that in all formulae of this section 
the summation sign » implies summation not over the arbitrarily 


1 

introduced energy "boxes", but over the quantized energy levels, 
and therefore the numbers g; denote the level degeneracies.) 

Let us turn now to the problem on the quantization of energy of 
a particle in translational motion in a vessel of confined volume. 
For the sake of simplicity the vessel is assumed to be a cube with 
an edge L. As is known from quantum mechanics (see, for instance 
[7]) the permissible values of the energy of a particle confined in a. 
box with impermeable walls are given by the formula 


h? 
E (n4, Mg, Ms) = gps (Mi + ni n) 


and the wave function of states with a definite energy is 








. nı nr . Nany . ngAz 
(Ny, Ny, n3) =C (ni, Ny, ny) sin ( X ) sin ( 9A ) sin (^7 , 


where n,, M2, m3 are integers assuming the values of 1, 2, 3,.... 
The values n; = 0 are inadmissible, since in this case the wave 
function becomes zero identically; neither should negative values. 
of n, be assumed to be independent, since upon a change in the sign 
of n; the wave function is only multiplied by —1. 

For each set of numbers n,, no, na there exists one particle state; 
therefore, the partition function must involve summation over n, 
Ng, n3 independently over all values from 1 to oo, and the degeneracy 
g (Ni, n; Na) must be assumed equal unity. The energy levels 
e (r4, ns, n3) are assumed then to be degenerate with a degeneracy 
equal to the number of solutions of the equation n] + nh + nt =n 
expressed in integers; however, this degeneracy is accounted for 
automatically due to the fact that summation is performed not over 
the energy levels, but over all values of n, ry, n5. 

The partition function is expressed by 


2-3 3 X er[- (tnm) 
1j—1 ne=l 713—1 


f NE ou sod 
(Beare 


n= 


where the characteristic temperature for translational motion, Ti, 
in specified by the formula 


fmc (45.1). 


t= BamL? C 
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Let us introduce the function 0 (z), defined by the formula 


0(z)— M ema, (45.2) 
n=- 
"The definition of the function 0 (z) infers its asymptotic representa- 
tion at large values of the argument, z >> 1: 


0(z) —1-4-2e-77* 4-2e-75744-... . 


We shall also need the asymptotic representation of the function 
9 (x) at small values of the argument, z « 1, and it is rather dif- 
ficult to find it from formula (45.2). It can, however, be found using 
the functional equation for the function 0 (z) [see Mathematical 
Appendix, formula (VI.5)]: 
1 1 

8(z) -— 8 (=). 
‘The formula for the partition function can be presented with the 
aid of the function 6 (z) in the form 


z- [3-1]. 


and the functional equation for 0 (z) permits representation of the 
partition function in the form 


—O (Ey [e( n y «T 
- -V T. 
It should be noted now that according to (45.1) the characteristic 
temperature T, is inversely proportional to L? or V??. Therefore 
at any finite temperature the ratio 7,/T < 1 and all higher powers of 
T,/T must be successively dropped at the thermodynamic limit, ana 


the function 0 (7/74) should be replaced by unity. Then, according 
to the latter formula, 


14 (0T \3/2 4, (2m Ty? 
Z-4 (4) =o. (45.3) 


Since at high temperatures it is admissible to ignore energy quanti- 
zation, expression (45.3) must coincide with the integral of states 
divided by the cell volume a, since when passing to integration g, 
turns into dI'/a, and not into dT. Comparing (45.3) with Ze/a from 
formula (40.4), we find a = &?. The attention of the reader is drawn 
to the fact that in this section we have solved for the first time tho 
problem formulated in Sec. 33, i.e. we have found the volume of an 
elementary cell, a, for a six-dimensional p-space of three translation- 
al degrees of freedom. This volume turned out to be equal to /?*. 
It will be shown in the following section and also in Sec. 48 that 
‘similar results can be obtained when considering rotational and 
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vibrational degrees of freedom: each degree of freedom introduces 
into the cell volume a the factor h. It should be emphasized that this 
result is obtained within the framework of the Maxwell-Boltzmann 
distribution for a nondegenerate gas, but with account taken of 
energy quantization. It will be demonstrated in Ch. V that the cell 
volume a can be found experimentally and with no account taken of 
energy quantization, but for the objects obeying the Bose-Einstein 
and Fermi-Dirac distributions, namely, for highly degenerate gases. 
It should be noted in concluding this section that since the charac- 
teristic temperature 7, of translational motion must be considered 
equal to zero, quantization of translational motion does not change 
the formulae for the internal energy, heat capacity, entropy and 
chemical potential derived in Sec. 40. 


46. Diatomic Gas. Rotational Degrees of Freedom 


Calculating in Sec. 43 the energy and heat capacity of a polyato- 
mic ideal gas in the frames of classical approximation, we proved 
the energy (and also heat capacity) equipartition theorem. The result 
obtained was presented in the form 


N N N 14-2 
pc C ra MC EE 
where | is the number of translational and rotational degrees of 
freedom of a molecule plus the doubled number of vibrational de- 
grees of freedom. This result was shown in the same section to be 
in disagreement with experimen- 
tal data. The heat capacity of di- Cy| NA 
atomic gases, for instance, in- 


stead of being equal to 5 Na, 


changes with temperature, follow- 
ing a step curve, shown sche- 
matically in Fig. 63 (the dotted 
suction of the curve is valid only 
for H, and D,). In addition to 
this discrepancy with experimen- 
tal results, the equipartition law FIG. 63 
contradicts the Nernst theorem, 
necording to which the heat capacity must tend to zero at T— 0. 
‘The two contradictions can be removed if we make use of the 
approximation mentioned in Sec. 39 and, assuming the gas to be 
uondegenerate and using the Boltzmann distribution, take account 
lor the quantization of energy levels. In this case all kinds of mole- 
cular energy are quantized: translational, rotational and vibration- 
al, The minimum portions (quanta) of these kinds of energy, how- 
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ever, sharply differ in magnitude. By the orders of magnitude the 
quanta of translational energy Ae, rotational Ae,, vibrational 
Ae,, electronic Ae, and nuclear energy Ae, are related as follows: 


Ae, K Ae, «& Ae, K Ae, < At. (46.1) 


It follows that the characteristic temperature 7, for the transla- 
tional, T, for the rotational, T, for the vibrational, Te for the elec- 
tronic and 7, for the nuclear motions also satisfy a similar in- 
equality: 

T.«T,«T, «T,.« Typ. (46.2) 


Studying the quantization of translational motion in the preced- 
ing section, we learned that the characteristic temperatures for 
translational motion, 7,, were extremely low and, therefore, 7, « T 
and Ae, < T at any temperatures attainable. This means that the 
translational motion makes completely a classical contribution to the 


internal energy of a gas (3 NAT ) and to itsheat capacity (3 Na) ‘ 


It should be recalled that the gas degeneracy temperature is consi- 
derably higher than the characteristic temperature T, and at T < T, 
the gas does not obey the Maxwell-Boltzmann distribution at all, 
not to mention the fact that at such temperatures all gases liquefy 
or solidify. 

Let us consider now qualitatively the behaviour of the other de- 
grees of freedom of a diatomic gas. 

So long as the molecular energy, which is proportional to T, is 
smaller than 7, (T < Ae,), the rotational and the more so the vibra- 
tional degrees of freedom are not excited during collisions and the 
gas behaves as a monoatomic gas. At higher temperatures Ae, < 
< T < ^£,, the rotational degrees of freedom become excited dur- 
ing collisions, but oscillations remain frozen, and the heat capacity 


Cy = i N a. Finally, at T > T, vibrations of atoms initiate, but at 


the same time quasi-elastic molecular bonds are ruptured, i.e. mol- 
ecules dissociate into atoms and, therefore, oscillations never make 
full classical contribution to the energy and heat capacity, N 4T and 
N 4, per each degree of freedom. The electronic degrees of freedom 
(electron excitation and atomic ionization) "come into the play" 
at still higher temperatures, T e~ (10* to 105) K, when the gas be- 
comes plasma. Finally, excitation of the intranuclear degrees of freedom 
(thermonuclear reactions) takes place at temperatures of the order 
of Ta~ (107 to 108) K and above. Such is the rough explanation of 
the step curve shown in Fig. 63. 

Let us turn now to a more detailed examination, beginning with 
the rotational degrees of freedom and limiting ourselves in this sec- 
tion to the consideration of molecules consisting of two different 
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atoms (CO, HCl, etc.). Gases whose molecules consist of two similar 
atoms will be treated in the following section. 

Quantum mechanics proves that the energy of a rotating particle 
with two rotational degrees of freedom, of a three-dimensional rota- 
tor, is specified by formula 


h2 
Er = gay (l+ 1), (46.3) 
where | = rotational quantum number, / = 0, 1, 2,...; 
J = moment of inertia of particle. 
In the case under consideration, J — ma?, where m = 


m m 
is the reduced mass of the atoms forming the molecule, and 2s the 
interatomic distance assumed here to be constant, ignoring the effect 
of atomic oscillation on the rotational motion. 

Energy levels [formula (46.3)] are degenerate and the degeneracy 
is equal to 21 + 1, since at a given value of the square angular momen- 


2 
tum, M? = ia L (1 + 1), its projection on a certain direction may 


mM, 


h h 
assume all values from —4 3; i? +1 2x 
Thus, the partition function 


Z= Y (21+1)exp [A25] 
i=0 


Introducing the characteristic rotational temperature 


hà 
T= tu? (46.4) 
let us rewrite the expression for Z in the form 
d i riti 
Z= S QU texp[ -F ]. (46.5) 
t=0 


Series (46.5) is not found in the finite form, and we shall consider 
two limiting cases. 
High Temperatures T >> T',. The distances between the rotational 
energy levels are then small compared to the average energy, 
eA T 
T. aa «1, (46.6) 
and energy quantization can be ignored, assuming the rotational 
energy to be a continuously varying quantity. Therefore in this 
upproximation the partition function must coincide with the inte- 
gral of states divided by the phase volume of a cell for rotational 


degrees of freedom, za (cf. Sec. 39). 
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In classical mechanics rotational energy is expressed by the for- 
mula 


e, => [62+ sin 6g?], 


where 0 and q are the angles determining the direction of the molecu- 
lar axis (Fig. 64) chosen as generalized coordinates. The respective 
generalized momenta are equal to 


pos E. Jp. p, — Č = J sin? 09. 
o0 


ap 

Energy is expressed as a function of generalized coordinates and 

momenta by the formula 
Pj + p2/sin® 0 


Er = oF (46.7) 


Consequently, the integral of 
gtates will have the form 


zx 2n oo eo 
Za= j d | do | apo j dps 
0 0 -œw -œ 





P+ pi/sin? 0 
FIG. 64 xexp[ — LIT =]. 


Integrating first over q, pg and p, then over 0, we obtain 
Zgq—822JT. (46.8) 


On the other hand, in the limiting case under consideration, the 
expression for the partition function can be replaced by the integral 
over l, since at 7,/T < 1 the summed up expression 


(214- 1) e Tix 0T 


changes slightly as l changes by unity. 
Let us transform Eq. (46.5) by means of Euler's summation formula 
(see, for example, [8]) that can be here presented in the form 


5 O= 10aa- Fy 0+ f(9)1 
i=0 0 
+ HIF (9)—f'(001—... (46.9) 


(the function f (1) is assumed to be integrable on the interval (0, 00) 
and all its derivatives are considered to be finite at l > 0 and | — oo). 
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The series on the right-hand side of formula (46.9) often turns out to 
be divergent; its first terms, however, usually give for a slowly vary- 
ing f (l) a good approximation for the sum of the series on the left- 
hand side of formula (46.9). 

In the case under consideration, substituting / (I) = (2l + 1)x 


x e Ti 17. We obtain 


=) e 780 (074-4) i 1- px : Tr Teo [(I- Ty ]: (46.10) 


0 
The integral in expression (46. 10) c can be evaluated, and we obtain 


Z,~ [i4 1 Tes (£y ]. (46.11) 


whence, expanding In[1 + ic +5 sly ] into'a series, we 
find the expression for the interna] energy: 


U, = NT? d. (InZ.) = NT (1-4 7-4(4)’)- (46.12) 





3 T 45V T 
For the rotational heat capacity we have 
C, - 5 N [1 (4) )]ev (46.13) 


Formula (46.13) shows that at T > T, the heat capacity C, ap- 
proaches its classical limit N from above and, consequently, has a 
maximum value at a certain temperature Tmax. Numerical inte- 
gration yields the value Tmax zz 0.817,, and the relative value of 
the maximum of C, (compared to the classical limit N) amounts to 
1.1. The origin of the peak on the curve C, becomes clear if we recall 
the results obtained in Sec. 44. 

At temperatures T x; T, the relative number of particles occupy- 
ing the level | = 2 and higher levels is rather small, and it can be 
estimated by the formula 


Ni _ (24e Te UHT 
” S op crim 
I-0 


and at T ~ T., l = 2 amounts to about 0.9  10-?. It follows that 
at T < T, rotational degrees of freedom of a molecule behave like 
8 two-level system. The ratio of the degeneracies for the second 
(L = 1) and the first (l = 0) levels equals 3, and though the ratio 
is not very large, it is sufficient for the maximum to appear on the 
curve representing heat capacity as a funclion of temperature. 
Equating the limiting value of the partition function (46.11), 
Z = TIT, to the quantity Z,)/a, (a, is the phase volume of a cell 
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for rotational degrees of freedom), we find that 
âr = h?, (46.14) 


Low Temperatures T < T.. In this limiting case the terms in the 
partition function (46.5) decrease rapidly with increasing l, and it is 
sufficient to take the first two terms of the series: 


Z,—1-4-3e^? iT. 
‘Then, we have 


U,— NT: 7- [1n (1 3e 77) ] x 6NT,e TT, — (46.15) 
€, —42N (ZE)? eT, (46.16) 


According to the Nernst theorem, C, and U, tend to zero as T — 0. 
"Thus, the rotational degrees of freedom are fully excited and contrib- 


ute respectively YAT and TA to the internal energy and heat 


capacity at T >> T,, and “freeze out" at T & T.. 

It should be noted that the rotational characteristic temperatures 
are inversely proportional to the moment of inertia J and, therefore, 
the maximum values of 7, are associated with gases whose molecules 
are composed of light atoms and are of a small size. The order of 
T, for most gases is (1 to 10) K, i.e. the characteristic temperature 
is lower than the condensation temperature and it proves impos- 
sible to observe the "freezing out" of rotational degrees of freedom 
for such gases. 

The "freezing out" of rotational degrees of freedom, associated 
with energy quantization, can be observed only for the DH gas 
whose rotational characteristic temperature is about 64 K, which 
is higher than the liquefaction temperature of this gas. 

Concluding this section, let us calculate the chemical potential 
of rotational degrees of freedom, the expression for which will be 
used in Secs. 50 and 51. 


By the formula N = Y! g;e^^ °T we have 
i 


u = T In (N/Z). 


Substituting Z in the form of a product of the partition functions 
of the translational, rotational and vibrational degrees of freedom, 
Z = ZZ,Z, (it should be recalled that the relation between oscil- 
lation and rotation is ignored in this section), we obtain 


pr = —T ln Z; 
{the term 7 In N is included in w in formula (40.5)]. 
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Substituting the value of Z, in the two limiting cases of T >> T, 
and T < T,, we find at T > T, 


B —TInT4TInT,— —TlnT4Th(g hy) (46.17) 





and at T < T, 
pe — T ln (1 4- 3607/7) zz — 3767?" (46.18) 


47. Molecules Consisting of Identical Atoms. 
Ortho- and Paramodifications 


If a gas molecule consists of two identical atóms, a newsymmetry 
element appears in it: the state of the molecule does not change upon 
atomic permutation or upon reflection in a plane of symmetry. This 
leads to some changes in the thermodynamic functions of the gas. 

These changes can be readily found in the case where the gas tem- 
perature is high compared to the characteristic rotational tempera- 
ture, T® 7,, so that energy quantization can be neglected. The rota- 
tional integral of states then must be divided by two to account for 
the equivalency of the states differing from one another by the atomic 
permutations. The expressions for U, and C,, remain unchanged and 
the additional term 7 In 2 appears in expression (46.17) for the 
chemical potential. 

The changes in gas thermodynamics appearing in the case when 
T < T, are of a particular interest. We assume, however, the gas 
to remain of the Maxwell-Boltzmann kind, i.e. its temperature is 
considerably higher than the degeneracy temperature. As has been 
nlready mentioned, such a situation can occur only for molecular 
hydrogen H, and deuterium D,. Only these two gases will be dealt 
with in the following treatment. Let us first examine in greater detail 
ihe case involving hydrogen. 

A hydrogen molecule is formed by two protons having spins s = 

: 1/2. The total spin S* can, therefore, acquire the values of S* = 

-0, 1 with degeneracies gss = 25* + 1, equal respectively to 
Ks» = 1, 3. Modifications with a greater statistical weight are called 
orthomodifications (in the case of hydrogen orthomodifications are 
molecules with parallel proton spins for which S* — 1 and the sta- 
listical weight equals 3/4), while modifications with a smaller sta- 
listical weight are referred to as paramodifications (for hydrogen 
these are molecules with antiparallel spins for which S* = 0 and 
tlie statistical weight equals 1/4). In quantum mechanics use is made 
af the so-called adiabatic approximation in which, due to the large 
magnitude of the ratio M/m (M is the mass of the nucleus and m is 
the mass of the electron), the wave function of a molecule is expres- 
sul by the product of the wave function of nuclei and the wave 
function of electrons [7]. 


16-0799 
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In the nuclear centre-of-mass system the wave function of nuclei 
is the product of the coordinate function R (r, 6, «) and the spin 
wave function y (0,, 0,), where r, 0, «, are the spherical coordi- 
nates of a "particle" having a reduced mass M/2 in the centre-of-mass 
system, and 0}, 0, are nuclear spin variables (spin projections on 
the direction of the moment quantization axis, c, = +1/2). As is 
known from quantum mechanics [7], the symmetry of a coordinate 
wave function with respect to nuclear permutation, i.e. inversion 
of the radius-vector r, is determined by the rotational quantum num- 
ber l, and the parity of this function P, = (—1)', while the parity 
of the spin function is specified by the expression (—1)5**!. Since 
the total wave function of a system of protons (Fermi-Dirac partic- 
les) must be antisymmetric, then for orthohydrogen the rotational 
quantum number l can assume only odd values 1, 3, 5, . . ., and 
for parahydrogen, only even valuesO, 2, 4, . . .. For this reason the 
partition function for hydrogen in thermodynamic equilibrium is 
expressed by 


1 Z 
Z= Z +4 Z= y (21+ 1)e TL 1T 


I-1.3,... 


1 = 
+7 D (Abt tye MORO, (47.1) 


1=0,2,¢-. 


whence all thermodynamic functions of the gas can be found. We 
can find, in particular, the ratio of the number of molecules of ortho- 
hydrogen, No, to the number of molecules of parahydrogen, N}, 
in thermodynamic equilibrium: 


No a Za 
ye 8 Ze (47.2) 





At temperatures high compared to 7,. the two partition functions, 
Zo and Zp, can be approximately replaced by integrals, and as 


T — oo they will tend to the limit $ Za = An*JT [see Eq. (46.8)! 
with the ratio N,/N, tending to 3, in such a high-temperature gas 
No= PN and Np = iM On the contrary, at T « T,, we have 


Zo zz 3 exp [—2T,/T] and Zp ~ 1, and the ratio No/N, becomes 
rather small: in a sufficiently large time interval practically all 
molecules pass to the ground level ! = 0 which corresponds to 
a paramodification. 

It should be noted that for pure ortho- and paramodifications of 
hydrogen the curves presenting heat capacity as a function of tem. 
perature behave in a different manner. The curve Cp (T) has a maxi 
mum and there is no maximum on the curve C, (T) (Fig. 65), which 
is due to the fact that the ratios of degeneracies of the normal ani 
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excited states for ortho- and parahydrogen are different. For para- 
hydrogen (l =: 0, 2) this ratio go/g) = 5 is sufficiently high for a 
“two-level” maximum to appear. For orthohydrogen (i = 1, 3) 
this ratio is g5/g, — 7/3 and the “two-level” effect is small. The curve 
presenting the heat capacity of a 

mixture of para- and orthomodifi- Cr/N, 

cations as a function of tempera- 
ture has, however, a maximum 
(dotted line in Fig. 65). 

It should be emphasized, how- 
ever, that the transitions be- 
tween the energy levels of ortho- 
and paramodifications proceed at 
a rather low rate, especially at 
low temperatures, which can be 
explained by the fact that the FIG. 65 
spin of one of the protons can be 
"turned over" only by magnetic interactions that are rather weak in 
ordinary conditions. For this reason, at not very high temperatures 
and in the absence of special catalysts, hydrogen behaves over rather 
long periods of time (days or even months) as a mixture of compo- 
nents not changing into one another. The thermodynamic functions 
of such a metastable state must be calculated, therefore, as for a 
mixture. 

Let us consider by way of illustration the following problem. One 
mole of hydrogen, having initial temperature T, high compared to 
T+, was rapidly cooled to temperature T < T, and kept for a long 
time in a constant-volume thermostat, until the gas passes into 
a completely equilibrium state. 

Let us find the change in the external energy, the change in entropy 
and in the quantity of heat liberated during the cooling process. 


Since the initial mixture consisted of i N a molecules of orthohydro- 





gen and IN A molecules of parahydrogen (in the course of rapid 


cooling from temperature T,» T, to T « T, this proportion had 
not changed), the initial rotational chemical potential must be cal- 
eulated for the mixture of the two gases: 


3 1 
H=- Hot | Hp. (47.3) 


Since the number of orthohydrogen and parahydrogen molecules 
changes as thermodynamic equilibrium sets in, the term 7 ln N 
must be included in the rotational and not the translational chemical 


potential. According to formula p, = —T In (7), for the poten- 


ine 
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tials uo and pp we have 








3/4Z N 
po= —Tln( san) =T zy 
11/4Z N 
—-—TIl P) =T n= 
Hp ^ (Aw ) "MT 
whence we find that 
3 1 
n7 [my — X1 Z,— 7-122, . (47.4) 


In the final state Ny zz N, No « N and 
t=T [1n N —1n (+20) ]. 
The change in the chemical potential is expressed by 
Au =pr—m=7 (1n Z; — n Zy In 4). 
Substituting at T«& T, the approximate values 
Zo 3e TT Zo ad 


(in Zp we drop the exponentially small term Be 9Tr/T). we finally 
obtain 
Ap — T ($-1n34-In4— 3-4), 
whence the change in molar entropy Š is 
AS = — Na Sh = — PA an (35.49). (41.5) 


Thus, as equilibrium sets in, entropy diminishes. This, naturally, 
is not in contradiction to the law of entropy increase for irreversiblo 
processes, since here the gas is not heat-insulated but placed in a 
thermostat where it transfers heat and, consequently, entropy to 
the thermostat (this will be shown below). From the viewpoint of 
statistical physics the decrease in entropy in the process under con- 
sideration is accounted for by the gas passing from a "more degene- 
rate" to a "less degenerate" state. 





ni f 
Nol NI WAYS " 
subdividing the molecules into groups of orthomolecules and para- 
molecules and, secondly, the state of each of the orthomolecules ix 
nine-fold degenerate (at T « T, practically all orthomolecules are 
in a state in which / = 1 and there exists a three-fold spin degeneri- 
cy, S* = 1, and a three-fold degeneracy in orbital momentun). 
Therefore the total number of methods of realizing the initial stale 


Actually, in the initial state, firstly, there exist 


is equal to 


3N ,/4 
naige PA! 


— — VAY ANN 3N 4/4 
BANUAN p TA ^. 


W, 


[Stirling's formula N! = (N/eN is used here]. In contrast to this, 
the final state is determined uniquely. All of the N 4 molecules are 
in a parastate with S* = 0, 1 = 0, and W, — 1. Hence, by the 
Boltzmann formula S = ln W, we obtain again the same result: 
AS = In p = — “4 In (35 x 4). The change in the internal 
energy of the gas can be calculated thermodynamically, for instance, 
by the formula F = —T ln (Ze/N) = U — TS. 

Preference is given, however, to elementary calculations based on 
3 
4 
ecules pass from the level ! = 1 to the level ! = 0, ignoring the small 
number of particles occupying other levels. The result is 


the assumption that in the process under consideration — N 4 mol- 


3 3 y, Œ 
AU, =} Nalerliso— erll = — Na gay 2=— S NíTe (47.6) 


Since the process works isochorically and the gas performs no work, 
AQ = AU, and AQ = — $ N4T,. It should be noted that because 


the process is non-equilibrium the quantity of heat cannot, of course, 
be calculated by the change in entropy, since the formula AQ = 
= T AS is invalid. 

Similar results can also be obtained for molecular deuterium D,, 
with the following changes. Since each deuteron has a spins = 1 
and is a boson, the total spin can assume the values S* = 0, 1, 2 
with statistical weights i. 35 $ respectively. The spin wave func- 
Lion is antisymmetric in states with S* = 0 and S* = 2, and, con- 
sequently, the coordinate wave function must also be antisymmetric 
(in a boson system the total wave function must be symmetric). 
Combining the two cases, the name orthodeuterium is given to a gas 
whose molecules have an even spin. The statistical weights of these 
2 and, just as in the case of orthohy- 
drogen, they combine with the odd values of the rotational quantum 
number l = 1, 3, .... 


states are equal to 3 + 3 = 


The states with S* = 1 form the paradeuterium having a statisti- 
cal weight $ and even values of l (l = 0, 2, ...). 


The remaining results should be calculated by the reader. 
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Problem 


Find the change in energy, entropy and in the quantity of heat 
when one mole of D, passes to an equilibrium state at 7 = 
= const (T < T). 


Answer. A$— — 5- NAln3, AQ— 5 Nal. 
ti 


48. Vibrational Degrees of Freedom 


Let us turn now to a consideration of the vibrational degrees of 
freedom of a diatomic molecule, limiting ourselves for the present 
to treating small oscillations, so that the potential energy can be 
assumed to be a quadratic function of the deviation from equi- 
librium and the oscillations to be harmonic. 

It is well known that the energy of a one-dimensional oscillator 
is determined in quantum mechanics by the formula 


Eg — hv (n4). 
0 /— 
where v =V Ž * = frequency of a relevant {classical oscillator 
(m is the reduced atomic mass, x is the quasi-elastic 
constant); 
n — quantum number, assuming the values n— O, 1, 2, 
The energy levels of the oscillator are nondegenerate, so that all 


Ea = 1. 
The partition function has the form of a geometric progression 


o 
Zy = Dy e-hvoimrm, 
n=0 
and :ummation of the latter yields 
e hN/2T 


dS— —ÁNm 


Introducing the characteristic vibrational temperature 
T, = hy, (48.1) 


let us rewrite the above expression for Z, to read 
ely /2T Je /2T 
Zy = —————S— = os SS: (48.2) 
ur c m 
Let us consider two limiting cases. 
High temperatures T < T,. Energy quantization is immaterial 
in this case and the partition function must pass approximately into 
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the classical integral of states divided by a,, which is the phase 
volume of a cell for rotational motion. 
Vibrational energy is written in classical mechanics as 
p? xg? 
Ev 2m 72 75 


where p = vibrational momentum (p = mq); 
.x = quasi-elastic constant; 
q — generalized coordinate—the difference between the in- 
slantaneous interatomic distance r and ils equilibrium 
value a 
The integral of states, therefore, acquires the form 


X x 
Za = | dq e—*vi2t | dpe-v'/2mT, 
Ze ce 


Evaluating the integral, we obtain 


Ze\=2aT y Bat (48.3) 


On the other hand, at T >> 7,. retaining only the first terms in 
the expansion of the exponential function in formula (48.2), we 
obtain for the partition function the expression 


=r (1 m) (48.4) 


Equating this limiting value of Z, to the quantity Z,,/a,, we find 
that the phase volume of a cell 
a, =h. (48.5) 

Thus, using the vibrational degrees of freedom as an example, we 
have shown once more how to determine the phase volume of a cell, 
a == k, where f is the number of degrees of freedom. 

The energy and heat capacity of vibrational degrees of freedom are 
expressed in the limiting case hes the formulae 


Uy = NT? (In E (t =) )} 


p 7 
=NT (4435 m) SNT, (48.6) 





Cy = N ( ae Ee (48.7) 


(C, is the vibrational heat capacity at constant volume); the result 
obtained agrees with the equipartition theorem. 
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Low temperatures 7 < T,. In this case we obtain from formu- 
la (48.2) 


Z, = e T/T (+ evi. 
whence 


U,- NT S [+ in(t pe 7) |=NTy (7 +e TT), (48.8) 
Cy=N (uem (48.9) 


In accordance with Nernst theorem, C, — 0 as T — 0. The inter- 
nal energy of vibrational degrees of freedom tends to NT,/2 = 
= Nhv/2 as T + 0. The latter expression represents the sum of the 
zero-point energies of N oscillators. 

It should be noted that inasmuch as the characteristic frequencies 
of molecular oscillations are of the order of 10 to 10° s-!, the char- 
acteristic vibrational temperatures of different gases lie between 
10 and 10‘ K, i.e. the oscillations are practically frozen at room 
temperature and make only a small contribution to the heat capacity. 
Therefore for temperatures T, < T < T, the heat capacity of 
gases can be calculated approximately by the formula 


C m NA. (48.10) 


where i is the total number of translational and rotational degrees 
of freedom (i — 3 for monoatomic gases, i — 5 for polyatomic linear 
and i — 6 for nonlinear molecules). 

It should be noted that in the temperature interval indicated the 
heat capacity C, can be assumed as an approximation to be con- 
stant and the gas to be perfect. This approximation is used in pheno- 
menological thermodynamics (Ch. 1). 

Let us find the non-degeneracy condition for a diatomic ideal gas 
and compare it to the conditions neglecting the discreteness of the 
energy levels of the rotational and vibrational degrees of freedom. 
As to the discreteness of the energy levels of translational degrees 
of freedom, it need not be taken into account at low temperatures, as 
was shown in Sec. 45. The conditions under which energy quantiza- 
tion need not be accounted for have the form 


T»T—4 (48.11) 


for rotational motion and 
To» Ty = hv (48.12) 


for vibrational motion. 
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Let us compare these conditions with the gas non-degeneracy re- 
quirement, i.e. with the condition for the validity of the Maxwell- 
Boltzmann distribution (see Sec. 37). For a polyatomic gas, just as 
for a monoatomic gas, this condition, according to formula (37.7), 
is e-&T/ œœ 1, and if the condition is satisfied, e^^7 can be found 
by the formula 





e-uT = f | e-erar- 4 ZZ... 


Substituting the values of Z,, Z,, Zy from formulae (40.4), (46.11) 
and (48.4) into the equation describing the extreme case of the Max- 
well-Boltzmann distribution, we obtain the gas non-degeneracy 
requirement in the form 


We AZ A. 


or 





V (2numT 43/2 8n2JT T 
Cm) r wdi (48.13) 
Substituting the numerical values of molecular gas density at atmo- 
spheric pressure, N/V ~ 10™® cm-?, of molecular mass m ~ (10-** to 
10-*4) g, of its linear dimensions l~ (10-7 to 1079) cm (J & mb’), 
of molecular oscillation frequencies v ~ (10'4 to 10!5) s^! and the 
numerical values of the constants, we obtain the estimate 


T > Taeg zz (10716 to 10755) erg ~ (1 to 10) K. (48.14) 


With rising pressure the gas degeneracy temperature increases in 
proportion to (N/V)2/"o¢ P?/7, i.e. rather slowly, and this estimate 
could change significantly only at densities so high that the gas 
can no more be considered an ideal one. 

Condition (48.11) at which quantization of rotational energy can 
be ignored is, generally speaking, stronger than the condition for 
the validity of the Maxwell-Boltzmann distribution, and almost 
coincides with it. The characteristic rotational temperatures of 
molecular hydrogen and deuterium, for instance, are high: 85.4 K 
and 43 K respectively, and in the temperature interval from ~10 K 
to T, the rotational energy should be assumed to be quantized (the 
rotational degrees of freedom "freeze out"), and the gas to be non- 
degenerate. For molecular nitrogen and oxygen (7, = 2.85 K and 
T, — 2.07 K respectively) the criteria (48.11) and (48.13) practical- 
ly coincide, and above the relevant temperature the gas should 
he assumed to be non-degenerate and the rotational energy non-quan- 
tized, with the reverse being true at lower temperatures. 

Finally, condition (48.12), at which quantization of the rotational 
energy can be ignored, is much stronger than the non-degeneracy 
requirement and, as is known, it is not fulfilled for either gas. For 


234 Part Two. Statistical Physics 


this reason in the temperature interval (1 to 10) K and almost up 
to the dissociation temperature the vibrational energy of a diatomic 
molecule must be assumed to be quantized (the vibrational degrees 
of freedom to be frozen), with the gas being described by the Boltz- 
mann distribution. 

In concluding this section let us consider the problem of the inter- 
relation between the vibrational and rotational degrees of freedom 
and the changes in the thermodynamic properties of a gas caused by 
this interrelation. 

The effect of atomic oscillation in a diatomic molecule on rota- 
tional motion manifests itself in the moment of inertia J = mr? 
(where m is the reduced mass and r is interatomic distance) not being 
constant and changing with r. The relative change in the moment of 
inertia is small at low temperatures, and the interrelation between 
oscillations and rotation can be ignored, as was done in Secs. 46, 47. 

Let us estimate qualitatively the temperature 74 below which 
such separate treatment of oscillations and rotation is valid. 

The validity condition for such individual treatment is, evidently, 
the fulfilment of the inequality 27/1? « 1, where z = r — l, and 1 
is the mean interatomic distance. In accordance with the Maxwell- 
Boltzmann distribution, the probability of the interatomic distance 
being equal to z is proportional to e-me?x?/2T and the probability 





is not small only when z? <2. Consequently, the order of mag- 
nitude of z* is the same as that of Ir It follows from this that 


the condition for a weak interrelation between oscillations and rota- 
tion acquires the form 7 « Ta, Ta œ Jw’. Substituting the values 
of m~ 10-?* g, w ~ (10 to 1015) s-!, l~ (107 to 10°) cm, we 
find for Ta the estimate Ta ~ (10° to 10-5) erg ~ (10* to 105) K. 
Thus, when dealing with small molecules built of light atoms the 
interrelation between oscillations and rotation must be taken into 
account even at temperatures of several thousand kelvins. At these 
temperatures, however, the atomic oscillation amplitude is of a 
considerable magnitude, and the oscillations can no longer be consid- 
ered harmonic. The effect of the interrelation between oscillations 
and rotation must be treated together with the anharmonicity of 
oscillations. The two effects are generally of the same order. 


49. Thermal Ionization of Atoms 


We return in this section to the mass action law (see Sec. 31) 
and consider the thermal ionization of atoms. We shall limit ourselves 
to not very high temperatures, at which single ionization prevails. 
The equation of the reaction is 


At +e-— A? = 0, (49.1) 
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the stoichiometric coefficients being equal to v4 — 1, v. = 1, 
va = —1, so that the mass action law acquires the following form: 
oa XT 

e (49.2) 





(we have modified somewhat formula (31.8), allowing for the fact 
that the chemical potentials of gases are related now not to one 
mole. but to a single atom, and that temperature is measured in 
energy units). 

Let us first consider the right-hand: side of Eq. (49.2) and find 
the chemical constants for the gases of neutral atoms, ions and elec- 
trons, assuming the three gases to be monoalomic, so that only 
translational degrees of freedom exist. Hence, the chemical poten- 
tials of the three gases can be found by formula (40.5). An additional 
term will, however, be added to the expressions for the chemical 
potentials of atoms and ions, &g;. representing the ground energy of 
the electron shell of the ith atom (ion). While a “pure” gas was being 
considered, the ground energy could he selected so as (o serve as a 
reference point. But this becomes impossible for a mixture of gases, 
since the quantity £y; is not the same for different gases. 

Thus. p; is expressed by the formula 


=T In E (uu J^] ea 
=T InP, +e;—2 T In T+Tin[— (um 

whence the chemical constants in formula js 3 are 
Xi =e — 5 T ln T +7 In [= —\ (49.4) 


The term Divine in the exponent in formula (49.2) is found to be 





—)^] (49.3) 


2am; 





(zs; 


expressed by 


ROM DNE. S 3 T4. T In 2k 

2i wi - I~ 5 TinT+ 2 T |n Sum T in n 

where J = €94+ — £g4 is the ionization energy; m is the mass of 

the electron (the terms containing m 4 and m a+ vanish, since mas zz 

zc m 4) and the factors 2, g, and ga in the last term are the degen- 

eracies for an electron and the ground electronic levels of an ion and 
un atom. 

Allowing for Sv, = 1 and making use of the equation of state 


1 
P = NTIV, we obtain for the reaction constant the expression 


> 3/2 3/2 
K (P, T) 1 2e: (Zam) T5/2e- UT a= Pes (30) / T??,- rm 


-OP ga M ga V h 
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Let us consider now the left-hand side of (49.2) and express all the 
concentrations in terms of the number of ions N, (which is equal 
to the number of electrons N .) and the total number of heavy par- 
ticles, both ionized and neutral, Ny, which is plainly constant. We 
have 
TEE Na 
Wee ARS TAS- 

where the total number of particles N and the number of neutral 
atoms N 4 are expressed in terms of chosen variables: 


Na =No— Ne, N—-2N., TL NA— Not Na 
Consequently, the concentralions z,, z., z4 are equal to 


WE C. | No—N. 
T+=2_-= RFN,” TA= HEN," (49.5) 





the mass action law 


Introducing the degree of ionization a = x, 
0 


can be rewritten to read 


a 9e(T, V), (49.6) 


1—a 





where « (T, V) is a dimensionless function 
(T V) 8. Ps ( 2nmT \ 3/2 e-IIT (49 7) 
HENS ag \ eS 


It should be noted that if in formula (49.4) pressure is not expressed 
in terms of temperature and volume, the degree of ionization is 
described by another equation 

a -= P-K (T), 


1—a? 











from which follows Saha's equation 


1 
ms 49.8 
V1+P-K (T)’ ( ) 
defining the degree of ionization as a function of pressure and temper- 
ature. Equation (49.6) is more convenient if the ionized gas is 
confined within a vessel of fixed volume. The solution of this equa- 
tion has the following form: 


a(T, V)- —e(T, V)--V qe (T, V)+2¢(7, V). | (49.9) 


It follows from Eq. (49.9) that there is a critical temperature Ter 
in the neighbourhood of which the function q (T, V) is close to 
unity. At T >> T, we have q (T, V) >> 1 and, expanding the term 
(1 + 297 7, we find from Eq. (49.9) the degree of ionization to be 
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close to unity, a (T, V) = 1 — 197. At T & Ta, O(T, VK! 


and «(T, V) = V29(T, V) <1, indicating that the degree of 
ionization is small. Let us estimate the magnitude of the critical 
temperature Ter, rewriting for this purpose Eq. (49.7) in the form 


ec, V)=(z) e 


were tlie temperature denoted by 7, equals 


2/3 2/3. 4: 
To= (£4) Kaj” 


E+ V 2m : 


-I/T 
, 





It should be noted that temperature 7, is usually very small, 





no more than a few degrees on the absolute temperature scale for 
plasma with a density of 1015 em-?. In contrast. the temperature 
corresponding to the ionization energy J is «quite high. being of the 
order of tens of electronvolts or (10° to 109) K. Equating the func- 
lion q (T, V) to unity, we obtain the equation 

I 3, Tu I 3, I 3 I 

Ter = zilnz., or | a ik ae eee Pe 


With the account taken of the large magnitude of the parameter 
l- Ter, the approximate solution of the above equation is 


I 
T or = Tae oe a 
> In (1/79) 


The temperature at which a considerable proportion of atoms is 
ionized is much lower than the ionization energy T, by + In (I/T 9) 
times. 

The physical reason for this can be easily understood when it is 
considered that the two-level effect must manifest itself in this 
problem as well: in addition to the energy of translational motion 
continuously varying with temperature and the effect due to the 
change in the number of particles because of ionization, there are 
two levels of internal energy of the atom and the ion, differing from 
one another by J. This effect manifests itself most vividly as a result 
of the fact that the ratio y of the statistical weights of the final state 
of the electron lying in the continuous spectrum and of the initial 
state of the electron in an atom, associated with the discrete spec- 
trum, is rather small. The estimate of this ratio is 


y AIL ee a 


BA h3 : 
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where p is the mean momentum of the free electron. Substituting 
p = (2mTy!P, we find 


which coincides with the pre-exponential factors in Eq. (49.7), accu- 
rate to the numerical coefficients. 

In this way the two-level effect explains the high value of the 
pre-exponential factor (the smallness of the parameter Tọ), respon- 
sible for the “shift” of the beginning of ionization in the direction of 
temperatures lower than /. 

The reader can confirm for himself that the heat capacity of an 
ionized gas, Cy, plainly tending to a value of NA at low tempera- 
tures (non-ionized gas) and to a value 3N, at high temperatures 
(completely ionized gas), has a sharp maximum at T ~ T,,—the 
two-level effect. 


Problems 

1. Find the "rate" of single ionization, T, estimate the 
temperature at which ionization is maximum and the tem- 
perature interval in which = markedly differs from zero. 


Plot the graph of the dependence « = « (T). 


Answer. o! = ($+) Up ele ee (Fig. 66), 


T) T VEF 

3/2+I/T 1 
2 Cw ST at T>T er, 
a= I = 1 

vin ST at T «To, 
ATI. qe. 8I 


(Tc) ^ 1 3 In? (//To) ` 


2. Find the heat capacity of singly-ionized plasma and inves- 
tigate the dependence of its behaviour on temperature. 
Consider the limiting cases T < Ter and T > Ter- Assum- 
ing I/Tmax >> 1, estimate approximately the temperature 
Tmax at which the heat capacity is maximum, and also 


v max: 
Answer. =i ü-e-Y 929) 
3 1 I \2 9--1— Y F+29 ; 
+($+7) QUEE. (Fig. 67), 
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2 [ee (E (BY) «rers. 


Cv 
GM 2d 
^» (afiti (F x] at Peer, 
[^ I 42 
Tmax ~ Ter, Yas (rn) Phar > 1. 


Hint. The temperature corresponding to maximum heat capa- 
city is found from the equation Pmax = V 2 — 1 zz 0.41. To 


CrfNo 





FIG. 66 


find Cy max, leave only the term ~ (J/T in the expression for 
Cy/N, and find its maximum value. 


50. Thermal Dissociation of Molecules 


Making use of the mass action law, let us consider in this section 
the problem of the dissociation of a molecule consisting of two like 
atoms: 


2A — A, = 0. (50.1) 
The stoichiometric coefficients v4 = 2, v4, = —1 and for this 
reaction the mass action law has the form 
2 =i - Dv, xT 
iP $ ei = Prieta AVT, (50.2) 
ZA, 


The essential feature of the problem being considered is that, strictly 
speaking, it cannot be solved with the aid of vibrational thermody- 
namic functions calculated in a harmonic approximation. Indeed, 
if in the expansion of potential energy we limit ourselves to the 
terms that are quadratic in the deviation from equilibrium inter- 
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atomic distance, then in such an (oscillator) potential field (curve 7 
in Fig. 68) only finite motion of atoms is possible with a discrete 
energy spectrum, and the dissociation of a molecule into atoms 
cannot be described in this approximation. Strictly speaking, dis- 
sociation can be described by accounting for the anharmonicity of 
oscillation and also for the link 
between oscillations and rota- 
tions. Then, a potential barrier 
appears (curve 2 in Fig. 68) and 
the transtion to a continuous 
spectrum becomes possible—the 
relative motion of atoms be- 
comes infinite. Such a rigorous so- 
FIG. 68 lution of the problem of disso- 
ciation is, however, rather in- 
tricate and cumbrous (see, for instance, [9]) and we shall limit our- 
selves to a less strict, but simpler method of solving the problem. 
We shall consider vibrational thermodynamic functions in a har- 
monic approximation, assuming that not all oscillator levels become 
excited, but only p lower levels (p~ 5 to 10), with higher-lying 
“levels” being already arranged in the continuous spectrum region. 
In this approximation we have 





p Pau a QUTD TT) 
a —(n41/2) TL /T — = 5 
Z = 2 e-(r ) T,/T — : VN (50.3) 
n= 
and 
py= — T ln A= +T In >on + (50.4) 


For x4, we obtain 


hv 7 je T 
o= 8 5 y T In T+T in Ii OF DWT 


+Tin[ (2) o]. 609 


4nm mmlag , s 


Making use of expression (49.4) for x 4 and of the equation of state 
P = NTIV, we find for the right-hand side of Eq. (50.2) the expres- 
sion 
gà mU? y ia 4e PT E 
en AP (=) et? Seer (50.6) 
where I = 2£g4 — £o4, — Av/2 = dissociation energy; 

l = mean molecular size. 
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Introducing as a variable the degree of dissociation a = N A/N,, 
where N, = Na + 2Na, is the constant total number of atoms, we 
obtain for the total number of particles the expression 


N - NA Na NV IT 





and for the concentrations z4 and z4, the expressions 
_ 2 _ i—e 
TA = TFa’ TA = T ra . 
Equation (50.2) acquires a form similar to that of Eq. (49.6): 


a’ 


Toa = 2e(7, V), (50.7) 
where 
2 1/2 es 
ga (min) ^V 4—e T " 
e(T, V) = ig, AEN, 1? aE e-!/T, (50.8) 


Further reasonings are similar to those described in detail in the 
preceding section, and so only the results will be set out here, leav- 
ing to the reader the relevant calculations by means of solving the 
problems for this section. 

The method of solving Eq. (50.7) depends on whether the value 
of the function ọ (T, V) is large or small. Denote by Ter the tem- 
perature at which q (Ter, V) zz 1. Then, at T & To, 


1/2 V 


2 
(T, V) m4 (=) Ac TUte-IIT 1. 
0 


16g, AP n 


The temperature hv is of the same order of magnitude as the dis- 
sociation energy equalling about (10° to 105) K witha zz V 2 « 1. 
At T > Ta the function q (T, V) increases (although rather slowly) 
and assumes the value q — 1. The degree of dissociation then ac- 
quires the order of a ~ 1 — 1/2 q^!. The critical temperature Ter is 
specified by the equation 

( Ter ae foe gt 


T) accen ~i, (50.9) 


2 2 

where T, = ( Peas r2) GL. The approximate solution of 
ah V m 

this equation has the form 


I 
1i mim, 
2 0) 


Tor zm 


(50.10) 


(the terms e^^vT and e-»*hv/T are rather small at T~ To), 
and, as in the preceding section, we arrive at the conclusion that 


10-0799 
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dissociation proceeds actively at temperatures that are several 
times lower than J. This is again traced to the two-level effect and 
to the large statistical weight of the states with continuous-spec- 
trum compared to the statistical weight of the bound,state. 


Problems 
1. Prove formula (50.10). 


2. Find the derivative2? and estimate the width AT of the 


dT 
interval within which dissociation proceeds at a noticeable 
rate. 
da (1, I| 9 9T1—Y FF 
Answer. ip CptT)TO VEN 
IV 1 
d Vin $T at T«&Tc, 
aT 1, Iù) 4 1 
(+++) we <p at TT 
da 4-1 ere, 241 
AT ~ (T e VT CTUM) 


3. Find the heat capacity of a partly dissociated gas and inve- 
stigate its dependence on temperature. 


Answer. =r ttet E+ m 


{No at T<Ter, 

conf Ex at T», 
N I 3 

Lae in? pM» RN at TT. 


91. Paramagnetic Gas in a Magnetic Field 


Let us consider a gas consisting of molecules having a constant 
magnetic moment m and placed in a homogeneous permanent mag- 
netic field of intensity H. 

The potential energy of such a molecule is determined by the 
formula 

u (0) = —uH, (51.1) 


where 0 is the angle between the directions of p and H. Inasmuch 
as the potential energy depends only on the direction of the mag- 
netic moment p, the molecules are uniformly distributed in space. 
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Consider first classical particles for which the spatial direction of 
the magnetic moments may continuously vary so that any orienta- 
tion of the moment is possible. The distribution of molecules over 
the directions of u is given by the Boltzmann f-,+mula (42.1) 


aN _ OUO dQ 

(VT PLO an” 
where dQ = sin 0 d0 dg is an elementary solid angle. Integrating 
this expression over q. we obtain the distribution in 8: 


aN (0) _ exp [BH cos0] sin dO 


(51.2) 


N n 
V exp [Bp cos 8] sin 8 d8 
0 
The integral in the denominator is equal to 
x 
Z(6)= f exp [BuH cos 6] sin 8 gg = 2575 GEM, (51.3) 


0 


Let us find the average value of the projection of the magnetic 
momer.t on the direction of the field. It is clear that the mean values 
of the projection of the magnetic moment in directions perpendicular 
to the field are equal to zero. In this case 


poos8=p f cos 9 2 


a 
V exp [By cos 0] cos 8sin 040 
0 1 


ð 
= ur ra Z (p). 
f exp [pH cos 0] sin 0 d0 
0 


Substituting the value of Z from (51.3), we find that 
pcos = -i qp In EE) — p [ coth (Bull -5y |- 


Introducing the notation L (x) = coth z — 1/z, we find that the 
magnetization M = Ny cos 0 is equal to 


M — NuL ($F) 2 MoL (57-), (51.4) 





where M, = Ny is the maximum magnetization reached as H — oo 
or T — 0. The function L (z), referred to as the Langevin function, 
characterizes the degree of orientation of elementary magnetic mo- 
ments for a given field and temperature. The implicit form of this 
function has already been used in Sec. 15. The parameter z — 


fie 


t 
ES 
is 
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H Mill 
T Naf 
the mean magnetic energy to the mean energy of thermal motion. 

Let us consider in greater detail the behaviour of the function 
L (z) in two limiting cases. 

Strong fields and low temperatures, r — pH/T > 1. In this case 





represents by the order of magnitude the ratio of 


L (z) g 1 —-L — 4, (54.5) 


T xm 


and the saturation takes place. i.e. magnetization is maximum in the 
case of strong field and low lemperatures. 

Weak fields and high temperatures, x - HiT « 1. In this case, 
expanding the exponentials e+* in powers of z up to terms —z?, 
we obtain | 


1 zi z > 

cothz e — (1 Tu) L (z) z - «1. afi(51.6) 

The degree of the magnetic dipole orientation is small with weak 
fields and high temperatures. [t can be seen that the parameter 
L' (0), used in See. 15, is equal to L’ (0) = T 
Formula (51.4) is purely classical and does not account for the 
quantization of magnelic-moment projections. The projection of 
the magnetic moment of an electron in the direction of a magnetic 
field is shown in quantum mechanics to assume only discrete values. 
For an unbound particle with spin j, for instance, the projection can 
be equal to —p, eam. Savas di E p, where p is the 


maximum value of the magnetic moment projection, equal to 


h 





where us = m = Bohr magneton; 


me 
j = spin quantum number, which can be both an integer 
and half-inleger. 
The expression for p, = p cos 0 is 





J 
u > F epnHs/j 


j 


m= = p (1n y etutu) : 
y me i-i 


sm-j 
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The sum of the geometric progression under the logarithm sign is 


equal to 
; 1 
sinh [ Suz (1+) ] 
sinh (ppH/2)) ’ 
and magnetization is expressed by 
M = MoL; (BuH) = Moly; (H/T), (51.8) 


where the Langevin quantum functions L; (H/T), also referred to as 
Brillouin functions, are determined by the formula 


L,(z)— (1 Tx) coth [ (1 tu) z |- coth (z) 61.9 


and depend essentially on j. It should be noted, however, that all 


quantum functions L; (z) Z>» 1 (strong fields and low temperatures), 
which leads to the saturation eflect —maximum magnetization. In 
fact, as z — oo, coth az — 1 and, according to (51.9), L, (z) — 1. 
In the reverse limiting case z << 1 (weak fields and high tempera- 
tures) expansion (51.6) gives 


L,(z) — HE z «1, (51.10) 


and the magnetization is weak. 
The slope of the curve L; (x) is equal to L' (0) =- H^ at the 
coordinate origin and depends essentially on j. In particular, at 





j= i (electron gas, for instance) we have 
M=Molip (44) =M tanh (47), Lio (0) —1. (51.11) 


It can readily be seen that the classical Langevin function L (x) 
is the limit of the function L; (z) as j — oo. 


CHAPTER V 


DEGENERATE GASES 


52. Equilibrium Thermal Radiation. Photon Gas 


Let us first consider within the framework of classical ideas equi- 
librium radiation in a cavity whose walls are at a temperature T. 
From the viewpoint of classical physics equilibrium radiation in a 
cavity is a system of standing waves with different frequencies v, 
and different propagation and polarization directions. The object 
here is to solve the problem that could not be solved by the methods 
of phenomenological thermodynamics (see Sec. 17), i.e. to find the 
spectral radiant energy density p (v, T). 

We shall base our reasonings on the energy equipartition law (see 
Sec. 43), according to which each vibrational degree of freedom (each 
elementary wave) makes a contribution to the mean energy, equal 
to T. For this reason, in order to determine p (v, T), it is necessary 
to find the number of different standing waves per unit volume with 
frequencies in the range between v and v + dv, and multiply this 
number by 7. Assume for the sake of simplicity that the cavity is 
a cube with edges of length l orientated along the coordinate axes 
(it is clear that the result cannot depend on the shape of the cavity). 

The equation of a standing wave is 


= A sin (fr + 6), (92.1) 


where y means either an electric or magnetic field of the wave and f 
is a wave vector the direction of which coincides with the direction 
of wave propagation, and its magnitude is f = 21/4 = 2nvic; ô is 
the initial phase and A is the wave amplitude. Let us impose periodic 
boundary conditions stating that a whole number of {waves can fit 
along each of the cube edges. Physically this is associated with the 
fact that either nodes or loops of the standing waves are observed 
at the walls, depending on the reflecting properties of the walls. 
When-^e, the conditions 


fil =m,-2n, i = 1, 2, 3,...,m = 0,41, —2, ... (522) 
(f; are the projections of a wave vector). The wave frequencies assume, 
consequently, quantized values 

v= =$ mat Vit mit mm. (52.3) 


Let us introduce the space, „of numbersm,, ma, ms (Fig. 69) and denote by 
dn (v) the number of various waves with frequencies ranging between 
v and v + dv, equal to the doubled (at the expense of two independent 
polarizations) number of integer coordinates m, between the spheres 
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with radii m and m + dm. Since for each such point there is a cube 
of unit edge (unit volume), the required number of points equals, 
with great accuracy, the volume between the indicated spheres. 
Therefore, 


8513 


dn (v) = 2 -4nm? dm = —3 





v? dv. (52.4) 


Assuming in formula (52.4) B = V = 1 and multiplying by T, 
we find the spectral radiant energy density 


pv, T) - JST. us, (52.5) 


Formula (52.5) expresses the Rayleigh-Jeans law. The physical 
corollaries of this law were discussed in Sec. 17, where formula 
(52.5) was seen to be unsound. 

Let us consider now radiation as a gas of light quanta, or photons, 
possessing the following properties. Photons move with the velocity 
of sound in a vacuum and are, 
therefore, particles with zero 
rest mass, m, = 0 (which fol- m3 
lows, even if only from the ener- 
gy formula E = m,c*/ V 1 — vi/c?). 

The relationship between energy 

and momentum, which for “ordi- 

nary” particles with m, <0 is ex- m2 
pressed by E? = mic* + p?c?, is 
expressed by E -—cp in the 
case of photons. Photons have 
integer spin equal to unity, 
and they are, therefore, bosons, 
meaning that the number of pho- 
tons in an elementary cell is 
not limited and can have any value. Furthermore, since photons 
are emitted continuously and absorbed again by the cavity walls, 
the total number of photons is not fixed, and the condition SN; = 


FIG. 69 


1 
:= N is not applicable to a photon gas. For this reason the Lagrange 
factor œ and the chemical potential associated with it are not involv- 
ed in the problem under consideration. The formal meaning of 
this is that in the Bose-Einstein distribution for photons the chemical 
potential, related to a by the formula p = aT, must be chosen equal 
to zero and 

daN = 22 (52.6) 


eT 4 * 
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Thus, of the two equations 
N- ( 2dT 


2e dV 
s a(et/T —1) ' v=| 


J a(e*/T —1) 


the first changes its purpose. It defines not the chemical potential 
for a photon gas, which is exactly equal to zero, but the average 
number of photons in volume V. 

Substituting dI = 4np? dp dV = Ane? de dV/c?, integrating over 
the volume and assuming V - 1, we obtain for the radiant energy 
density the following expression: 


8 3 
p (e, T)- FL (52.7) 


Integrating with respect to e, we find for the volume energy density 
the expression 


u(T)= fete Tde= se puo ARTS (0285) 


; c?a e£/T 4 


where K, = n*/15 [see Mathematical Appendix, formula (ViI.3)]. 
The formula thus derived expresses the Stefan-Boltzmann law (see 
Sec. 17) 





u = gT* (52.9) 
and the expression for the constant o is 
8n5ki 


where T is measured not in energy units but in kelvins, k is the Boltz- 
mann constant. 
It follows from the above that the cell volume a is expressed by 
8n5k* 


=a (52.44) 


and is measured in cubed units of action; substituting o = 7.56 x 
X 10-!5 erg/cm?- K found by experiment, we obtain with a very high 
degree of accuracy* 


a = 279.72 x 1079! erg3s3 = 53, 


* Attention is drawn to the fact that the quantum constant h is not present 
in formula (52.11) and the cell volume a is found from the essentially classical 
formulae (52.6) through (52.9), which do not account for energy quantization 
but are based on the particle indistinguishability principle (the Bose-Einstein 
distribution). By contrast, in Secs. 45, 46 and 48, the volume of a cell was deter- 
mined within the framework of the particle distinguishability hypothesis (the 
Maxwell-Boltzmann distribution), but with energy quantization being taken 
into account, meaning that the constant h was always present in the formulae 
employed. 
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It should be noted that if we return to the energy temperature 
scale and substitute the found value of a = k’, the coefficient in the 


å 7 ' E 815 
Won: . ; ; 4 mo = 
Stefan-Boltzmann law u (T) - 0'T* will be equal too’ : Tea = 
25 te? 
NX where y - = l is the fine structure constant. Dirac 


Uwe 33i 
found (unpublished report) o' to be equal to (Axe), accurate to 
five decimal places. It follows that the reciprocal of the fine struc- 
ture constant is expressed by 


15e^ * 


hz 5 ni 1/3 
at=137 .4a? (———) ; (52.12) 
which is (rue lo a very high degree of accuracy. This coincidence is. 
interpreted by Dirac in the following way. Classical electrodynamics, 
like modern quantum electrodynamics, treats the concept of electrical 
charge quanlizalion as a foreign concept introduced from outside, 
i.e. from the viewpoint of electrodynamics an electron. could carry 
a charge as small as desired. But as e — 0, we would have o' — oo. 

The coming theory of elementary particles must elucidate the 
reasons for charge quantizalion and establish the meaning of the 
expression xA == 137, relaling relativism (c), quantization (A) 
and the theory of elementary particles (e). 

At the same time, there are reasons to believe that even in this 
theory of elementary particles the expressions for o' and « will 
cease to be simple coincidences and will be rationally explained. It is 
of interest to note that at one time many papers appeared, in which 
the authors proceeded from the fact that the quantity a-! = 137 
is an integer, and endeavoured in different ways to impart a physical 
meaning to this quantity. If Dirac's idea is accepted, then, accord- 
ing to formula (52.12), o! is not an integer, but merely a number 
that has "disguised itself" as an integer with a high accuracy, and 
that the reasonings based on it being an integer have no meaning. 

Let us make use now of Planck's formulae relating the photon ener- 
gy and momentum with light wave frequency, e = hv, p = hyle. 
These formulae express the wave-particle duality of light, with the 
conversion factor k being used when passing from a wave descrip- 
tion to a corpuscular one. The Bose-Einstein distribution (52.6) 
then acquires the form 


8n vidvdV 
and for the spectral radiant energy density we obtain 
Banh 3 
p(y, D=- UI. (52.14) 
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Formula (52.14), referred to as Planck's formula, played a major 
role in the development of physics at the beginning of the twentieth 
century. Planck was the first to use quantum ideas in his theory of 
radiation, which then developed into the harmonious, well-composed 
and all-embracing theory of microprocesses-quantum mechanics 
and quantum field theory. 

Let us consider two limiting cases. In the low-frequency band, 
when hv/T «& 1, by expanding the denominator in formula (52.14) 
we find that 
8nT 
c3 


piv, T)= 





yi (52.15) 


It is naturalthat in this limiting case of low-energy photons the 
‘corpuscular properties of light do not manifest themselves, and the 
derived formula coincides with the classical Rayleigh-Jeans law. 
In the opposite limiting case, 
when hv/T >> 1, Planck's formu- 
la reduces to 


p(v, T) — 9 vsert, (52.16) 


This formula was suggested by 
Wien and agrees well with exper- 
imental data for high frequencies. 

The dependence p (v) is plotted 
in Fig. 70 at a fixed temperature 
T = const in accordance with Planck's formula (curve 7). For com- 
‘parison p (v) according to Rayleigh-Jeans' formula is shown as a 
dotted line (curve 2), while a dot-and-dash line represents the same 
dependence in accordance with Wien's formula (curve 3). 

Wien's displacement law is a corollary of Planck's formula (see 
Sec. 17). In contrast to phenomenological thermodynamics, statistical 
physics makes possible the determination of the numerical value 
-of the constant b, referred to as Wien's constant. 

Proceeding in a regular manner, we find the maximum of the ex- 
pression (52.14). We have 


Av hvit 
9p ) _ 8nh vi 3—2 
( vr à TL |_ DTL4 [| 


"The frequency corresponding to the maximum p (v, 7) is obtained 
by equating the expression in square brackets to zero. Introducing 
the variable y = hvmax/T, we find the equation 


3 (eV — 1) = ye", 
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which has only one root, equal approximately to y — 2.85. From 
this follows Wien's displacement law in the form vmax/T = b, 
where Wien's constant b equals 2.85/h. 

Let us now derive the formula relating radiation pressure to the 
volume energy density, 


=-5 u (7), 


which was used in Sec. 17 in studying the thermodynamic proper- 
ties of equilibrium radiation. Since the expression for the internal 
energy was found in the foreign variables T, V (U = oT*V), to find 
the equation of state P = P (V, T), as well as the entropy of radia- 
tion, it is convenient to pass to the O-potential. Using formula (38.16), 
we obtain 





Q— —LU(T)- — 4 u(T)V, (52.17) 

whence we find 
-—-4uf--4-. (52.18) 
S=—(#) =u (T) V= oT. (52.19) 


In concluding this section a few observations should be passed 
on the problem of finding the volume of an elementary cell. It has 
already been shown that for a photon gas radiation the phase volume 
of a cell a must be assumed to be equal to k’. In his work Quantum 
Theory of a Monoatomic Ideal Gas (1924), Einstein proposed to 
extend this result to ordinary particles with mg 5&0, departing 
from de Broglie's idea that the wave-particle duality is inherent 
not only in radiation, but also in ordinary particles. 

The phase volume of a cell was shown in Secs. 45, 46, 48 to be 
equal to k? for a six-dimensional u-space of three translational de- 
grees of freedom; k? for a four-dimensional p-space of two rotational 
degrees of freedom; and h for a two-dimensional p-space of vibra- 
tional degrees of freedom. 

From this it follows that in the general case the phase volume of 
an elementary cell in an ideal gas, whose molecules have f degrees 
of freedom, equals h’. 

This conclusion is in accord with the quantum-mechanical uncer- 
tainty principle. It is common knowledge that the classical descrip- 
lion of particle motion, using coordinates and momenta, although 
strictly speaking inadmissible in quantum mechanics, can be ap- 
plied as an approximation if a coordinate and the corresponding 
momentum projection are determined simultaneously with the 
uncertainties Az, AE, related by the lleisenberg uncertainty rela- 
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"n Az AESh. (52.20) 
This signifies that in the optimal case, when there is a sign of equal- 
ity in expression (52.20), the state is depicted in the phase plane 
(z, E) not by a point, but by a rectangle with an area Az AE = h. 

The uncertainty relation is valid not only for Cartesian rectangular 
coordinates and momenta, but also for any canonically conjugated 
pairs of generalized coordinates and momenta for which the classical 
Poisson bracket is equal to unity. Therefore the state of any quan- 
tum-mechanical object with f degrees of freedom is described in a 
quasi-classical approximation not by a point in the 2f-dimensional 
phase space, but by a cell with a volume A'. In other words, we can 
consider the motion of a particle along classical trajectories in a 
phase space, but plot these trajectories in a way that one phase 
trajectory passes through each cell with a volume K’. 

The attention of the reader should be drawn to the following: 
the volume of a cell was shown in Sec. 45 to be equal to k’, com- 
paring the formulae derived upon subdivision of the p-space into 
cells with precise quantum-mechanical formulae. |t should be 
strongly emphasized, however, that to find the numerical value of 
a cell volume there is no need to turn to quantum-mechanical for- 
mulae. [n fact, as has already been mentioned in Sec. 37, the internal 
energy of a gas of indistinguishable particles depends parametrically 
on a and the magnitude of a can be found by comparison with exper- 
iment, for instance, by measuring the constant o present in the 
Stefan-Boltzmann law (as was done in this section) or by measur- 
ing the heat capacity of a Fermi gas (see Sec. 56). 

This is of exceptional importance. It is indicative of the fact that 
the formal method of subdividing the -space of a gas into cells for 
the purpose of its statistical description, together with the hypothesis 
on particle indistinguishability, leads necessarily to the appearance 
in physics of a new universal constant, having the dimensionality 
of action. This constant h, whose numerical value was found by 
Planck in studying radiation laws, and by Einstein comparing his 
photo-effect formula with experimental data, could, unexpectedly, 
be found by measuring, for instance, the heat capacity of a boson or 
fermion gas. This means that the ideas of quantum mechanics, such 
as the indeterminacy principle, energy quantization, etc. are deeply 
rooted in statistical physics and that, as well as the two well-known 
roads to the discovery of quantum-mechanical ideas (the de Broglie- 
Schrédinger optical-mechanical analogy, and the Heisenberg-Born 
matrix model, based on the correspondence principle), there existed 
a third way. The fact that this way was not employed or itsemploy- 
ment was delayed is a vivid illustration of historical accident. 

Let us return now, in the light of the foregoing, to the statement 
of Pauli's exclusion principle given in Sec. 34. Like the use of the 
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concept of the p-space of z, y, Z, E, n, C and the identification of each 
discrete quantum state with a cell of phase volume a, this statement 
is seen to be admissible only in a quasi-classical approximation, 
which is known to be realized [7] by way of the limit transition 
h —- 0. It follows that in this approximation the cell volume is a 
small quantity and the phase volumes, playing an important part 
in this problem, must contain many cells. 

The statement of the Pauli exclusion principle that makes no use 
of the concept of the p-space is as follows: the probability that in 
a system of identical fermions two fermions have the same complete 
sets of quantum numbers is equal to zero. 


Problem 


At what temperature does the radiant energy density in a mono- 
atomic gas become equal to the gas energy density? 


13 
Answer. T= (A) i 


53. Thermal Motion in Crystals. Phonon Gas 


The statistical theory of thermal motion in crystals bears a resem- 
blance in many respects to the theory of equilibrium electromagnetic 
radiation, due to the fact that the thermal motion of atoms (ions, 
molecules) in a crystal lattice can be considered to a good approxima- 
tion as a set of small (harmonic) oscillations. Since, due to the strong 
interaction, the oscillations of atoms are coupled, this means that 
the thermal motion in a crystal lattice is the superposition of normal 
lattice vibrations or of plane monochromatic waves with different 
frequencies v and different directions of propagation. 

In a crystal, however, waves differ considerably from electromag- 
netic waves in many respects. For one thing, the electromagnetic 
waves are of the transverse kind and they possess two independent 
polarization states. In contrast, in a crystal waves may be either 
of the transverse kind with two independent polarizations or of the 
longitudinal kind. In addition and of even greater importance, the 
set of electromagnetic waves is not limited in respect to frequency 
and there exist waves of any high frequency. For waves in a crystal 
the wavelength cannot be less than the minimum interatomic di- 
stance l, Amin zz J, due to the lattice discreteness, and, consequently, 
the magnitude of frequency cannot exceed Vmax ~ U/Amin ~ ull 
(where u is the mean velocity of wave propagation). Therefore the 
total number of individual waves in a crystal is finite and determi- 
ned by the number of vibrational degrees of freedom. 

The total number of different oscillations is equal to 3N — 6, 
since three translational and three rotational degrees of freedom of 
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a solid taken as a whole must be subtracted from the total number 
of degrees of freedom. Denoted by N is the total number of atoms or 
ions in a crystal, with atoms being considered as material points. 
Finally, it should be noted that for electromagnetic waves in a vac- 
uum the law of dispersion, the relation between frequency v and the 


wave vector f, has a simple form v — T » where the factor c is 


constant; the phase velocity is independent of frequency. In con- 
trast to this, the law of dispersion, governing the behaviour of waves 
in a crystal, is generally of a more intricate form, since the pro- 
pagation velocity of both transversal waves, uz, and of longitudinal 
waves, uj. depends on frequency. 

Classical theory provides rather simple predictions for the inter- 
nal energy and heat capacity of a solid. In accordance with the energy 
equipartition theorem, the contribution of each degree of freedom 
of vibrational motion to energy is equal to T. Thus, for one mole 


U (T) = (NA — 6) T zz 3NAT (53.1) 
and, consequently, 
Cv (2) - 3A. (53.2) 


Formula (53.2) expresses the Dulong and Petit law which for a num- 
ber of substances is well satisfied at room temperatures. For other 
solids, however, especially for very strong crystals built up of light 
atoms (for diamond, for instance), the Dulong and Petit law does 
not hold even at room temperatures, and at low temperatures the 
heat capacity of any crystal becomes significantly less than 3N 4. 

It should be noted that 3N 4 is the classical value of heat capacity 
for atomic crystals. The number of ions per mole for ionic crystals 
equals nN 4, where n is the number of ions in an elementary crystal 
cell (n = 2 for NaCl, n = 3 for CaCl,, etc.) and, according to clas- 
sical theory, the heat capacity must be equal to 3nN 4. As to molec- 
ular crystals (solid nitrogen, ice H,O, etc.), for them the internal 
molecular heat capacity must be added to the lattice heat capacity 
due to the molecular rotational and vibrational degrees of freedom. 

As in the case of equilibrium electromagnetic radiation, let us 
turn now to the corpuscular picture, in which normal oscillation 
(or, the same thing, each standing wave) is juxtaposed with a quan- 
tum oscillator having an energy (N: + !/;) hv;, with the quantum 
numbers of each oscillator N; being taken as the number of special 
quasi-particles, phonons, having an energy e; = hv; and a momen- 


tum pi = M. 


The term quasi-particle will also be encountered below in other 
problems (see Secs. 69, 70). This term is used to denote the excited 
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energy states of an ensemble of real particles corresponding to par- 
ticular kinds of collective motions. In the case of phonons normal 
oscillations or elastic waves are involved*. 

The concept of quasi-particle, in particular phonons, is a rather 
convenient means of mathematically describing a phenomenon. Just 
as for photons, the numbers of phonons in a cell are not limited and, 
consequently, phonons obey the Bose-Einstein distribution. The 
chemical potential of a phonon gas must then be assumed to be equal 
to zero, since, by analogy with the photon gas, the total number 
of phonons is not fixed; the phonons are continuously "absorbed" and: 
"emitted" by a crystal lattice. 

Let us write down the Bose-Einstein distribution and the expres- 
sion for the internal energy of an ideal phonon gas (see Sec. 37): 

‘= (53.3) 


A 
e XT - 1 : 


U = V gihv, [me $ z|: (53.4) 


i 


It is clear that to calculate the internal energy, the frequency spec- 
trum of a crystal lattice, v;, must be known, but its determination 
involves rather intricate calculations even for comparatively simple 
crystal lattices. 

Debye calculated the internal energy and heat capacity of crystals: 
with the aid of the so-called continuous model, referred to as the 
Debye model. This model presumes the dispersion law to be similar 
for a continuous medium and for electromagnetic radiations, i.e. 
the law is assumed to be linear. In accordance with this, the fre- 

: : : "m fui 
quencies of longitudinal and transversal phonons are v — ae 
and v = fe respectively, where uj and u, are the propagation: 


velocities for longitudinal and transversal] elastic waves assumed to. 
be independent of frequency. It should be noted that these expres- 
sions of frequency are obtained by expanding the function v (f) in. 
a series in powers of f and limiting the series to the first (linear) 
term. Therefore, strictly speaking, they are suitable only at small 
values of f (this is treated in greater detail at the end of the section). 

Passing in formula (53.4) from summation to integration over 


* It is known that upon transition to Cartesian coordinates the energy of 
n System of interacting particles is represented by the sum of independent terms 
pertaining to different normal oscillations (on the condition that in the expan- 
sion of the potential energy of particle interaction we limit ourselves to terms. 
quadratic in displacements). 

This means that upon passing to the corpuscular presentation of the quasi- 
particle gas, the quasi-particles (phonons) are non-interacting, and the phonor 
gas is an ideal one. 
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frequency v, we obtain 


v 


max 
12nAV 1 1 
U- us | | eh VIT 4 T 2 ia dv. (93.5) 
0 


Expression (53.5) differs from (52.8) for the energy density of a pho- 
ton gas (except the factor V) as follows. 
1. The expression for U includes the term 





6nhV s 
JUL 
U= us f v3 dv 
0 
representing the sum of the zero-point vibrational energies of oscil- 
lators. 
2. Because there are three polarization states, and not two as is 
the case with photons, there is an extra factor E in formula (53.5). 
3. The factor c^? is replaced in formula (53.5) by the factor u? = 
= 5 (ui + 2u;*), where u is the mean velocity of elastic wave 


propagation in a crystal. 

4. The upper integration limit in formula (53.5) is equal to De- 
bye’s frequency Vmax, and it is not infinite as with photons. As has 
been already mentioned, the order of magnitude of the Debye fre- 
quency is equal to u/l, where l is the minimum interatomic distance 
in a lattice. Debye’s theory specifies it more accurately by the rela- 
tion 

v 


max 
d f vd» —3N —6 æ 3N, 


u3 





0 


with it being possible to calculate the number of oscillators in the 
frequency range between v and v ++ dv from formula (52.4) by intro- 
ducing the additional factor 3/, and replacing c? by u?. Then, 


1/3 
Vmax =u (grr). (53.6) 
We limit ourselves here to the consideration of simple crystals, 
containing one atom in an elementary cell. If the elementary cell 
contains n atoms (ions), N must be replaced by nN in all following 
relationships and formulae. 

Let us introduce into formula (53.5) a new integration variable z 
with the aid of the relationship kv/T = z and determine the charac- 
teristic temperature of crystals, or Debye's temperature 0 by the 
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following formula: 


1/3 
O=hvmas = hu (m). (53.7) 


Expression (53.5) for the internal energy then reduces to 





6/T 
U 12nT4V = dz 
= us 


D N €p (53.8) 


where €p =$ hvmax is the zero oscillation energy. 


Let us consider two limiting cases: 7/0 ẹ 1 and 7/0 < 1. 
At high temperatures T >> 0 we have z < 0/T < 1 and, expanding 
the term e* in the denominator into a series, we obtain 


E O/T 
U= 12aT4V 


TY V atdz4- Neo œ m VT. (53.9) 
0 


Substituting the value of 0 from (53.7), we obtain 
U —3NT, Cy =3N (53.10) 
in accordance with the Dulong-Petit law. 
At low temperatures T « 0 we have 
ur rdr f zdz 
f a | == (53.44) 
0 


wsi 





[see Mathematical Appendix, formula (VII.2)), whence we find for 
the energy an expression similar to the Stefan-Boltzmann formula 
for the energy of luminous poo 





U- rd = Ti+ Neo, (53.12) 
and for the heat capacity 
Cy ey TS. (53.13) 


This result is in a good agreement with experimental data*. 
In the intermediate temperature interval the expression for the 
internal energy is of the form 


Us 3NTD (+ ) 4+ Ne, (53.14) 


* It is useful to note that the factor h? in the denominator of expression (53.13) 
represents the volume a of an elementary cell, which can also be determined by 
tnoasuring the low-temperature heat capacity of a crystal. 


17—0798 
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and for the heat capacity 





Cy 3N [D (-) -$- D (+)]. (53.15) 
where 
y 
D()—3 | (53.16) 
0 


is the so-called Debye function. 

It should be noted that the Debye formula is an interpolation 
formula which, strictly speaking, holds true only for T >> 60 and 
T « 9. Actually, the assumption that the dispersion law can be 
described by v = r4 is valid only for low frequencies, i.e. at 
long-wave oscillations. In these conditions a great number of atoms 
oscillate in almost one phase and the medium can be considered as 
a continuum. Therefore at low temperatures, when only low frequen- 
cies are of importance in the sum in formula (53.4), the Debye model 
is applicable. On the other hand, at very high temperatures all 
vibrational degrees of freedom are excited and make their "classical" 
contribution equal to T. The assumptions concerning frequency 
distribution are, therefore, unessential, and the Debye theory again 
provides good results. In the intermediate temperature range Debye's 
theory becomes approximate and is in adequate agreement with 
experiment only for the simplest crystals. To build up a theory, the 
crystal frequency spectrum or the dispersion equation must, in 
general, be known. 

Expression (53.7) for the Debye temperature 0 = hvmax indicates 
that the Debye temperatures are very high for strong crystals made 
up of light atoms and low for low-strength crystals build up of 
heavy atoms, since the characteristic frequencies are proportional 


to V x/m, where x is the quasi-elastic constant, and m is the mass of 
atoms. Experimental results, for instance, are as follows: the Debye 
temperature 0 is 1860 K for C (diamond), 1000 K for Be, 453 K 
for Fe, 215 K for Ag, 172 K for Na, 106 K for I and 88 K for Pb. 

For this reason room temperatures are very high for substances 
such as Pb, I, Na and at these temperatures the Dulong and Petit 
law works well for them. By contrast, substances such as diamond, 
Be and others are associated with low room temperatures, at which 
the heat capacities of these solids obey the 7? law. 

Let us consider some problems associated with the dynamics of 
a crystal lattice. Only quadratic terms with respect to displacement 
are taken into account in the formula for the interaction energy of 
adjacent atoms (ions) in a small-amplitude vibration approximation. 
The motion of each atom is then the superposition of harmonic 
oscillations with frequencies v4. Let us represent the displacement 
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of an atom r (t) in the form 
r (t) = J) a (v) e 7*8; (53.17 
- ) 


the fact that r (t) should be real gives a (v;) = a* (—v,). 
In accordance with (53.17), the mean square displacement r? (t) is 


r2 (t) => a (v4) a (vj) exp [27i (v, + v) t] = z |a(v,)|?, — (93.18) 


since the mean value of the exponential for a large time interval, 
T, which can be assumed to be the greatest common multiple of 
periods v;', equals 6, ,. 

On the other hand, allowing for the fact that with harmonic oscil- 
lations the mean potential and the mean kinetic energies are the 
same, the mean energy of the selected atom is 


E = mr? — 4x?m 3j a (vq) a (vi) vavi exp [22i (v, + vi) t] 
h.l 
and, consequently, 
E — 4n?m ` vk [a (v,)|2. (53.19) 


Due to the similarity of lattice atoms (for the sake of simplicity our 
discussion is limited to simple crystals with identical atoms), on 
the average the total energy is equal to 


NE-AvM V v} Ja (vy) |?, (53.20) 
aA 


where M is the mass of a crystal. 

Turning to a quantum-mechanical description, let us show the 
total energy of a crystal, expressed as the sum of the energies of 
harmonic oscillators with frequencies v,, equal to 

1 1 1 z 


where n (v4) is the number of phonons with frequency v,. It follows. 
from Eq. (53.21) that 


h hvk 
Tooc rem 
[a (va) |? = AnaM vp, coth ( 2T ). 


nnd, passing to integration over the Debye frequency spectrum, we 
lind that the mean square displacement is equal to 











; ay Y" n t z 
r? (t) = AME f coth (= ) vdv S| coth (+) zaz, 
0 0 


(53.22) 
where p is the crystal density. 


17°% 
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In limiting cases we find: 
1. T « 0. According to formula (VII.2) in the Mathematical 
Appendix, we have 


{ coth (4) zaz A tom Hs => LG). 
0 0 


whence 





= 362 nT? 
ros hae UR Tpu?’ (53.23) 
At T — 0 the mean square displacement tends to the constant limit 


39* . due to the existence of zero-point oscillations. 
anhpus ? 


2. T > 0. Making use of the fact that for small values of z 
coth (z/2) zz 2/z, we obtain from formula (53.22) 


r2- 





68 
ahput T. (53.24) 

Expression (53.24) was used by Lindemann to derive an interest- 
ing semiempirical relation between the Debye temperature 0 and 
the melting point. Let us assume that melting occurs at tempera- 


dure 71, at which V 7? is a certain fraction ¢ of the mean interatomic 
tistance. Then, using formula (53.24), we find 


607, see 
nhpus 


The parameter € has been shown P S to fall in the 
range 0.2 to 0.25 for most solids. 

At high temperatures considerable atomic displacement takes 
place in a lattice and the effects of the anharmonicity of oscillations 
begin to play an important role which, in turn, leads to changes in 
the thermodynamic functions. In particular, the thermal expansion 
of crystalline solids can be reasonably explained only by taking 
into account the anharmonic terms in the expression for potential 
energy. To elucidate the physical meaning of this effect, let us take 
as a simple model a "chain" consisting of only two atoms. 

First, let us assume the potential energy of interaction of atoms 
displaced over a distance z = |r, — T, | — 4 from the equilib- 
rium position to be proportional to z?, U (z) = mo*z?/4 (curve 1 
in Fig. 71); then, due to the fact that the Boltzmann distribution 
function e-7 @/T is even, the mean displacement equals zero and 
is independent of temperature. It follows that the mean interatomic 
distances in a lattice are also independent of temperature, and so 
no thermal expansion occurs. 





=ẸB, T= =e, 
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The real curve representing the potential energy of atomic inter- 
action is asymetric (curve 2 in Fig. 71)—as the atoms draw closer 
together, the repulsive forces increase at a rate greater than that 
at which the attraction forces increase as atoms move away from 
each other. Consequently, with rising temperature and an increase 
in the oscillation amplitudes, the repulsive forces become more 
eflective than the attraction 
forces and the mean interatomic 
distance increases. Theasymmetry 
of the potential curve can be de- 
scribed to a first approximation 
by a correction proportional to z?: 


a (x) = a z? — Br 3. 
The force of uie interac- 
tion equals 


a PET 
F(z) = —2E.— — 20 4 apr, FIG. 71 


Assuming the mean force of interaction to be equal to zero in the 
state of mechanical equilibrium, we obtain 





6px? 
ma?’ 





F (2) = — 77+ 380, z— 


The mean square displacement in the above expression can be 
calculated in a harmonic approximation from the classical equipar- 


tition law mo*z?/4 = T/2, whence we find that 
z= ET. (53.25) 


The mean interatomic distance depends on temperature linearly. 


The linear expansion coefficient a = ok AME m 1s 


aT 
128 a+r 


m?oa ` 


is 


almost constant and equal to 





Problems 


1. Consider a two-dimensional crystal in Debye's approxima- 
tion. Find its internal ud and heat capacity. 


Answer. U - N08 [14-3 (Z)? jr Ze |, e-m(X)^. 


where ø is the crystal area. 
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2. Calculate the mean square atomic displacement for unidi- 
mensional and two-dimensional crystals. How can the ap- 
parent divergences be eliminated? 

3. Assuming the Debye temperature to be a known function 
of volume, derive the equation of state for a Debye crystal 

U 9 d8 

P=(3-Z)) F 

What form does this equation acquire if the mean velocity u 

is assumed to be independent of volume? Consider the two 
limiting cases 7/0 >> 1 and 7/0 « 1. 


Answer. P = > =>> 


4. Derive the Grüneisen relation between the Grüneisen con- 


stant À = T T. the isobaric thermal expansion coefficient 
æQ p = + (+), , and the isothermal compressibility 


1/,9V 
Kr —H, (sp) 
Answer. ap=AK7Cy/V. 


5. Show that for solid crystals the difference C p — Cy is 
small compared to the heat capacity C p. 


54. A Degenerate Bose Gas in the Absence of a Field. 
The Bose-Einstein Condensation 


In Secs. 52, 53 we considered special cases of the Bose gas: the 
photon gas and the phonon gas. Let us consider now a monoatomic 
Bose gas in the absence of an applied field at low temperatures. 
Write down the formula for the Bose-Einstein distribution 

N; = -E (54.1) 


; BT 
QUIT 


and the expressions for the total number of particles and the internal 
energy 


N= 2 eT Tu ar : (54.2) 
gie 
U = 3 wit, x (54.3) 


It should be noted in the first place that the chemical potential of 
a Bose gas cannot be positive, since at pu 0 the number of particles 
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occupying the ground level, e, = 0, and all levels satisfying the 
condition e; < p, would be negative: e*i YT < 4. With dimin- 
ishing temperature, the chemical potential u, remaining negative, 
increases. In fact, differentiating Eq. (54.2) over T, we get 


w (T) - — riy ein i P og 
i (e ij MIT Lap 


The transition to integration in Eq. (54.2) should be made with 
some care. Although the distances between the energy levels for 
translational motion ~ h?/mL? are always small compared to T 
(the characteristic temperature for translational motion T, ~ 0, 
Sec. 45), in dealing with a Bose gas the sum in Eq. (54.2) cannot be 
simply replaced by an integral. Indeed, the integral derived from 
the sum in Eq. (54.2), when passing to continuously varying energy 
£, has the form 


| ear 1° where p (e) = AVe!? = 2ng (45 3 Vel?, (54.4) 
E = 
0 


It can be readily seen that the ground level eọ = 0 contributes 
nothing to the integral at low temperatures. In fact, when passing 
to integration, the first term in the sum in Eq. (54.2) must be re- 

ei 


placed by the integral AV f de eV? (e *- "7 — 4)-1, where e' lies be- 
0 





2 
tween e, = 0 and e,~ oe . It will be shown below that at low 


temperatures |p |/T is a macroscopically small quantity of the 
order of N-!. The order of magnitude of the contribution of the level 
e’T 


o = 0 is, therefore, AVT??? ( dz 35? (e — 1)! tending to zero 
: ò 
together with T. 
Meanwhile at low temperatures bosons must accumulate at the 
level e, = 0, since at low temperatures all N,, except No, decrease 


oxponentially and their sum à, Ni, which can be replaced with 


a good degree of accuracy by the antegral (54.4), also tends to zero. 
In accordance with the normalization condition, this means that at 
such temperatures the number of particles occupying the ground 
Jovel must be of the order of N; then gy (e™T — 1) ~ N, p ~ —guT/N. 
At the thermodynamic limit, however, this implies that u — —0 and 
wo arrive at the conclusion that there must exist a range of sufficiently 
low temperatures 0 < T < T, at which the chemical potential 
must be assumed equal to zero in the macroscopical sense. 
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Passing to a quantitative treatment of the subject matter, let us 
single out in formula (54.2) the zero-level contribution and pass to 
the integration over the other levels. Formula (54.2) reduces to 


e1/3 de 


N= —+4V j euT 4° 


e MIT 4 


(54.5) 


The internal energy is determined only by particles with e —O, 
and, by passing to integration in formula (54.3), we obtain 


f &3/3 dg 
0 


It should be noted that at any temperature above T, the first term 
in (54.5) is macroscopically small compared to the second term 


(their ratio is about N-"), and should be ignored at the thermody- 
namic limit. The resulting equation 


e e1/? de 
N — AV | uu (54.7) 
0 


can only be approximately solved with respect to the chemical 
potential p, by numerical or graphical methods. At temperature To 
the chemical potential become macroscopically small (--N ^!) and 
must be assumed to be equal to zero at the thermodynamic limit. 
Assuming in Eq. (54.7) that p = 0 and T = T,, we obtain a for- 
mula for calculating 7: 





del mnc EATUR iie (54.8) 


Dee To 4 ex —1 ?’ 


= 


whence we find that x formula (VII.4), Mathematical Appendix] 
2/3 hà 4 N \2/3 
t= (s) = 0.082 (ZY, euo 


At T < T, the chemical potential of a Bose gas remains macro- 
scopically small, i.e. equal to zero at the thermodynamic limit, and 
the number of particles occupying the ground level becomes macro- 
scopically large, comparable to N. Now, at u = 0, expression (54.7) 
determines not the total number of particles, but the number of 
particles N* with £ >0, 


= 2.33AVT3/2, (54.10) 


zi T 
ex 


N* = AVT??? f 
U 
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and the difference N — N* = N, gives the number of particles 
occupying the ground level eo = 0. Thus, the limit temperature To 
is that below which a macroscopic fraction of all particles begins 
to pass to the level e, = 0. The expressions for N* and Nọ can be 
rewritten with the aid of formulae (54.8) and (54.10) to read 


m-(". Pen-( o eum 





As T — To, N,—- 0, N* — N, and the energies of all particles are 
positive. With temperature decreasing below Tọ a macroscopic 
fraction of particles begins to pass to the ground level e, = 0; as 
T— 0, No — N, N* — 0, with all particles occupying the ground 
level. This phenomenon is referred to as the Bose-Einstein condensation 
and temperature 7, is called the condensation temperature. It is 
clear, however, that in the absence of an external field the term 
"condensation" is used in a rather conditional sense, and we speak 
here about condensation in an energy (on the level e, = 0) or in 
a momentum (on the level p = 0) space, and not in a real three-dimen- 
sional space. The totality of particles with e, = 0 is called conden- 
sate, and particles with e — are referred to as overcondensate 
particles. 

Let us find the internal energy of a Bose gas at T < To. Assuming 
p = 0, we obtain from formula (54.6) 





U — Ay | SES = Av r^ | ETE AV Kap”; 
) em 


eit 
0 


making use of formula (VII.6) of Mathematical Appendix, we find 
U —1.18AV T°? = 31.6 TERN (54.12) 


Let us also find the heat capacity, entropy and pressure of the 
gas at T < Ty. Differentiating Eq. (54.12) for the internal energy 
with respect to bene we find 

m3/273/2V 


Cy= 24 a = 4.45AVT*? = 79 =, (54.13) 


while formula (54.9) is used to obtain 


Cy —1.92N ($ yo 


(54.14). 


To find the entropy and pressure, first let us determine the O-po- 
tential 


Q= U= —115AV T"? — —94 EY — (5445) 
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whence 


aQ 5 Q m? ATSV 
s-—(3 xy TE Pe a. (54.16) 


Comparing with formula (54.13), we obtain 
S=$Cy=1.28N (7 x3 (54.17) 
Pressure is determined from the equation 
= = 1.1547" 524 EE p. (54.18) 


Thus, the entropy and heat capacity of a Bose gas tend to zero as 
T — 0 in accordance with the Nernst theorem, while its pressure 
is independent of volume. The Bose gas is similar in this respect to 
a saturated vapour. This similarity is attributable to the fact that 
in a state with e, = 0 "condensed" atoms have no momentum and 
fail to contribute to pressure. 

Let us examine now the temperature interval just above the con- 
densation point, 0 « (T — T,)/T, < 1. In this temperature interval 
N, — 0 and |p [/T «& 1. However, in the expression 


N — Ayr | TTE 


| zw (54.19) 


it proves impossible to expand into a power series in the small para- 

meter | p |/7, since the coefficient at | p |/T in this expansion is a 

divergent integral | dz zM?e* (e* — 1)-?. This is indicative of the 
0 

fact that the right-hand side of Eq. (54.19) is a non-analytic function 


of the parameter | y |/T. 
Let us transform the integral in Eq. (54.19) in the following way: 


C z1/? dz f e *- IMIT 1/25, 
ett 74 1—e-*-Ini/T 
v 0 
o oo 
= Si ek-lmi/T f e ^xzi? dz 
k=1 0 
kw VÀ «a eo hur 
e 3 n e 
= y: [ar r (+) =-7 ù ae (54.20) 


k=i k=l 
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"The sum of the series in Eq. (54.20) is calculated by means of Euler's 
formula (see Sec. 46). Introducing y = | u |/T & 1 we get 


1— eb 3 
3 eme "--X wm tt(z) 


4-1 





—h 
—2.612— | = qk— 3 (4 — ev) 
1 


k3/2 





-4| ($+) j- (54.21) 


It can be readily seen that the, non-integrand terms in (54.21) are 
made up of small quantities of the order y. The integral in this 
expression can be transformed in the following manner: 


fae mrt tae? (ac 
Ss avi] Ss af a 
0 0 


and, accurate to the first-order infinitesimals in y, we find 


oo 


EN dk= vil 45 





x gs 2y + O(y?). (54.22) 





The integral [E d can readily be calculated by differen- 


0 
tiating with respect to parameter a; it turns out to be equal to 


2 Vna. Assuming « = 1 and substituting the result into formu- 
lae (54.22), (54.21) and (54.20), we obtain 


Van Em lil 
- Y$ [2612-27 2H o (#)]. 
Equation (54.19) acquires the form 
_ Ayr / (el 
N — AVT?" [1.306—2 y + ], 


whence, allowing for formula (54.9), we obtain for the chemical 
potential in this temperature interval 


p= —0.547 [1— (22). (54.23) 


Differentiating Eq. (54.23) with respect to temperature, we find 
that in the temperature interval under consideration 0 < 
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« (T — TT, « 1, 
p’ (7) = —0.54[1— (2)^] [1+2 ay] 
rote (Gh 


Since at T < T,, at the thermodynamic limit, the chemical poten- 
tial must be considered to be identically equal to zero together 
with all its derivatives (Fig. 72), we arrive at the conclusion that at 
the point of condensation the chemical potential proper and its 
first derivative vary continuously, p (To + 0) = p (T, —0) —0 
and p'(7T, + 0) = p’ (7, — 0) = O, and the second derivative 
u” (T) undergoes a discontinuity 
" jump 
To Ip" Ir, =u" (To 4-0) — p" (To— 0) 

i aoe 54.94 
= — T) . ( . ) 
The graph depicted in Fig. 72 
approaches the 7-axis at the 
point T — T,, having a hori- 
FIG. 72 zontal tangent and changing at 
that point only its curvature. 
Let us now examine the nature of the phase transition occurring 
at the point T = T.. According to formula (54.6), the internal 
energy varies continuously at the point T = 7,, since the function 

y. (T) tends to zero both as T — T, + 0 and as T — T, — O. 
Differentiating Eq. (54.6) with respect to T, we obtain for heat 

capacity Cy the expression 


- œ g3/2,(€- )/T ( — F u') de 


C, - 4 (54.95) 


5 (e£ HT — 4 


from which it follows [inasmuch as p (T, + 0) = 0 and p’ (7,+0)= 
= 0) that there is no discontinuity jump in the heat capacity at the 
point 7 = T,. Finally, differentiating Eq. (54.25) with respect to 





temperature, the derivative EX is found to have at the point 
T — T, a discontinuity jump equal to 

àCyv| _ AV T 2/2e/Ts de A 3/2. . f xix dx 

oT To To f (e& T» —1)2 —VAT;, Ho (e=—1)? ' 


0 


Ch. V. Degenerate Gases 269 


Making use of expression (54.24), formula (VII.7) in the Mathema- 
tical Appendix and expression (54.9) for To, we find 


aCv\ _ 3.66N 
Ux es T, C da 





Thus, the Bose-Einstein condensation for a gas of free bosons is a 
third-order phase transition. 

It should be noted that a somewhat different viewpoint is possible 
[40]. If the particles occupying the level with e, = O and those on 
levels e >0 are regarded as two different "phases", then condensa- 
tion must be seen as a first-order phase transition, since condensa- 
tion is accompanied by a discontinuity jump in internal energy and 
entropy (the internal energy and entropy of the condensed phase 
are equal to zero). Such an interpretation requires, however, another 
definition of the phase, since phases are spatially separated in con- 
ventional first-order phase transitions, whereas no such separation 
exists in the case of the Bose-Einstein condensation in a gas of free 
bosons. In this connection the classification of the Bose-Einstein 
condensation either as a first- or third-order phase transition is purely 
terminological. 

In reality, it proves impossible to observe the Bose-Einstein 
condensation, since at temperatures considerably higher than T, 
any Bose gas crystallizes, with the exception of helium. It is inter- 
esting to note, however, that He}, the only Bose liquid existing at 
temperatures close to absolute zero, undergoes at the temperature 
2.19 K a phase transition to the superfluid state. This temperature 
is close to temperature T, calculated by formula (54.9), ignoring 
molecular interaction. We shall consider in Sec. 69 the approximate 
theory of a non-ideal Bose gas, showing that the theory actually 
leads to superfluidity. 

Emphasis should be laid on the different behaviour of a Bose gas 
and a gas consisting of classical Boltzmann particles at low tem- 
peratures. The Pauli exclusion principle is not valid for either of 
the gases, and for this reason, as the temperature drops, the particles 
of the two gases must accumulate on the lower energy level ej = 0. 
However, the proportion of particles of the classical gas occupying 
the zero level is equal to 


£o T Ko 
` -e,/T ~ co 
: bie AVT3/2 | ziez dz 
0 


As has already been repeatedly stressed, statistical thermodynamics 
is an asymptotic theory the conclusions of which are only valid at 
the thermodynamic limit N — oo and V — oo. Therefore the pro- 
portion of particles determined by the above equation at any finite 
temperature must be considered as the zero-level proportion. In con- 
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trast to this, the proportion of particles in a Bose gas occupying the 


zero level is equal to and even for finite temperatures 


£o 
N(e- &/T—1) 
T < T, this proportion becomes macroscopically large, i.e. com- 
parable to unity [to be more exact, as is seen from Eq. (54.11), its 
order of magnitude is equal to 1 — (7/T,)°/*]. 

Thus, the Bose-Einstein condensation is a phenomenon typical of 
bosons*, associated with the particle indistinguishability principle 
and the special properties of the Bose-Einstein distribution, as seen 
in the polar nature of the term g, (e^&/T — 1)-1. 


Problems 


1. Plot the family of curves p (N/V) at different fixed tempera- 
tures for a Bose gas. 

2. Plot on a P-V diagram the isotherms and adiabats of a degen- 
erate Bose gas. What happens to these curves at the limit 
T»Tg 

3. Plot the isobars and adiabats of a Bose gas on a T-V diagram. 
Consider the transition to a Maxwell-Boltzmann gas. 


55. The Bose Gas in an External Field 


The situation of the free bosons considered in the preceding sec- 
tion may vary considerably in the presence of an external field. 
It is clear from the physical viewpoint that with a dropping temper- 
ature (T — 0 K) bosons must accumulate near points at which the 
potential ?/ (z, y, z) has minimum values, due to which the Bose- 
Einstein condensation must acquire the properties of conventional 
condensation occurring in a three-dimensional space. Let us consider 
for the sake of simplicity a Bose gas in a unidimensional field U (z) 
defined in the half-space 0 < z « oo and normalized by the condi- 
tion 7/ (0) = 0. The formulae for the number of particles and the 
internal energy (see Sec. 37) must now be rewritten to read 


áno p* dp dz 428 ep? dp dz = 
"— pm Pret Pinos Mog 7 
Mg H e6€- MT 4" U= jj e£ 9T 4 7 aa) 








where e = -Æ +U (z3), o= \ f dz dy, and N* is the total 


number of particles at T > T, and the number of particles for 
e 20 at T < T,. Let us turn, in formulae (55.1), to integration over 


* [t should be noted that the Bose-Einstein condensation takes place 
only in a system with a fixed number of bosons (N = const). In photon 
and phonon gases the chemical potential is equal identically to zero and 
condensation docs not occur at any temperature. 
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the variables e and z. The transition Jacobian for the e-z plane is 


Op\ — m 
(:).71 2[e—% (2)] ' 
and the quantities N* and U are expressed by 


f. P(ode — { _ep(e)de 
Nea | P U> | PL (55.2) 
0 0 


where the density of states p (e) is no longer expressed by formula 
AVe!?, which is valid in the absence of a field [see (54.4)] and 
equal to 


2j e) 
p(e)=B j V e— 4 (2) dz, (55.3) 
ð 


where 4/ (e) = a function inverse to 4/ (z) and B = 4 V nomh, 
In the presence of a field the condensation temperature is specified 
by the condition N* = N at p = 0, T = To. It follows that 


N- ( p (e) de 


D ee Ts 4 ° 
0 


From Eq. (55.2) we obtain for heat capacity C y the following expres- 
sion: 


c ge(E— MT (= + u’) p (e) de 
p= r 
YF (ee HT ^a 


Ü 


whence for a discontinuity jump experienced by heat capacity 
at T — T, we obtain 


b'(To--0) [ ep (e) T" de 
[Cv]r, — — T Cep oc (95.4) 
0. 


The quantity p’(7,+ 0) is found by differentiating N* in 
Eq. (55.2) with respect to T at T — T, and passing to the limit 
T>T,4+0: 


(ef - BT __ 42 

p 0) = — lim (55.5) 
beat T f e (£7 Tg (e) de 
0 (e€- H/T __4)2 


f (e — i) e PT (e) de 
ò 
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Let us examine the problem of convergence of the integrals per- 
tinent in formulae (55.4) and (55.5) at small values of e. As can be 
seen from Eq. (55.3), only small values of z are essential at small 
values of e. Assume that at small z the potential % (z) tends to zero 
as 2" (n >0), i.e. U (z) zz az”. Then, U (e) zz (e/a)!/^ and using 
formula (55.3) we find that 

(e/a)!/^ 


p(e) xB f (e — az”) t”? dz. 


0 
It follows that at small values of e the density of states is of the 
order e!/*!/^, The integrals on the right-hand side of Eq. (55.4) and 
in the numerator of (55.5) converge at any n (the order of magnitude 
of the integrand is e!/”-1 as e > 0, u — 0). The order of magnitude 
of the integrand in the denominator of (55.5) is c-3/2*!/^, and the 
integral converges at n < 2. For such potentials y; (T, + 0) = 0 
there exists a discontinuity jump in heat capacity at the point of 
the Bose condensation, and we are dealing with a second-order 
phase transition. 

For potentials, decreasing for z —> 0 as z? or at a greater rate, the 
phase transition as 7 — 7, remains a third-order phase transition, 
just as for a gas of free bosons. Calculating the discontinuity jump 
(4m at the condensation point [11] shows this jump to be 
infinite. In this respect a free boson gas (n — oo) is an exceptional 








case associated with a finite discontinuity jump ( Cy yy: 


Let us consider the spatial distribution of Bose-gas particles in 
the presence of a field % (z). The density of particles at e >O can 
be found from formula (55.1) for N*, if the integration over z is 
not applied to this formula. Passing to integration over the dimen- 








2 
sionless kinetic energy z = 5 , we obtain 
2mT 
n* (a) ANS ARV EB mre f adz 
(2) = Odz — hs POWTI. 
0 
usd - 
— 9 ( 2xmT 32 PUn uon 
Foe) — pn — 
k=0 


[see the derivation of formula (54.20)], which leads to a more or less 
smooth dependence of n* on z. At T < T,, in addition to n*, the 
term n, (z) appears, equal to the density of condensate particles and 
expressed by 

ny (z) = Nô (z) = (N — N*) 6 (2), 
since the condensate is formed by the particles with p = 0 and 
z = 0. This result is, however, very approximate, since as the par- 
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ticle density increases, an ever greater importance is assumed by, 
firstly, the quantum-mechanical effects, limiting the possibility of 
such an increase in density and associated with the uncertainty rela- 
tions, and, secondly, the presence of repulsive forces between the 
particles, making the gas non-ideal. The rather intricate problems 
involved in the behaviour of a non-ideal Bose gas in an external 
field have not yet been solved. Some increase in the particle density 
in the vicinity of the minimum potential can, however, be expected 
to occur even when the forces of interaction (repulsion) are accounted 
for. 


Problems 


1. A Bose gas is placed in a unidimensional field with a poten- 
tial X (z) = az. Find the condensation temperature and 
the discontinuity jump experienced by the heat capacity. 


Answer. Tem (2988). (Cvir, = —3.19N. 


2. Find the same for a gas placed in a field with a potential 
U (z) = az’. Also find the discontinuity jump in the quan- 








; Cy 
tity oT 
1/2 5 s 
Answer. T)=2 (55 / ai^, B= Epsum /a , 
= ay 
[Cvlr,=0, ( oT ) n> 


56. An Electron in a Periodic Field 


This section is devoted to Fermi gases. Since many practical ap- 
plications of theory, for instance, the properties of metals and semi- 
conductors, are associated with the behaviour of a Fermi gas in 
crystal lattices, some quantum-mechanical ideas required in this 
connection will be treated briefly in this section (for greater detail 
see [12], [13]). 

Ignoring in a zero-order approximation the oscillations of ions 
of a crystal lattice, we must consider the motion of electrons in a 
space-periodic field which is characterized by three noncoplanar vectors 
a, (i = 1, 2, 3) determining the position of a fixed site of neighbour- 
ing cells with respect to a similar fixed site of the cell chosen primary. 
l'or a simple cubic lattice, for instance, the vectors a; are orthogonal 
and equal modulo to the lattice constant a. The position of any fixed 
nito of the lattice is then given by the vector 1 = n,a, + NB, + n3&s, 
where 7, Ra, n; are integers. The lattice is assumed to be infinite, 
which removes the need to take boundary effects into considera- 
tion. 


IN —0799 
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The potential energy is invariant upon translation by any lattice 
vector l, 2 (r + 1) = U (r). We use for this problem the Schró- 
dinger equation 


(ve Ea (0) $) —0. (56.1) 


Due to the invariance of 2 (r) with respect to translations by vec- 
tors a,, the Bloch theorem is valid: the solution of Eq. (56.1) is 


v (r) = up (1) ef, (56.2) 


where up (r) is a periodic function, up (r + 1) = up (r). 

The proof of the Bloch theorem is simple when the value of ener- 
gy E is not degenerate. Due to the invariance of the Schrödinger 
equation (56.1), with respect to the translations by vectors a, we 


have 
p (r + 8j) =A (8) s (7), 


while according to the normalization condition | A (aj) | = 1. Two 
translations by a, and a, result in the wave function being multi- 
plied by A (a,) A (a,), and the equality 


A (aj) À (an) = À (a; + an) 
must be valid. 
Allowing for the normalization condition, we find 


A (aj) m e*t, 


proving, thereby the validity of the Bloch theorem. When the level 
of energy E is degenerate, the Bloch theorem remains valid and can 
be proved by expanding the functions s, (r + aj) in a system of 
orthonormalized functions p: (r) (k, 11,2, ..., gg), where 
Eg is the degeneracy for level E, with subsequent diagonalization of 
the unitary matrix of this transformation 1p, (r + a;) = C p, (r) 
(see the problem to this section). 

The vector p in Eq. (56.2) is referred to as the quasi-momentum and 
can be determined accurate to the term K, such that for any trans- 
lation by the lattice vector I the equality 


eK] m1, Kle L.2x 
holds (L is an integer). The quasi-momentum can, however, be 
made uniquely determined by choosing as p, for instance, the 


shortest vector out of the vectors p + K. 
The function up (r) satisfies the condition 


[so (v — ipe E— U (r) | u(r) — 0. (56.3) 


Equation (56.3) usually has several solutions uj, (r), corresponding 
to the energies E, (p). The dependence E, = E, (p) is called the 
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dispersion equation. The fact that in many cases, depending on the 
kind of a periodic field, the admissible values of E; (p) and E,4, (p) 
do not overlap is of paramount importance. This means that in 
the case of a periodic field the energy spectrum consists of a number 
of alternating zones of allowed energy values, separated by zones 
of forbidden energy levels. The energy E, (p) is a function of the 
quasi-momentum projection within the limits of each zone. If the 
number of electrons is small and the temperature is not very high, 
the energy of most of the electrons is close to the minimum value 
of E, (p). It is possible, then, to expand E; (p) into a Taylor series 
in p, and limit ourselves to the quadratic terms of the expansion, 
taking the bottom of a zone as reference point: 

n Es ` 
E, (P) =4 3s a5 PaPe = jj (Mi')a8 PaPe (56.4) 

(summation is performed over a and f).§, 
The tensor (mj'),g is called the tensor of inverse effective mass. 
In the isotropic model (mj!)g = M'as, in particular, formula 


(56.4) acquires the form Æ; (p) = L—- similar to the expression 


for the kinetic energy of free particles. The quantity m, is called the 
effective mass for the ith zone. It should be emphasized that m; does 
not coincide with the true mass of particles and it can even be nega- 
tive. 


Problems 


1. Extend the proof of the Bloch theorem te cover degenerate 
levels. i 

2. Consider an electron placed in a unidimensional periodic 
field consisting of a number ô-like equidistant wells (the 


Kronig-Penney model) U (z) = — SML, ô (z — na). Find 

(a) the relationship between the quasi-momentum pand wave 
2mE \!/2 

vector k = — (S) ; 


(b) the equation for allowed zones; (c) the dispersion equa- 
tion for ka « 1*. 





Answer. (a) cos pa — cosh ka — x sinh La H 
x x2 -12. 
(b) cosh [ ka— artanh (zx:)]« (1— 3) ; 
A -1 Yy 
(c) E= PT. (4— 2 — eos pa) (1-5) ] xt. 


* This problem was suggested by G. L. Kotkin. 


{he 
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97. Degenerate Fermi Gas. Electron Gas in Metals 


In this section we deal with a gas of free fermions confined in a 
vessel of volume V. The application of this model to the practical 
case of an electron gas in a metal is based on two assumptions. 

Firstly, the number of electrons in the lower energy zone is as- 
sumed to be less than one half of the number of levels, so that elec- 
trons can acquire energy, passing to higher levels in the same zone 
(the higher zones are separated from the lower zone by an energy in- 
terval, greater as compared to 7, and they are not dealt with here). 
Secondly, the treatment is carried out within the framework of an 
isotropic model, so that the energy of particles is assumed to be equ- 


alto e = om where m is the effective mass, which for electrons in 


a metal differs only slightly from their true mass. 

Let us first consider a Fermi gas at absolute zero—a completely 
degenerate Fermi gas. 

Consider the behaviour of the Fermi multiplier f (e) = ( e(€-wT + 
+1) as T0: 
1 at €< py, 
0 at £ — pos 
The quantity uo = p (T = 0) in formula (57.1) is the limiting value 
of the chemical potential at 7 — 0, while the term o (z) is a step 


function [see Mathematical Appendix, formula (VIII.5)]. 
The Fermi-Dirac distribution, described in Sec. 37, 


lim (e(e-3YT 4- 1)-1 = 0 (uy — £) = { (57.1) 
T-0 


z gi 
N,- gif (ei) ~ eT? (57.2) 
acquires at T — 0 the form 
M oy fi at e< po 
gi O (Bo e)=f GU o, Sis, (57.3) 


as illustrated graphically in Fig. 73. 

The physical meaning of formula (57.3) is clear. At T — O the 
fermions occupy the lowest energy levels. According to the Pauli 
exclusion principle, however, each state can be occupied by only 
one fermion; therefore the levels up to some maximum ema, al 
T = 0 are occupied, with the occupation numbers per cell, N//g;, 
being equal to unity for these levels and to zero for higher levels. As 
can be seen from Eq. (57.3), the maximum energy of fermions at 
T = O0, @max, referred to as the Fermi energy, coincides with the 
limiting value of the chemical potential uo. 

In calculating thermodynamic quantities at 7 = 0, it should be 
noted that in the momentum space the fermions also occupy all 
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states with momenta ranging from zero to the maximum momentum 
Pmax. In the momentum interval from p to p + dp, the number of 
quantum states equals g-4np*dpVh-*, where g is the spin degenera- 
cy. Dealing with an electron gas, 

we assume g — 2. The number N 

of electrons with momenta rang- 
ing from zero to the maximum 
momentum Pmax İS 

mar 


P 
8na V 8nV 
N= | ptdp=5 Pha. 
0 








€; 


Hom o 
FIG. 73 


(57.4) 


It follows from the above that for the limit momentum, also refer- 
red to as the Fermi momentum, we have 








3N \ 1/3 
Pmax = ( 8nV ) h, (57.5) 
and for the Fermi energy emax we find the expression 
PR 3N \2/3 h? 
Ho= mac m (my) m (57.6) 


Finally, the total energy of a gas equals 





p 
U, = AnV i ORS NE 511 
077 7AAS p'Gp-—gjs Pmar; (97.7) 
0 


substituting the value of pmax from (57.5), we find 
3 
U,— = Nemar. (57.8) 


In compliance with the equation of state for ideal gases, PV = $ U, 


we find the pressure of the Fermi gas at T = 0: 
448 \2/3 h (LN SIS 
P=5 (5) (v). (57.9) 

Thus, the pressure of an electron gas differs from zero even at abso- 
lute zero temperature and, furthermore, it is rather high, compared 
to the pressure of an ideal classical gas at room temperatures, P = 

: NT/V. Substitution of numerical values of N/V ~ (10? to 
1023) cm-? into formula (57.9) yields P~ (10% to 105) atm. It is 
clear that this stems from the fact that electrons are not at rest even 
nt absolute zero tempeature, T = 0. 

As can be seen from formula (57.8), at T = O the mean electron 


energy, equal to U/N, amounts to i Emax and the root-mean-square 
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velocity V P? is equal to 


= 3 Pmax ^8, 3N MÀ 
Vana gay PER) x 

Substituting numerical vàlues into the above formula shows the 
order of magnitude of the root-mean-square velocity to fall within 
107 to 108 cm/s. 

All the formulae derived above are approximately applicable not 
only at T = 0, but also at sufficiently low temperatures. The valid 
ity condition for these formulae is, obviously, the smallness of the 
ratio 7/y. Indeed, at temperatures other than zero a number of elec 
trons passes from levels below the Fermi boundary, € = po, te 
levels above this boundary, resulting in the step shown in Fig. 7. 
turning into the dotted line depicted in the same figure. It can easi 
ly be seen from the Fermi-Dirac distribution (57.2) that the dis 
tribution half-width Ae~ T, and that for the above-derived for 
mulae to be valid, the following inequalities should hold: 


T & Ty — uo = Emax: 


where 7, should be referred to as the degeneracy temperature of un 
electron gas (cf. Sec. 37). A numerical evaluation of the quantities 
max and T,shows that emg: ~ 10-?? erg and 7, — (104 to 10°) K 
It follows that an electron gas in metals remains degenerate at any 
temperature up to the fusion point. 

For an electron gas the degeneracy condition can also be dis 
cribed by using expression (57.5) in the form 

N 8x / 2mT \3/2 
Tox) (57.10) 

It should be realized that all the properties of a degenerate Fermi 
gas indicated above, the enormous internal pressure, high mean 
velocities, and high degeneracy temperature, are explained by tlw 
fact that the Fermi "step" in Fig. 73 is extremely "elongated" in the 
horizontal direction, if the distance between levels is taken as tlw 
unit energy. 

Indeed, at low temperatures the number of occupied energy levels 
is proportional to N/2 and amounts to from 10% to 10” even [ur a 
piece of metal 1 cm? in volume. The ratio of the blurring width ?'/ 
to p is clearly a fraction of the number of electrons involved in Ili 
mal motion, and it is rather small up to the metal melting puint 
This explains the well-known difficulty encountered by the classical 
theory of the heat capacity of metals based on the Maxwell-liul!; 
mann distribution. 

If the conduction electrons in a metal are treated as a classirul 
electron gas, then, in accordance with the energy equipartition lnw. 
these electrons must contribute additionally to the heat capacil. 
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thoir contribution being equal to 3N/2. Actually, at room tempera- 
turo the electron contribution to heat capacity is less than 3/2 
hy two orders of magnitude. Also, the electronic heat capacity C, 
inpends on temperature, or more exactly, C, is directly proportional 
lu T. The Maxwell-Boltzmann statistics fails to explain these facts; 
Ihuy can be understood only in terms of the Fermi-Dirac statistics. 

The low heat capacity of an electron gas is explained qualita- 
tively by the fact that at low temperatures T < T, only those elec- 
Irons whose energy is close to the Fermi energy emax are engaged in 
ilurmal motion. Since these electrons constitute a small proportion, 
uf the order of the ratio of the Fermi distribution blurring width 
YT to po, their contribution to the heat capacity is small, C,~ 


(SN 2r) and linearly depends on T. 


Ho "uen : : 
lot us turn to a quantitative examination, departing again from 


ihe already known formulae 





f^ eVMde 
Nay | EFE 
f e3 1 de 
ea] e(6-1/T 4 , 
where for an electron gas A = 4x (2m/h?)?/?. It can be seen that at 


luw temperatures 7 «& p, the chemical potential can be eliminated 
lion these formulae. In the Mathematical Appendix, AX, the inte- 
yinin 


f e” de 
M, = | Tay (57.44) 
0 


«iv evaluated on the condition that T/y < 1, and it is shown to the 
wound. order in (7/p) that 


p^ m3n(n+1) (T \2 
M= [14 22939 (7. (57.12) 
Ihen, tho oxpression for N acquires the form 


av = Minas wee [rey]. (57.43) 


naltituting the value of A, at T = 0 we find again 
3N 42/8 h? 

Hom ( 8n Y) 2m ° 

‘tof SU Faq. (07.13) can be rewritten to read 


uiu pi [4-- (7)? ]. 
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In the small term (27/8) (T/u)* we can assume u zz y; thus accurate 
to quantities ~ (T/u,), we obtain 


p= po [1-5 (2) ] (57.14) 


The expression for the internal energy is found dividing U by N 
(see p. 279) 


U M 3 eI 3 . 2 
AE CS ION LegB[t6m()] 67-15) 
+5 (T) 


and with the aid of formula (57.14), accurate to terms ~ (7/p,)*, 
we obtain 


3 923 | T \2 
U==Npy [1 + (z) Jk (57.16) 
Hence, the heat capacity of an electronic gas is expressed by 
oU 3 T 
C= (yy TNn’ (57.17) 


which is in compliance with experimental data and with the quali- 
tative estimate made in the be- 
ginning of this section. 
It should be noted that although 
the electronic heat capacity 
; Chat is considerably less than the clas- 
sical heat capacity 3N of a lat- 
tice, it even exceeds the lattice 
heat capacity at low enough tem- 
peratures, since in this region 
Ciat oc T? (see Sec. 53), and 
C,o T (Fig. 74). Expression 
T (97.47) includes implicitly the 
FIG. 74 volume of an elementary cell 
[formula (57.6)] and, consequent- 
ly, by measuring the heat capacity of an electron gas, it is pos- 
sible to find this volume and show it to be equal to h’. 
To find the entropy and pressure of an electron gas, we determine 
the Q-potential. According to (57.16) and (57.13), 


--30- -4m [R(E] 


-harma (E) en 
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whence the entropy of the gas is equal to 


TR Pic =F AV p L x == T 
= ( o s 275 * AVp2 T x (57.19) 
to the second order in (7/u,;). The entropy and heat capacity of an 
electron gas are seen to tend to zero as 7 — 0 in accordance with the 
Nernst theorem. 

The pressure of an electron gas is 


Mu 
2 a 
-pA a (E-r [i EE], 
where P, is the pressure of a gas at T = 0, taken from formula 
(57.9). 


A natural question may arise as to what extent is one justified in 
assuming the electron gas to be ideal and to ignore the interaction 
between particles at such high densities and pressures. Let uscon- 
sider the electron gas against the background of a nuclei gas that 
compensates for. the charge of the electron gas (the same as with 
metals and quasi-neutral plasma). The order of magnitude of the 
Coulomb interaction between electrons and nuclei related to one 
electron is Ze?/a, where a, the mean spacing between electrons and 
nuclei, is approximately equal to (ZV/N)'s. For a non-degenerate 
electron gas the criterion of ideality would require the interaction 
energy to be small compared to the mean kinetic energy, whose or- 


der of magnitude is 7, whence it follows that N/V « A 


the criterion of ideality would be satisfied for a sufficiently rarefied 
gas. The order of magnitude of the mean kinetic energy of a heavily 


i.e. 


` BIN y : i 
degenerate gas is uo oc = (7) it is proportional to a higher pow- 


er of density N/V than the Coulomb energy. For this reason the cri- 
terion of ideality has ps form 


T» me” ) : (57.20) 


(y is a numerical coefficient ranging approximately from 10? to 
10°), i.e. a degenerate electron gas is the more ideal the lower its. 
density. 

It can be readily verified that the criterion (57.20) is not satisfied 
for electrons in metals, therefore, agreement with the calculations. 
made within the framework of the model of an ideal Fermi gas is 
rather approximate. The criterion of ideality is far better satisfied 
in some dense stars, the so-called white dwarfs. It should be noted 
that at a sufficiently high density an electron gas is not only an ideał 
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and degenerate gas, but also a relativistic one. For this to happen, 
the Fermi limit momentum must be comparable with mc. According 
to (57.5) welthen obtain 


i 3 
A FE (EY) ~3 x 10% om, (57.21) 


In this connection, a relativistic heavily degenerate electron gas 
often arises in astrophysical ap- 
plications (see Problem 3 at the 
end of this section). 

In conclusion let us compare 
the diagrams representing the 
Bose-Einstein (7), Fermi-Dirac (2) 
and Maxwell-Boltzmann (3) dis- 
tributions at low temperatures 
(Fig. 75). The Bose-Einstein dis- 
tribution function has a sharp 
maximum at e = 0—the Bose- 
Einstein condensation—and the 
function decreases exponential- 

FIG. 75 ly with rising e. The curve rep- 

resenting the Fermi-Dirac distri- 

bution has a flat plateau at e < po, then runs downward, also 
exponentially. In the region of small occupation numbers both 
curves almost coincide with each other and with the curve depict- 
ing the Maxwell-Boltzmann distribution. The latter curve is plot- 
ted as a dotted line, indicating that it has meaning only in the re- 
gion of small occupation vumbers and high energies respectively. 





Problems 


1. Plot the isotherms and adiabats for a Fermi gas on a P-V 
plane. 
2. Plot the isobars and adiabats for a Fermi gas on a T-V plane. 
3. Find the internal energy and pressure of a completely de- 
generate (T = 0) ultrarelativistic Fermi gas. 
3/6 \%/2 N X3 1/672 N QwV3 
Answer. U -3(;) heN (5-) . P-g() he (+) : 
4. Find the relationship between the equilibrium radius R 
and the mass M of a white dwarf, in which the main contri- 


bution to pressure is made by a completely degenerate 
electron (non-relativistic) gas. 


Answer. RM/* = const. 
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58. Electrons in a Semiconduetor 


The electron energy spectrum in a pure semiconductor consists of 
a number of bands. The first, valence band, and the second, conduc- 
tion band, are separated from each other by a gap whose width 
A is of the order of 0.5 to 3.0 eV. Higher bands are of no consequence 
to the physical phenomena associated with semiconductors and they 
will not be considered here. At absolute zero the energy levels of the 
lower band are fully occupied by electrons and the conduction band 
levels are free, so that the crystal has zero conductivity. With ris- 
ing temperature a fraction of the electrons pass to energy levels in 
the conduction band and vacant places, "holes", form in the valence 
band. Acted upon by an electric field, the electrons in the upper band 
can now acquire energy and move in a direction opposite to the 
field, and the holes in the direction of the field. The crystal becomes 
a conductor and the conductivity, referred to as intrinsic conductivity, 
is the sum of the n- and p-type conductivities. 

The idea of holes in the valence band can be described mathemati- 
cally in the following manner. Let us write down the normalization 
condition for the total number of nape 


im 2T. KS wT +È gar QU Bl (58.1) 


where the aban i ee the levels in the valence band, and « 
the levels in the conduction band. The last equality in formula 
(58.1) follows from the fact that at absolute zero it is precisely the 
total number of electrons N that fills the valence zone (the Fermi 
level uo will be shown below to lie in the forbidden band, i.e. above 


the valence band). Transferring the term to the right- 


£i 
a a ieee | 
hand side of Eq. (58.1), we obtain 


Rw Im ,^XÀe(t — ar; )= Iscr Jc FE (58.2) 


The uper of holes in the valence band is on iiis right-hand side of 
formula (58.2), which expresses the condition of electrical neutrality: 
the number of electrons in the conduction band, n,, is equal to the 
number of holes in the valence band, n,. Passing to integration, we 
limit ourselves to a consideration of an isotropic model with a qua- 
dratic dispersion law. Then, the expressions for the number of elec- 
trons and the number of holes per unit volume and in the energy 
interval from e to e + de can be rewritten to read 


dne _ ge? dnp ey (58.3) 
de, * (ee rA-MYT 14’ dep P quTSBIT 4 4" : 
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where A, = 4n (m) 
Ay, = Án 2mp ) ??. 





h* i 
m, and mp = effective masses of electrons in the valence and in con- 
duction bands respectively. 

The readings of the energies e, and £, are taken from the bottom of 
the conduction band and the top of the valence band respectively 
[e, -- A is the energy of an electron in the conduction band, the 
reading of which is taken, as with ej, from the top of the valence 
band (Fig. 76)l. 


The quantity a is plotted as a function of e in Fig. 77, in which 


the dotted lines represent the densities of levels in the valence band 
e < 0 and in the conduction band e > A, while the solid lines de- 
pict the electron densities in the two bands. The difference between 





€ dn] de dnde 
Yj a Yj a 
SS SS ZA Ora € 
(a) 
FIG. 76 FIG. 77 


the ordinates of the solid and dotted lines for the valence band yields 
the hole density. At T = O the two curves coincide and the number 
of holes is equal to zero (Fig. 77a). Integrating expressions (58.3), 
we obtain the total electron and hole densities, n, and np. Due to the 
rapid convergence of the integrals, the upper limit of integration can 
be replaced by oo. 

Let us assume, in addition, that the two inequalities, el4—u)/T > 1 
and eP/T- 1, permitting the  Fermi-Dirac distribution func- 
tion to be replaced by the Maxwell-Boltzmann exponential on the 
right-hand sides of Eq. (58.3), are valid. The two inequalities will 
be shown below to be equivalent and satisfied at any practically at- 
tainable temperatures. The physical explanation of this is that at any 
temperature up to the melting point the electron and hole occupa- 
tion numbers are small compared to unity and, therefore, the elec- 
tron gas and the gas of holes are not genenerate in the conduction and 


Ch. V. Degenerate Gases 285 


valence bands respectively. Integrating expressions (58.3), we obtain 


Ne = AP È e^ */Tg1/2 de m 2 (Za) 2 gab T, (98.4) 
0 


2 T 
ny == Aye7 9 | e-tiTeti? de —2 ( Tmo-) e-wT, — (58.5) 
0 





Making use of the condition of electrical neutrality, n, — np, we 
find the chemical potential 


p=St ZT in( Te), (58.6) 


mp 





Since the effective masses m, and m, are of the same order of magni- 
tude, the second term in Eq. (58.8) is small compared to the first 
and the Fermi level is located in the middle of the forbidden band. 
The non-degeneracy conditions for the electron gas and the gas of 
holes, &(4-23/7T 3 1 and e#/T >> 1, now coincide and lead to the 
inequality e4/27 3» 1, which is satisfied up to T < 10? K. 

Multiplying the expressions (58.4) and (58.5) and allowing for the 
condition n, = Np, we find 

ne=n,=2 ( AM MP easier, 
where m = m,m,)'s. 

The internal energy, heat capacity and other thermodynamic func- 
tions of semiconductors can be readily calculated by the reader. 

The properties of semiconductors change considerably in the pre- 
sence of impurities. Two types of impurity atoms can be distin- 
guished. 

Donor atoms incorporate loosely bound electrons that through ther- 
mal motion can enter the conduction band and give rise to electron 
impurity conductivity. 

Acceptor atoms easily capture an additional electron. If these 
electrons come from the valence band, holes appear in it giving rise 
to hole impurity conduction. Impurity (ertrinsic) conductivity usu- 
ally exceeds many times intrinsic conductivity in both cases. The 
properties of semiconductors with impurities are treated in greater 
detail in the special literature [12], [14]. 

It should be noted in conclusion that the simple picture of two 
bands separated by a gap A = const can be imagined only in a single- 
electron approximation. If electron interaction is taken into ac- 
count, then, in the next approximation, the gap width becomes a 
function of density n. This significantly changes the thermodynamic 
properties of semiconductors and may lead in some models (see 
problem for Sec. 80) to "slamming" of the gap and the appearance of 
n phase transition in the metal state. 
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Problem 


Find the electron-hole internal energy and the heat capacity of 
a pure semiconductor. Compare the latter with the heat capaci- 
ty of a crystal lattice. 


Answer. U = 2 ( et y e-^/?7 (3T + A), 


ona (ttem [E EG. 





59.* Magnetism of an Electron Gas. 


Let us consider an electron gas in a magnetic field with intensity 
H [15]. The presence of a field gives rise to two effects. One, theorien- 
tation of magnetic spin moments parallel to the field, has already 
been considered in Sec. 51 in the Maxwell-Boltzmann statistics ap- 
proximation. For weak fields and high temperatures we find from 
formula (51.11) that 





M — M, ERE — yg. 


In addition, an electron gas possesses, however, a diamagnetic mo- 
ment directed antiparallel to the external field. It should be noted 
in the first place that the diamagnetic effect is of a purely quantum 
origin and it does not exist in a classical electron gas, this following 
from the fact that the Lorentz force, acting on a particle in a magne- 


tic field, f — = [v, H], is perpendicular to the direction of velocity 


and, consequently, performs no work on the particle. For this rea- 
son, if no allowance is made for the potential energy of spin upH, 
which leads to a paramagnetic effect, its energy is independent of 


the field and the magnetic moment u = -f = 0. 


However, it is different in the quantum-mechanical theory of mag- 
netism, as was discovered by L. D. Landau in 1930. The fact is that 
in a permanent magnetic field a charge travels along helical lines 
the axes of which are parallel to the field. For this reason the motion 
of an electron parallel to the field is infinite and, consequently, non- 
quantized. But in the plane perpendicular to the field the electron 
moves in a circle with the Larmor frequency œ, = eH/mc and the 
motion, being finite, is quantized. 

The energy levels of an electron in a permanent magnetic field di- 
rected along the z-axis were shown by Landau [7] to be defined by 
the formula 


2 
e (Pa H)= ppl (2n4-1)+ 54 +p | (n—0,1,2,...), (59.1) 


Ch. V. Degenerate Gases 287 


where ppH(2n + 1) = quantized levels of the "transverse" frac- 
tion of the kinetic energy; 


2 
= = its non-quantized “longitudinal” fraction. 


Due to quantization of the “transverse” energy, the kinetic energy 
of an electron is dependent on the intensity of the magnetic field. 
By virtue of the presence of the non-quantized fraction Lo , the 
energy levels form a continuous energy spectrum and the number of 
states with a fixed z and a longitudinal moment in the interval 
(p; Pz + dp,) is equal to ! 


V eii 
p (Pa) dp. — 3x — dp. 


Let us write down the expression for the Q-potential of an elec- 
iron gas in the following form: 


Q(yu, H, T) - —T NM In (14 eli-e«T), (59.2) 
(9) 


where the symbo! (g) denotes the set of arguments p,, n, s (spin) on 
which the energy depends, and the sign >) indicates that the summa- 


n 
tion is performed over n and over two directions of spin, while 
integration is performed over p;: 


yee =D E | ap.0 (2 


(9) a n=0 


According to formula (38.19), the differential of O (u, H, T) is 
dQ — — S dT — MV dH — N dy, the latter expression allowing 
one to determine the number of particles, the magnetization .M 


and the magnetic susceptibility y = a with the aid of the formulae 


N=- ($) e M=—+ (Sr), ys X- -FF (ee 


It should be noted that in using formula (59.1) for energy, we 
consider jointly both the diamagnetic [first term in Eq. (59.2) 
and the paramagnetic (+ pipH) effects. It is difficult to perform a 
direct limit transition 7— O in expression (59.2), since the integ- 
rand undergoes a discontinuity jump at this limit. 

For our purposes it is important to transform the sum (59.2) 
into some contour integral in the plane of an auxiliary complex 
argument A, using formulae (XII.3), (X11.4) and (XII.5) of the Mathe- 
matical Appendix. Formula (XII.3) permits the reduction of expres- 
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sion (59.2) to 
G4ioo 21 LIA 
"e A mr — @ 
9 (y, H, T)  — 35; f sin nAT M 


g—ioo 
and using formula (XII.4), we find that 


G4 io eo y! AT +H—e(9)] 
= 1 dh @ 
Q (p, H, T) 7 Ont f PE d~ 4coshi (2) ° (59.3) 
-iœ —00 


Now it is easy to perform a limit transition 7 — 0 in formula (59.3); 
integrating over E, we obtain 


i es Y ell-e] — a 

= @ NE. eee 

Q (u, H,0)— — Car | d) <2 M Y 4 cosh? (£/2) 
g—ie 


cio > eMe] 
| dj S ——. (59.4) 


o-iœ 


2ni 


Changing the integration sequence in formula (59.3) and taking ac- 
count of formula (59.4) with the substitution p — u + ET, we find 


EE Ñ Q(u4-TE, H,0) _1 a(n, H, 0) 
Bum y= j ag 4cosh?(E/2) — f 4 cosh? (n—p/2r) ' 


This suggests the following important property of the Q-potential: 
at temperature T the dependence on y is determined unambiguously 
by the dependence of Q on p at T = O. It follows that a thermodynam- 
ic description of an electron gas requires a knowledge of Q (p, H, T) 
at T — 0. According to formulae (59.4) and (XII.5) we have 

04 ico 5 en e(00] 
Q (u, H,0)— M f AN e 
H, JU )= 2 dA 


ni M 
g—ioc 


= — 5 [p—e (g)19 In — e ()]. 
(e 


Let us first sum up in the above expression over n and over two spin 
directions. It is clear that the difference p — e for the quantum num- 
ber n — 1 and the spin parallel to the field will be equal to the samo 
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difference for n and the spin antiparallel to the field (for all values of 
n): 
2 


pi P; 
y — (2n — 1) uH — ug H — 5— = p — (2n + 1) pg H + ug H — 577 


P; 
—yu—2nuyH —57-. 


Owing to this all terms of the sums over n are doubled, except for 
the term with n = O and the spin antiparallel to the field, and we 
obtain 


Q(u, H, 0) — — ar | [i2 bx (u—2nupH — 2) |dp,. 
n=1 


2 
On account of the factor c (a — 2nugH — -) omitted in the above 


expression, in each term of the sum integration is carried 
out over the interval between two zeros of the integrand from 
—V3m(u —2nygH) to + y 2m(y — 2nugH). 

Upon integration, we find that within the interval 2lugH < 
« y < (2l +1) uH, where l is an integer, the values of u are 
expressed by 


—Q (p, H, O= Neg H (2) 2 X (seat y^], (59.5) 
nei 


where po denotes the chemical potential of an electron gas in the ab- 
sonce of a magnetic field and at temperature 7 = 0: 


m= (uv) (zz). 


For our purposes it is more convenient to rewrite expression (59.5) 
to read 


I 
-Q (p, H, 0) = N po (r) +2 3 Ge m)"]. 


(59.6) 





Lot us introduce the following notation: 


__ (H, 0) MES az E P 
T=- uipi ’ R, (z) =az !4-2a >) (z—2n) !ig(r—2n). . (99.7) 


n=1 


iw 0799 
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Differentiating the expression for the function R, (x), we get 


aR ai a- 
T a [(a—1)2 2.1.2 (a— 1) y (z— 2n) *a (z— 2n) | 
n=1 
+ 2a >» (x — 2n)*"'!6 (z — 2n), 
fum] 
where 6 (x) is the Dirac delta function. From this it is clear that at 
a-1 exists, but at axz1 the 
derivative of the function A, (z) becomes infinity at z = 2! (where 
l is an integer), and the function R, (z) undergoes discontinuity 
jumps at these points, which are finite ata = 1 and infinite at a < 1. 
Substituting formula (59.7) into (59.6), we obtain 


H 45/2 
—9 (p, H, 0) =F Nu (F8 Rs (2), 








whence we find 








N= — (A), aN (2E) Rus le), (59.8) 
4(H, 0) = -77 (37). =r E ( E ) ^ tse (z) — zB; (2)]. 
(59.9) 


it follows from formula (59.8) that 
= [37 (z) 1/3, (59.10) 





He 
bp 
and, using expression (59.7), we find 


En 0) =f [Raye (2)]-?/3. (59.11) 


Finally, substituting formula (59.10) in Eq. (59.9), we obtain 
X059. Z {Rs (2)— Fs) (Ros aye", — (59.12) 


where 
quem "b 
9 V go 


Formulae (59.10) through (59.12) present in parametric form tlie 
dependence of p (H, Oy/u, and x (H, O)/y, on ae (Fig. 78), i.e. 


on the intensity of the magnetic field at absolute zero. It can be seen 
from these formulae that the behaviour of the quantities yu (H, 0)/u, 
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and y% (H, O)/y, is determined by the properties of the functions 
Rs (x) and Ra; (z). Since the derivative of the function Rs; (z), 


equal to 3 Ry. (z), has (infinite) discontinuities at points z = 21, 
characteristic peaks are observed in Fig. 78. It is seen from the figure 
that both p (H, 0) and x (H, 0) are oscillating functions of Eos. 


pp 
With decreasing field intensity H the oscillations of the chemical 


potential u (H, 0) attenuate rapidly and the chemical potential u 
reaches its practical limit po at TT dk 10. 


The susceptibility x (H, 0) undergoes greater oscillations. As can 
be seen from Fig. 78, the susceptibility becomes negative at some 


X(H,0) 
Ho) Xo 9 (H,0) 








Us H 
234567 8 ©1011 
FIG. 78 





1 


values of H, which is indicative of the predominance of the diamag- 
netic effect over the paramagnetic one. The critical fields H = Hi, 
nt which the derivatives of the functions p (H, 0), x (H, 0) have 
discontinuities, are determined from the condition 


H (Hi, 0) 
uB a 
It is now possible to relate the period of oscillation for the suscep- 
ibility AH, and the field intensity H, at which this oscillation is 
observed. Write down the formulae: 


p(H.,0 _ B(H;-FAH;,,0) _ = 
HBH meh pp (H,+ AH) ety: 
‘laking the difference of the two expressions and allowing for the re- 


Intively weak dependence of u (H, 0) on H (especially at large J), 
wo obtain 


E 


u (Hn 0 _ p(Hi--AH, 0) — 2p 
l Hı+ AH, p 


ine 


or 


(rot sor i) enema | po ep (+AA | nr E 
Hi (Hi AH) Un 


whence, finally, we find the rule 


2H, (Hit 4H) _ 


AH, =f = const, 


which agrees well with experimental data. 
Let us consider two extreme cases. 


Strong fields: z = ug 2. 
As can be seen from Fig. 78, within the range 0 < z < 2, corres- 
ponding to the interval 0 < m < [Rs (2) = 4.549, the 


oscillations of the chemical potential and susceptibility, character- 
istic of weak fields, vanish and p (H, 0) and x (H, 0) decrease mono- 
tonically with increasing field intensity. This region is of no practical 
interest and is hardly attainable. 

At 0< z «— 2 formula (59.7) gives 





; 5 
R5Xz)==25, Rap (t) = > zV?, 


and, making use of formulae (59.10) through 59.12), we find 
HEO L (S) 220, XO LE ait Ho =(3 ) ann, 














Ho ’ BE ~ \2 
Eliminating from pi above formulae the i ann ji we obtain 
u(H, 0) . = ( Ho y x(H,0 _ Me 
Ho pp / * Xo 27 \ Ppa 


Weak fields: z xd Let us derive the asymptotic expressions for 
the functions R, (z) at large values of the argument z. According to 
formula (59.7), we have 


aR, (21) = (2171 4- 22 [1271 .- Det E (L— 1*1] 
t 
=e 2 n2-1— (21*-!, 
n=1 


The above expression can be estimated by means of the Euler sum 
formula 


Sim= feed [f ) - f 014- -- 


næ) 
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According to this formula, we have 


t 
ae la a 
e t=—(1+34 es). 
whence for large values of z we obtain 
» —1 
R,(z)=2 [1 9 on 
Formulae (59.11) and (59.12) are used to calculate 
B(H, 0) . E xu 0o , 1! — Ho 
kc 7 Ta xn i t3 
Eliminating z, we obtain 


p(H, 0 . , 1 (ppd \2 x(H,0 . , 1 (pei y? 
Ho ~i dw E Xo zi x (ET) 

The nature of the dependence of y (H, T) and p (H, T) on the mag- 
netic field in the low temperature region T < pH is the same as at 
absolute zero, only at values of the parameter z = 2i the peaks 
vanish with rising temperature and are replaced by smooth transi- 


tions with a width of the order of ar The width of these transition 


regions increases with rising temperature, the curves flatten out and 
the oscillating nature of the curves, which is characteristic of strong 
fields, becomes less pronounced. 

Let us consider the extreme case of high temperatures T >> po 
In this case, as will become evident later, p/T is a large negative 
number and e(^-9/7 < 1. It is, therefore, convenient to calculate 
2 (p, H, T) directly by formula (59.2) without recourse to the gener- 
al integral formula. Substituting e (q) from formula (59.1) and pas- 
wing to integration, we obtain 


—Q (p, H, T) - T y, etls-eà 
(9) 





œ eo 
= ew iia f (ePHB 4 PUBS) oc hp On E Doo EPI gp, 
-0 ne) 
l'erforming integration 


f e PPE?m gp, = ( A) n (2xumT)!* 


and summation 


eo 
3 e" PipHOna 1) 
ft 


HjT -Bpa4H/T, 
= (e”B IT__ q7"B Tj 
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we obtain 
—Q (n, H, T) = (St)? 782eut BBE cot BBH. 
The above formula yields 
— _ {a2 Y ¢ 8am? \3/2 "up. pelt 
Ne eee e) st mo 
and, taking the logarithm, we find the chemical NEUE 
= V ¢ 8umT \3/2 ugH pp 
yp --Tln {ar (=) HaT coth ERE), (59.13) 


Formula (59.13) indicates that at 7 ® y, and any H, p (H, TyT 
is in fact a large negative number. By analogy, we have 


ma n- (3), 


TS/2 7 Bum | 3/2 pp eet up 1? . , _, BBH 
= = WT | TS —[-—— 2 CB 
4H ( ha ) : [5 core (55 | sinh? ^g ] 








Eliminating p and introducing the maximum magnetization per 
unit volume, M, a we obtain 


M(H, T)_ 2upH/T 
Mo wu [1- ^ sinh zia Cp |: (59.14) 


Formula (59.14) is derived for high temperatures with the account 

taken of both the diamagnetic and the paramagnetic effects. While 

expression (51.11) leads to saturation in strong fields (curve 1 in 
Fig. 79), M— M, as H — œ, 
expression (59.14) points to mo- 

: notonically decreasing magne- 
tization M in strong fields, 
M cx H^! (curve 2 in Fig. 79). 
All traces of oscillations in the 
quantities  u(H, T) and 
x (H, T)/y, naturally disappear 
at high temperatures. 

In concluding this section, let 
us consider the simple and physi- 
cally vivid interpretation of the 

FIG. 79 de Haas-Van Alphen effect, exam- 

ining a more general anisotrop- 

ic model of a metal and making sure. that experimental study of 

the oscillation of magnetic susceptibility provides important data 

ELE form of an anisotropic Fermi surface (for greater detail see 
13]). 

In a quasi-classical approximation, suitable for most metals with 

any attainable field, the energy levels of finite electron motion in a 
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magnetic field are determined by the Bohr-Sommerfeld quantiza- 
tion rule 


P, dr — nh, (59.15) 


where P, is the component of a generalized momentum in the XOY 
plane perpendicular to H. Let us calculate the integral on the right- 
hand side, using normalization of the vector potential 

Az- = — Hy, A, — A,— 0, 
whence 


eH 
P= px— —WV, P, = py. 
Since the coordinate z is a cyclic one, P, = const and dy = a dp... 


From this we find P; dr = P,dz + P,dy —P,dz + A Py 4px. 


The contour integral of the first term is equal to zero since 
P, — const, and we obtain 


H 
$ P, dr =< Op dp. Bini 


= S(e, p). Gees) 


where S (e, p,) is the area of the 

surface € = const intersected by FIG. 80 

the plane perpendicular to the 

direction of the magnetic field. The condition of energy quantization 
(59.45) then acquires the following form: 





dip S (e pn. 
\opending on H^, the oscillation period for susceptibility is evi- 
dently determined by the condition An — 1 (the filling of a new orbit- 
ul terminates). From this we find 

apes meo 
A UT) = Se, Be) 


The oscillating nature of the dependence of susceptibility on H 
is blurred by the functional dependence of S on p,. It is clear that 
the main contribution to the oscillation effects is made by the values 
«f p, at which S (e, p,) changes slowly with p,, or, in other words, 
the extreme sections of the constant-energy surface (Fig. 80). In 
addition, it is clear that at low temperatures T < pp < p, it 
ix precisely the Fermi surface e = y, which is of importance to the 
problem. For this reason formula (59.16) allows us, by changing the 


(59.16) 
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direction of the magnetic field and measuring the oscillation periods, 
to obtain data on the extreme sections of the Fermi surface and, there- 
by, on its form. However, the intricate nature of the Fermi surface 
(the great number of extreme cross sections) and a number of sub- 
ordinate effects, such as the interaction of electrons with phonons 
and also with impurity atoms, considerably complicate the problem 
of restoring the Fermi surface based on experimental data (for greater 
detail see [13]). 


Problem 


Show that for an isotropic model—a spherical Fermi surface— 
formula (59.16) is qualitatively in agreement with formu- 
la (59.13). 


CHAPTER VI 


SYSTEMS OF INTERACTING PARTICLES. 
THE GIBBS METHOD 


60. T-space. Liouville's Theorem 


Up till now we have limited ourselves to the consideration of prob- 
lems that could be solved by the method of boxes and cells, i.e. of 
problems of the thermodynamic properties of ideal gases. 

The following sections will be devoted to a much more general meth- 
od of solving problems in statistical physics, the Gibbs method, 
which allows usto investigate the behaviour of arbitrary macroscop- 
ic systems whose component particles interact with any degree of 
strength. It is clear that the results that can be obtained from apply- 
ing Gibbs's method include as a particular case all the results that 
have been obtained by means of the box-and-cell method. 

First, we have to introduce the concept of the phase I'-space, which 
is a direct generalization of the concept of the p-space. If interac- 
tion exists between particles, a change in the coordinates and mo- 
menta of one particle entails a change in the coordinates and momen- 
ta of other particles. This means that the p-spaces of individual par- 
ticles are no longer independent of each other and a solution based 
only on the concept of the p-space is inadequate. 

Let us mean by the I'-space a 2Nf-dimensional continuum whose 
coordinates are Nf generalized coordinates and Nf generalized momen- 
ta of all particles, where N is the number of system's particles and 
f is the number of degrees of freedom of each particle. A point in 
the T-space represents the state of an entire system, and not of one 
molecule, as was the case with the p-space. The state of the system 
evolutionizes in the course of time and the representative point 
traverses a phase trajectory which lies on a constant-energy hyper- 
surface in the case of a closed system: 


E= Hit 291 (00 - 97 (01. q2: e) (60.1). 


where é£, = kinetic energy of ith particle; 
4L (qı) = potential energy of the ith particle in an external: 
eld; 
BW {qı} = potential energy of particle interaction. 
By analogy with the p-space, the product of the differentials of 
all coordinates and momenta will be referred to as the element of 
valume in the phase I-space: 


dT — [] dq, dpi. (60.2). 
i 
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Just as in the case of an ideal gas, making a quasi-classical descrip- 
tion with the aid of coordinates and momenta, each quantum state 
will be assigned a phase volume h^’, so that the expression 


dQ m (60.3) 


represents the number of quantum states taken over for the intervals 
qi, qı + dq; and p,, p; + dp; of the generalized coordinates and 
momenta. 

The Gibbs method is based on the following. Let us consider the 
selected system, placing it into a surrounding medium (a thermostat). 
The microstate of the system will change in the course of time due 
to interaction with the surroundings, following a rather complicat- 
ed law. It is practically impossible and even not necessary to pre- 
dict in advance the progress of these changes due to the enormous 
number of dergees of freedom, since of interest to us is the macro- 
scopic state of the system, and not the state of each component par- 
ticle. We can only assert that a representative point can move in the 
phase space along an extremely tangled trajectory, passing repeated- 
ly through any rather small volume of the phase space. This trajec- 
tory lies no more on the constant-energy surface, since due to the 
interaction with the surroundings, the system's energy also changes 
slowly. This permits us the introduction of the probability of find- 
ing a representative point in any element of the phase volume, 
proportional to dI': 


dW (p, 9) = p (p, q) d, (60.4) 


where p (p, q) is the system's probability density or distribution 
function (the symbols p, q will be used to denote the set of the gener- 
alized coordinates and momenta). The function p (p, q) must evi- 
dently satisfy the normalization condition 


fet. aar =i. (80.5) 


The mean value of any function of coordinates and momenta can be 
calculated by the formula 


L = È L (p, a) p (p, 9 dr. (60.6) 


If we follow a representative point in the phase space and mark its 
position on the phase trajectory in small time intervals, then the 
totality of these instantaneous positions of the representative point 
in a sufficiently long time will fill the l'-space with a density propor- 
tional to p (p, q). The method suggested by Gibbs consists in that in- 
stead of tracing the motion of one representative point in the course 
of time, we visualize a set of representative points distributed in the 
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I-space with a density p (p, q). This means that we can think of a 
set of copies of the same physical system. differing from each other 
only in the values of p; and q; at a cerlain moment of time, that can 
be chosen as reference, t = 0. 

If we examine. for instance. the behaviour of a gas confined within 
a vessel, we must visualize an enormous number of gas-holding ves- 
sels; if we consider a crystal, we must think of a great number of 
similar pieces of the crystal. etc. The copies of the system may have 
different volumes and be composed of different numbers of parti- 
cles. but be placed in the same surroundings. Such collectives of 
(imaginary) copies of a system are called statistical ensembles, and 
below (see Secs. 61. 62) we shall consider various particular cases of 
such ensembles, depending on which parameters are fixed in an en- 
semble (energy, temperature, volume. number of particles, etc.). Due 
to the different initial conditions and interaction with the surround- 
ings, the state of each copy changes with time in a different way, 
meaning that each representative point, describing the state of ona 
of the ensemble copies, moves along its phase trajectory. The set 
of these points forms in the [-space a gas, or rather a liquid with den- 
sity p (p. q, t). 

Let us derive the equation describing the function p (p, q, t). 
Since the representative points neither appear, nor vanish—the 
number of copies in an ensemble is constant, the decrease in the num- 
ber of representative points in fixed volume T' of the phase space 


per unit time, equal to — f p (p, q, t) dT, must coincide with the 
T 


flux of the number of representative points through the boundary of 
volume T. Hence, 


r 


where u = vector of the 2/N-dimensional velocity of the representa- 
tive points (u has the projections q, and pr. k = 1, 2,..., 
IN); 
do — directional surface element confining the volume T. 
Making use of Gauss’ theorem, we transform the surface integral un 
tlie right-hand side of Eq. (60.7) into a volume integral, obtaining 


| [2+ ow ]ar - o 
ax 


ur, due to the arbitrariness of T, 
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V is a 2fN-dimensional gradient with projections in Š : 
Equation (60.8) is an ordinary continuity equation, merely reflecting 
the fact that the number of representative points is constant. 

Vector u contains information on system properties. The system 
will be assumed to be closed or quasi-closed and the effect of the sur- 
roundings on system particles will be ignored. This effect takes place 
only in the thin surface layer with a thickness of the order of the 
range of molecular forces and is negligibly small in the course of 
sufficiently small time intervals. Limiting ourselves to the considera- 
tion of classical systems, the Hamiltonian will be assumed to de- 
pend only on the coordinates and momenta of system particles, 
H = dX (q,p). Then, the equation of motion in the Hamiltonian 
form 

: oot E oot 

doce TS oa (60.9) 
permits an important transformation of the second term in formula 
(60.8): 


IN 


V (eu) = >) [ 5 (om) + (609) | 
1 


IN š 
ô ô * i 
Se Slat 2n. IPIE wo aen]. 


The first term on the right-hand side equals zero, since, according 
to formula (60.9), 


aan PA. otov =0 
ôdr Hpk ÔPh + graph in am. "o Op.Oq. — ^C 


and the second term is a scalar product uy p. Therefore we obtain an 
equation, describing the behaviour of an ensemble of classical 
quasi-closed systems, if interaction with surroundings is ignored, 


2 + avp=0, (60.10) 


referred to as Liouville's equation. 
It should be noted that the sum 


p T +> [ ats + Pi opi 5-4 


is the total derivative of p (p, q, t) with respect to time. With the ac- 
count of'the equations of motions (60.9), the sum can also be presented 
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in the following form: 


dp p. sy 24 0H . 4 oH 
ar ~ gr tle, H), where [A, ia 0g; Op, — Op, ÔQ 


are the classical Poisson brackets. In this connection formula (60.10) 
can be presented in two more forms: 


dp — 
+ =0, (60.14) 


2e. 1p, HI=0. (60.12) 


It follows from (60.11) that the distribution function p (p, q, t) 
remains constant along the dynamic trajectories in the I-space. 
This assertion is referred to as Liouville's theorem. Here, by the dy- 
namic trajectories are meant the lines whose parametric equations 
qn = qr (D, Pr = Pr (t) are derived from the equations of motion 
(60.9). 


Liouville's equation plays an important role in studying the laws 
governing the evolution of the state of macroscopic systems with 
time, and it will be studied in greater detail in Ch. IX, devoted to 
kinetics. In statistical physics, we shall limit ourselves to the con- 
sidering of equilibrium and, consequently, stationary states, so 


that the distribution function is constant, ĉe = 0, at each point 


at 
of the I'-space. Liouville's equation then reduces to 

u Vp = 0, (60.13) 
or 

lp, Æl = 0. (60.14) 


lt can be seen from Eq. (60.13) that in a stationary state the gradient 
of the distribution function is normal to the dynamic trajectory, so 
that the distribution function does not change along the trajectory. 

'Thus, the distribution function p (p, q) is an integral of motion. 
l'urthermore, it is clear that p (p, q) is a multiplicative quantity and 
{ts logarithm is an additive integral of motion. Indeed, subdivid- 
ing mentally the system under consideration into two macroscopic 
subsystems I and II with linear dimensions of the order of l, we can 
assume them to be statistically independent. Due to the small range 
of molecular forces, only those particles interact that are arranged in 
the thin layer close to the subsystem interface, but the number of 
mich particles and the interaction energy are proportional to 7, 
while the total number of particles and the internal energy are pro- 
portional to 72, therefore for macroscopic subsystems the interaction 
energy is small compared to the internal energy. 

Thus, the subsystems are quasi-closed, and the instantaneous 
atnte of one subsystem does not affect the state of the other. It should 
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be noted, however, that over prolonged time intervals the inter- 
action of the two, subsystems, just as the interaction of the system 
with the surroundings, manifests itself if only in that the energy of 
each subsystem and of the system asa whole changes slowly and the 
representative point passes from one constant-energy hypersurface 
to another. Due to the statistical independence of the subsystems and 
according to the probability multiplication theorem, we can describe 
the probability of finding the entire system in an element dI 
of the phase space by the expression 


dW (p, q) = p (p, q) aT = p, dT, p, APs. 
Since dT = dT, dT',, then 
pps Inp = Inp, + In pz. (60.15) 


For most physical systems there exist only seven independent ad- 
ditive integrals of motion: energy, three projections of one system's 
momentum P and three projections of the system's angular momentum 
M. The probability density p (p, q) is a function of them. Below, 
bodies will be treated in a frame of reference in which the bodies as 
a whole are not in translational motion, i.e. P = 0, and do not ro- 
tate, i.e. M — O. In this case we assume that the probability density 
p (p, q) is a function only of energy: 


p (P, 9) = p (E). (60.16) 


61. Microcanonical and Canonical Distributions 


The simplest statistical distribution, obeying formula (60.16), 
is obtained, assuming the system to be closed, or isolated. The pro- 
bability density p (p, q) then differs from zero only on the constant- 
energy hypersurface. Inasmuch as the normalization condition 
(60.5) must be satisfied and the number of dimensions of the constant- 
energy hypersurface E (p, g) — E is less by unity than the number 
of dimensions of the I'-space, it is clear that p (p, q) must become 
infinity at E (p, q) — E. This can be described conveniently by 
means of Dirac's 6-function 


e (p, q) = AB [E (p, q) — E], (61.1) 
where A is a constant defined by the normalization condition. For- 
mula (61.1) expresses the Gibbs microcanonical distribution. 

It is often useful to indicate implicitly that not only the energy E, 
but also the number of particles N and the system's volume V are 
fixed. Then, the microcanonical distribution will be written down in 
the form 


p (p, 9) = ASIE (p, g) — E] 6(V — V)8,, x. (61.2) 
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Let us derive now the statistical distribution for an open system 
interacting with the surroundings. Such a distribution will be de- 
rived in this section for an arbitrary macroscopic system, assuming, 
firstly, the system's surroundings to be an ideal gas and a thermostat 
and, secondly, the system to be placed in a vessel with heat-trans- 
ferring walls, fixed and impermeable to system’s particles, so that 
there is energy exchange between the thermostat and the system; 
the number of particles in the system and system volume are as- 
sumed to be fixed, N = const, V = const. (Both the first and second 


assumption will be renounced in the next section.) 
3N 2 
pt 
Denote by E (p, q) the system's energy, by e (P) = X z; the 
imi 
energy of the thermostat and by E the total energy (q, p are the 
generalized coordinates and momenta of system's particles, Q and 
P denote the coordinates and momenta of thermostat's particles), 
and by N the number of particles in the thermostat. 
The system under consideration + the thermostat are assumed to 
be a closed combined system for which the following microcanonical 
distribution is true: 


p (P, 9, P, Q) = A6 (E + e — E). (61.3) 


To find the system's distribution function which determines the 
probability that system's coordinates and momenta lie in the ele- 
mentary phase volume dI, expression (61.3) must be integrated over 
the coordinates and momenta of thermostat's particles, Q and P. 
Evaluate the integral 


jf e"oeos(x x -E-E). (61.4) 


i=1 


Integration over the coordinates Q yields VN due to the fact that the 
integrand is independent of Q. 

'To carry out the integration in the momentum space of thermostat's 
particles, let us pass to spherical coordinates. Denote the volume of 
a 3A-dimensional sphere by Vs = C34 RN, where Cy is a dimen- 
rionless constant [see Mathematical Appendix, formula (XIII.5)] 
in R is the sphere radius in the 3N-dimensional space, determined 
y 


3N 
R= È ii = (2me)!?, dR= (z)^"a. 


ie 
Then, the element of volume is equal to 


dV sy = NC, R- dR =$ NCyy (2m! ? e3N12-1 de 


and, consequently, 


INg JN y P z 
jj a"oa"Ps( X i E—E 


i1 
=e cy" (2m)? | e3N/2-18 (e + E — Ë) de 


E 

~ (1-3 

where D (N) denotes the totality of all multipliers independent of 
the system's energy. 

Let us pass now to the limit N — oo, assuming the number of 

particles to remain large but finite. Since the thermostat is an ideal 


Veer 


gas, then we Pas T and 


(ajne zx (1— er) utr. (61.5) 


Introducing the notation AD (oo) — 1/Z, we find from formulae 
(61.3) and (61.5) that 
e^ E(P. 4)71 


e (P, q)  —z—. (61.6) 


The distribution obtained is known as the Gibbs canonical distri- 
bution. The quantity Z is determined by the normalization condition 


fe (p, q) dT = 1 and, similar to the Maxwell-Boltzmann distribu- 
tion,.: referred to as the integral of states* (see Sec. 37) 


Z= | e- Et. dT qp. (61.7) 


Since, according to formula (61.6), the probability density p (p. 9) 
depends only on energy, the probability that system's energy lies 
within (E. E + dE) is equal to 


dW (E) — p (E) dE = e-ET dT (E)/Z, (61.8) 


where dI (E) = a dE is the volume of the phase space between the 


hypersurfaces E (p, q) = E and E(p, q) = E + dE. 

In the derivation presented above, the thermostat was assumed to 
be an ideal Maxwell-Boltzmann gas. It is clear from the physical 
viewpoint that the result (61.6) must not depend on the selection of 
thermostat and must remain valid also in the case when a Bose gas, 
a Fermi gas, a real gas, etc., is chosen as a thermostat. 


* It should be emphasized that (n contrast to Boltzmann s integra! of states. 
the integral in (61.7) is taken over the phase space of the entire system. 
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Integration over the I-space of the thermostat in formula (61.4) 
can readily be performed only if the thermostat is a Maxwell-Boltz- 
mann gas in which the coordinates and momenta of the particles 
are not correlated. In all other cases, including those involving Bose- 
and Fermi gases, such correlations exist. In the case of fermions there 
exist, by virtue of the Pauli exclusion principle, repulsive forces be- 
tween particles closely arranged to each other in the l'-space, while 
for bosons there is a tendency toward particle accumulation in one 
state. This means that different regions of the l'-space become non- 
equivalent, and the integration in formula (61.4) must be performed 
with some weight factor accounting for the correlations, and 
this would hamper greatly the solution of tle problem. 

Let us point out now another important property of the canoni- 
cal distribution presented by formula (61.8). For macroscopic systems 


the function E increases rapidly with Æ, while the exponential 
e-E/T decreases rapidly with rising E. For this reason the product of 
the two functions has a sharp maximum at a certain value of energy 


7 = Epro», meaning that in a canonical ensemble energy fluctua- 
Lions are very small and ave) = p (E) behaves practically as 
& (E — Epson). Therefore the Gibbs canonical distribution is ac- 
tually equivalent to the microcanonical distribution. In particular, 
the most probable energy, Epron, coincides with a great accuracy 
with the mean energy E = U. 

Let us illustrate the foregoing by considering an ideal gas, for 
which, as was shown above, 


ar 8N/2-1 
axe: 





and we have 

p (E) = const . E'N’? -'e-EIT, (61.9) 
leet us find the maximum of p (E). Differentiating Eq. (61.9) and 
equating the derivative to zero, we find 

3N 
Ewa = (^5 —1) T 
h ; = 3N 

and, comparing with E = =z! we see that 


E—Eprob m 2 
f o aN’ 


i.o. for macroscopic systems the difference between E and Epro» is 
nogligibly small. 

Lot us find the form of the distribution function p (E) in the neigh- 
hourhood of Epron where it differs markedly from zero. We rewrite 


'n 0708 
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expression (61.9) to read 
p (E) = 6%), 
where 


p (E) = -f+ (5 —1) In E 4- const, 


and expand the function q (E) into a series in (E — Eprop): 
3N/—1 | — 3N 


, E = 0, ” E en SESE EN. 
 (Eprov) q” (E prov) Ei 2E? rob ' 


whence 
3N (E— Eprob)? 
p (E) = const exp [ i Ef |. 

Thus, close to the maximum the canonical distribution acquires 
the form of the Gaussian distribution. For a numerical] estimation of 
the maximum sharpness we assume N ~ 10? and (E — Eprop)/Eprob ~ 
~ 10- and obtain p (E)/p (Eprov) ~ 10-10, Hence the maximum of 
a canonical distribution is so sharp that it cannot be presented 
graphically on any practically feasible scale. The distribution is 
practically delta-shaped and is equivalent thermodynamically to 
the microcanonical distribution. 


62. T-V -u and T-P-N Distributions 


In the preceding section we considered the statistical distribution 
for systems whose energy can fluctuate, but the number of particles 
in a system and its volume are fixed. This signifies that the system, 
placed into a thermostat with 7 — const, is contained in a vessel 
whose walls possess a high thermal conductivity, are stationary 
(V — const) and impermeable to particles of the system and the sur- 
roundings (N = const). Below systems of this kind will be referred 
to as T-V-N systems. 

In practice, however, we are also concerned with systems with a 
fluctuating number of particles (for instance, a liquid or a crystal in 
equilibrium with vapour, a phonon- or photon gas). Let us visualize 
a system confined in a vessel with heat-conducting stationary walls 
permeable for particles. The system is then in equilibrium with the 
thermostat (T = const) with which it can exchange not only energy 
but also particles (N + const). Such equilibrium requires that tho 
chemical potentials of the system and of the surroundings should be 
the same, i.e. the condition imposed is p = const. Systems charac- 
terized by T = const, V = const, » = const will be referred to as 
T-V-u systems, and the corresponding distribution, to be derived 
below, as the Gibbs grand canonical distribution. 
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Finally, a system can be visualized in which, in addition to ener- 
gy, the volume fluctuates, and the number of particles remains con- 
stant—the system is confined within a vessel with heat-conducting 
walls impermeable for particles, closed with a frictionless piston. 
It is also clear that in this case the pressure in the system and sur- 
roundings must be the same, and the condition imposed is P — const. 
Systems with T = const, P = const and N = const will be called 
T-P-N systems. 

Let us turn to the derivation of the Gibbs grand canonical distri- 
bution, assuming, as in the preceding section, the thermostat to be 
an ideal gas with a number of particles N great compared with the 
number of system's particles. The thermostat is separated from the 
system by a stationary partition permeable for particles. For a com- 
hined system the microcanonical distribution is valid: 


N Op - 
q, R, P,Q, N) — A6 z—-FE(p,g)—E|, 
P (p, q, n, P, Q, N) [2 a + E (p, 9) | (62.1) 


n 4- N = Ñ — const. 


Of interest to us is the probability density p (p, g, n) for a system 
consisting of n particles. To find the probability density, we must 
integrate Eq. (62.1) over the coordinates and momenta of thermostat's 
particles and multiply the expression obtained by the number of 


ways in which Ñ particles can be distributed between the system 





and the thermostat, ^N . For this factor there is the approximate 
R Ñ! 
expression -pr = iw +4)(N +2) . (N+ nx =. 


Integration over Q, and P, is performed in exactly the same way 
us in the preceding section, resulting in 








NIA Pi z 
psg, 0) = AT ff d*Q, d*P,6 ( >) ;-E—E) 
i 
_ AN® VN 3 (2mE)3N/2 E |3N/2-1 
—— V NC T (1-3) . (62.2) 


lipon the substitution E œ% 3 NT and, passing to the limit N — oo, 
the last factor in formula (62.2) gives the Gibbs factor e-E/T, In 


the remaining factors N is replaced by Ñ — n and, using formula 
(NTIT.10). of Mathematical Appendix for C,,,, all factors indepen- 


lont of n are gathered into one common factor Q (Ñ, Ê, V). Accord- 
lng lo formula (XIII.10), at N >> n, with an accuracy to factors 
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independent of n we have 


Nem e v (ir^ 


ains (1 ENS ER e-3n/2 m [ou (62.3) 





whence, substituting into formula (62.2). we find 


1 NV qn. 
P (P, 9 n) = or Teann | e-EIT, 


It should be noted now that, according to formulae (40.5), (40.3) 
i NE hN . 
(g = í, a = hì), the factor VGamrpp iS equal to the exponential 
e" | where pu, is the chemical potential of an ideal gas (thermostat). 
But in the case of an equilibrium exchange of particles between the 
system and the thermostat p, = p (see Sec. 26), thechemical po- 


tential of the thermostat is equal to the chemical potential of the 
system, and we finally obtain the formula 


p (p. q. n) == cups em PUTO, (62.4) 


which represents the Gibbs grand canonical distribution. The quanti- 
ty Q. called the statistical Q-integral. or Q-sum, is determined by 
ihe normalization. condition 





> f d? p digo (p, q, n) —1, 





næ) 
whence 
= un/T ix un/T . sis 
Qu, T) — Dy Saw fam parrge-E =O) fram Za (T). (02.5) 
n=0 nz 


where Z, (T) is the statistical Z-integral of Gibbs' canonical distri 
bution for a system of n particles. 

Let us finally derive the 7-P-N distribution for the case when the 
number of system's particles is fixed, but in addition to energy, the 
volume of the system can fluctuate. The microcanonical distribution 
for the distribution function of the combined system is 


P? MP ae 
e (p, q, v, P, Q, V) = A6 (Ex-E-E) , vcVeV. (62.5 


1 


Integrating over the coordinates and momenta of thermostat's pir 
ticles, we obtain, in addition to constants and the Gibbs factor e-* '. 
the multiplier which depends on volume v of the system, VN 


—(Y—vyN-YyN (4 -z) ey"(1-z). Using the equation 
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of state V — NT/P, (where P, is the thermostat pressure), we write 

. enl P N -P,/T 

down the variable multiplier in the form ( 55) A 1” ; 
which is valid at N — oo. 

Since the equilibrium condition for the system and the thermostat 

consists in the equality of pressures, P, == P, we obtain the expres- 


sion 


p (b. g, v) = e-(Po+EVT, (62.7) 


representing the required 7-P-N distribution. The quantity X is 
the set of all multipliers not containing v, and is referred to as the 
statistical X-integral. It is determined by the normalization condi- 
tion 


f av | {apap (p, q, v) - 1 
and is equal to 


qz | dve- P»/T f | dp dgew= (P. 4. V/T, (62.8) 


63*. Another Derivation of the T -V -N, T-V -u 
and T'.P-N Distributions. Thermodynamic Corollaries 


The statistical distributions for 7T-V-N, T-V-u and T-P-N sys- 
tems were derived in Secs. 61, 62, assuming the thermostat to be 
un ideal gas. In the case when, in addition to energy, the system 
exchanges with the thermostat also particles (7-V-p system) this 
assumption essentially narrows the validity of the results obtained, 
since the nature of system's particles is restricted —they must be 
similar to the thermostat's particles. We shall consider, therefore, 
another, a more abstract but a more general derivation of the sta- 
listical distribution for a system of interacting particles, assuming 
(hat in this system the energy, the number of particles and the vol- 
ume can fluctuate. The 7-V-N, T-V-u and 7-P-N distributions will 
bo subsequently obtained as particular cases. 

The reasoning which we will used now mathematically resembles 
the box-and-cell method of derivation of the Maxwell-Boltzmann 
distribution, but the fundamental principles of the two methods 
differ radically. 

We shall consider quantum-mechanical systems with quantized 
values of energies. In addition, for the sake of simplicity, the sys- 
lum volume V, just as the number of particles N and the energy E, 
will be assumed to acquire quantized discrete values—the transi- 
lion from summation over the volume to integration will be carried 
ut. at the end of the derivation. 
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Introducing the concept of the probability density for the Gibbs 
canonical distribution, we have been examining many copies of the 
same system with the same number of particles and volumes (the 
Gibbs canonical ensemble). Let us consider now a wider ensemble 
consisting of copies of the same physical macroscopic system, differ- 
ing from each other not only in the instantaneous states— phase 
trajectories, but also in the number of particles N and volume V. 
The energy of each copy depends on the complete set of quantum num- 
bers determining the state of the system and, parametrically, on the 
number of system's particles and its volume. Denoting the complete 
set of quantum numbers by i, we have E — E (i | N, V). The com- 
plete number of copies in the ensemble, L, is assumed to be rather 
great, L —- oo. 

Let us denote by n [N, V, E (i | N, V)] the number of copies in 
the ensemble for which the number of particles, volume and energy 
acquire present values N, V, E (i | N, V). The logical foundation 
of the derivation consists in the following. Let us replace mentally 
the interaction between the system and the thermostat, resulting in 
a change in energy, number of particles and volume of the system, 
by the interaction between the copies of the ensemble and the "large 
thermostat", assuming the gas of copies to be immersed in the "large 
thermostat". The states with fixed values of N, V and E (i | N, V) 
will then play the same role as the cells in the Boltzmann method, 
and the number of copies n [N, V, E (i| V, V)] the part of the number 
of molecules in the cells. It is clear that the concept of the box is 
not used here—there is only one box including all possible states of 
the gas of copies. 

The number of ways in which the copies of the ensemble can be 
distributed among the cells is equal to 


w=- H _ 
I] n [N, V, EGIN, V}! 
i, N,Y 


V 


(63.1) 


The copies of the ensemble are assumed to be distinguishable, 
since not microparticles are concerned, obeying the quantum-mechan- 
ical indistinguishability principle, but macroscopic copies with 
different energies, numbers of particles, and volumes. 

It will also be assumed that there exists a Gibbs microcanonical 
distribution for a gas of copies (just as in the preceding section the 
thermostat and the surroundings were assumed to form a closed sys- 
tem). Therefore, in addition to the complete number of copies L, 


the total number of particles in all copies N , the total volume of all 
copies V and the total energy of all copies E will be assumed fixed. 
Then, we have 


5 b Mna(N, V, E(i| N, V] L (63.2) 
N i 
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—the condition fixing the total number of copies in the ensemble, 
22 X NnIN, V, E(i|N, V]- N (63.3) 


—the condition fixing the total number of particles in the ensemble, 


EX2XVaW,Y, EGIN, V=? (63.4) 


—the condition fixing the total volume of the ensemble, 


SADE, V)n[N, V, EG|N, V)=E (63.5) 


—the condition fixing the total energy of the ensemble. 

The fundamental postulate underlying the following derivation 
consists in that the most probable state of a real system (of one copy 
of the ensemble) with a predominant residence time can be identified 
with the most often encountered distribution of ensemble copies. In 
compliance with this postulate we must find the maximum of expres- 
sion (63.1) (actually this can be easier done for the expression o = 
— ]n W) with account taken of the supplementary conditions (63.2) 
through (63.5). Using the Lagrangian method of multipliers and ap- 
plying Sterling's formula, we look for the maximum of the expres- 
sion 

®© = o + aÑ — 4Y — BE + (6 + 1) L, 
where 
g—inW-LlnL 


Ar AUN, V, E(i| N, V)]Inn|N, V, E(i| N, V). 
N.Y, 
Differentiating the n's as independent quantities and equating the 
first derivative of (D to zero, we obtain 
lnn + yV + BE —aN —6 — 0, 


whence we find 


n = exp [6 + aN — yV — BE (i | N, V). (63.6) 
Tho Lagrangian multiplier 6 is found from formula (63.2) 
ji ee ee 7 
d 3 explaN—yV—BE GIN, Vy)" pee 
N.Y, i 
and we obtain 


n exp [aN —*V —8£ (i| N, V)] 
LO- —Yu Bm > (63.8) 
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where the quantity Y (a, B, y), equal to 
Y (a, B, y= exp [aN —3V — BE (i| N, V)], (63.9) 
iN, v 


is called the statistical Y -sum. The quantities a, B, y must be found 
from the conditions described by formulae (62.3) through (62.5). 
It should be noted that in contrast to Boltzmann's box-and-cell 
method no difficulties arise in the presented derivation associated 
with the use of Stirling's formula, since the numbers 
n[N, V, E (i | N, V) are proportional to the number of ensemble 
copies L, which can be assumed to be as large as desired. 

The ratio n/L = W IN, V, E (i | N, V)] is the probability that 
the system is in a state with the number of particles V, volume V 
and energy E (i | V, V). If the energy level E (i | N, V) is degener- 
ate, the probability of the system being in any of the states with the 
number of particles N, volume V and energy E (i | N, V) is obtained, 
multiplying the ratio n/L by the degeneracy g (i | N, V): 

WIN, V, E(i| N, V) 
— g (i| N, V) exp [aN — yV — BE (i| N, V)] 


9) GIN, V) exp [aN —YV —BE (LN, V) 
N,V.i 


(63.10) 


The thermodynamic meaning of the parameters a, D, y is discov- 
ered by introducing a physical postulate similar to the Boltzmann 
principle applied in the theory of ideal gases (Sec. 35). The expres- 
sion L^! In W = o/L will be identified with thermodynamic entropy 

o 

S=—. (63.11) 
Just as for ideal gases, the grounds for such identification are, firstly, 
the additivity of the quantities S and co and, secondly, the fact that 
the quantities S and o reach their maximum values in the most 
probable state—equilibrium state from the viewpoint of thermody- 
namics. The need for dividing by L in formula (63.11) is associated 
with the fact that we determine the entropy of a real system, i.e. the 
entropy related to one copy of the ensemble. Substituting the value 
of c and using Stirling's formula, we get 


1 L! 
S= In (nv, Bare, m) 
N,V.i 


=> [z1z- > ninn|=— 5 +-In (+). (63.12) 
N,V,i N,V,i 


Formula (63.12) determines the entropy of arbitrary states of tlio 
system, both of equilibrium and non-equilibrium ones. Using for- 
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mula (63.8), we find in equilibrium state the entropy is 
S — InIY (a, B, 3)) —«N 4- V -- BE, 


where N = N/L, V = V/L, E = E/L are the mean values of the 
number of particles, volume and energy of the system*. 

Let us consider now as particular cases the T-V-N, T-V-u and 
T-P-N systems. 

1. T — const, V — const, N — const. In this case the summa- 
tion in formula (63.10) is carried out only over the set of quantum 
numbers i, the constant multiplier e*N-*V being taken out of the 
summation sign and eliminated together with the same multiplier 
in the numerator. Omitting the constant parameters N and V in the 
expression for the energy, we obtain 

Wi)-sü t 63.13 


where W (i) is the probability that the system energy equals Æ (i) 
and the partition function is equal to 


Z (B) = dig (i) e ^. (63.14), 
The expression for mean energy E has the form 
E= SN E() W() — SD E(i)g(i)e-®E 0, ^ (63.15) 


or 
E= — n Z ()]. (63.16) 


For a T-V-N system the expression for the entropy (63.12) ac- 
quires the following form: 


-ÎE (i) 
S=fmL— v £0*— in b— In Z—BE (i). 
- Z 


Upon summation, we obtain 
S = In Z (f) + BE. (63.17). 


To find the meaning of the parameter p, we calculate the differen- 
tial of entropy, assuming N and V to be constant, and compare the 
result with the thermodynamic formula for dS. Differentiating 


* To ensure uniform notation, we prefer not to denote in this section the 
internal energy by the symbol U, coinciding, by definition, with the mean 
energy. Similarly, the quantities N and V represent the number of particles N 
nml the volume V in the thermodynamic sense. 
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Eq. (63.17) with respect to B, and s Eq. (63.16), we obtain 
(3 EI he y=B3 Lr 
whence 
(dS). v =f (GE)u. v. 
On the other hand, in thermodynamics (see Sec. 19), dU — dE — 
— TdS — P dV -- dN, whence (dS)y,y — 7.dE. Comparing 
the last two formulae, we obtain 


p=—. (63.18) 


Let us now find the thermodynamic meaning of the function Z (f). 
Substituting the value of B from (63.17), we get 


InZ()--s— E — FOUN) (63.19) 
T 

where F — E — TS is the free energy of the system. The expression 

for the probability (63.13) then becomes 


W (i) =g (i) exp EEN FO | (63.20) 


Formulae (63.13) and (63.20) express the Gibbs canonical distribu- 
tion. The arguments of the free energy F (T, V N) were indicated 
explicitly, to underline that the natural variables of free energy are 
precisely the parameters that are fixed for the Gibbs canonical en- 
semble. 

2. T — const, V — const, p — const. Summation in formula 
(63.9) is performed over i and N and the factor e-*V drops out of 
expression (63.10). Omitting the parameter V, we have 


s -—À exp [aN — BE GINI 
W (i, N)=g (i, N) Q (a, 3] 


where W (i, N) is the probability that the system contains N par- 
ticles and its energy is E (i | N), and the partition function is expres- 
sed by the formula 


Q (a, B)= È g (i, N)exptaN —BE (i| N)). (63.22) 
The internal energy of the system equals 


E= Y, EG|N)W(, N) 9, (i, M E (i, N) SPI BE ELY, 


iN i, N Q (œ, P) 


(63.23) 


(63.21) 
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or 
E= — n Q (a, £)1, (63.24) 
and the average number of particles in the system, V, is expressed 
by the formula 
>) e(t, N) N exp (aN —BE (i| N)] 


N= 3 NW (i, N)= Qa. B 


iN 


. (63.25) 


or 


N- x Un Q (2, pl. (63.26) 


The expression for the entropy S for a 7-V-u system has the fol- 
owing form: 

EX T exp [«N —BE (1| N)] E 2. 

S —lnL Il = Oe tr F (inZL—1n@+aN—BE), 


Summing up and using formulae (63.23) and (63.26), we obtain 
S —InQ (c, B) — aN + BE. (63.27) 


To elucidate the thermodynamic meaning of the parameter a, 
we find the differential of the entropy at V — const and compare it 
with the corresponding thermodynamic formula. Differentiating 
liq. (63.27) with respect toa at B = const, V = const and with respect 
lo B at a = const, V = const, and allowing for formulae (63.24) 
und (63.26), we obtain 


0S 

(S) y d qq. 2E : (63.28) 
os att 

TRE Sr +85 = (63.29) 


Multiplying (63.28) by da, (63.29) s dB and summing up the re- 
nults obtained, we get 


(dS)v = — e (dN)v + B (dE)v. 
Comparing with the thermodynamic formula 
(dS)v => (dE)y—+ (aW)y, 
we find that 
zA eM 
paz, 4. (63.30) 
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Substituting the values of œ and f into formula (63.27), we find 


InQ(a, P= S+Ë. 





By virtue of the thermodynamic formulae uN = b = E — TS + 


+ pV and Q = — PY it follows that 
In Q (æ, B) — SEE (63.31) 
Q=exp | — 97 ]. (63.32) 


Then the expression for the probability acquires the form 
W (i, N) =e (i, N)exp4- IQ(T, V, n) - uN — E | N)]. (63.33) 


Formula (63.33) expresses the Gibbs grand canonical distribution. 
It should again be emphasized that the "own" variables of the Q- 
potential, T, V, p, are precisely the parameters that are fixed for 
the Gibbs grand canonical ensemble. 

3. T — const, P — const, N — const. In this case summation 
in formula (63.9) is performed over i and over the volume, and the 
factor e*N drops out of the distribution. Passing to a continuously 
varying volume, we can write formula (63.10) in the form 


dW (i, y) SL- a gti, V) dV, (63.34) 


where the quantity dW (i, V) is the probability that the volume of 
the system lies in the range V, V -- dV and that the system energy 
is equal to E (i, V); thequantity g (i, V) dV in the formula is the mul- 
tiplicity of the energy level E (i | V) for the same range of the system 
volume, and the integral of states X (B, y) is expressed by the for- 
mula 


X (B, v)= | Xexpt- BE GI V) — Vlg G, V) dV. (63.35) 


The mean energy, as before, is specified by the formula 
E= -5 In X (B, y), (63.36) 
and the mean volume of the system 


v= | > Vaw (i, v) 


=X- (ĝ, y) | >) Vexp[—BE(i|V)—yV] e(i, V) dV, (63.37) 


1 
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or 
y — —3 n X (B, y). (63.38) 


Let us find the entropy of the 7-P-N system: 


— exp [—yV —BE (t| V)] 
S=inL—| J X 8. ¥ 


x [In L —1n X —yV — BE] g (i, V) dV. 


Summing up and integrating, and using the definitions of energy 


E and volume V, we obtain 
S = In X (B, y) + V + BE. (63.39) 


To clarify the thermodynamic meaning of the coefficient y, we 
again find the differential dS at a constant N and compare the re- 
sult with the corresponding thermodynamic expression. Differen- 
tiating Eq. (63.39) with respect to y and f and allowing for formulae 
(63.36) and (63.38), we find 


i 


as av aE 
(ae =? Con cet Peor dua! 
as av dE 
(39s vr Ceu t Cu 
whence B » 
(dS)y = v (dV)u + P (E)n. (63.40) 
Comparing with the thermodynamic formula 
P. = 
(d8)y=2 (dy ++ (dE)y, (63.44) 
we find by analogy with (63.30) that 
1 P 
p=+, ym (63.42) 
Substituting the values of y and B into formula (63.39), we obtain 
In X (P, yas—Pte 90000. (63.43) 
X =exp[ —2 7-2]. (63.44) 


Thus, for a T-P-N system the expression! for the probability ac- 
quires the following form: 


dW (i, V) = exp 2 P MPV FM) pi, y)gy, (63.45) 
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The natural variables of the thermodynamic potential, T, P, N, 
are precisely the parameters fixed in the 7-P-N ensemble. 

4. T — const, P — const, p — const. The system can exchange 
particles with the thermostat and change its volume. Let us find the 
Y-sum for this system. Substituting the values of the parameters 
a, B, y into formula (63.13), we obtain 


nY=S LEE =0. (63.46) 


Here the account was taken of the fact that pV = D = E — TS + 
+ PV. Therefore for this case the expression of the distribution be- 
comes 


dW (i, N, V) e exp EE—PT—E 6 Y) giv, vy av. — (63.47) 


In spite of the fact that no use will be made of the distribution (63.47), 
we consider it useful to draw the reader's attention to the following 
seeming contradiction. 

Formula (63.47) could be used to derive the following expressions 
for the mean energy, number of particles and volume: 


B= (Fla P(E aye TE € 


However, as can be seen from (63.46), Y = 1 = const. The clue to 
this paradox is that the conditions T = const, P = const, p = 
= const are not satisfied at any values of 7, P, y. In an equilibrium 
state the intensive parameters T, P, y are related by the expression 
u = p (T, P) which is equivalent to the equality Y (a, B. y) = 1. 
To apply formula (63.48), it is necessary to calculate the Y-sum by 
formula (63.9), assuming a, P, y arbitrary, and make use of relation- 
ship p = u (T, P) [or Y (a, B, y) = 1] only after the derivatives in 
formula (63.48) have been calculated. 

In concluding this section, let us sum up the results obtained in 
the two last sections. 

There are three pairs of conjugated variables: T, S; P. V and p, 
N. The behaviour of the system is considered under conditions when 
one parameter in each pair is fixed. We shall consider systems im- 
mersed into a thermostat and assume that of the first pair of vari- 
ables temperature is fixed in all the cases. Selecting in different ways 
the fixed parameters in the second P, V and third p, N pairs we 
naturally arrive at T-V-N, T-V-yu, T-P-N and T-P-p systems. 

Given below are the main formulae for each of the four cases. 
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T-V-N system: 
` exp [— E (iT ; F(T,V, N)—E (i ; 
W (i) = L7 971. 9 (i) = exp [ AT OF ] g (o, 


Z=) exp [-58 ]ezo 2 e» [ - 72], (63.49) 
i 


Ez ay n2) Ti. (1n Z) 
T-V- system: 
W(,N)- exp t (i| NXT] g (i, N) 


— exp [ Q(T, V, See Etn ] g(i, N), 
Q=) exp[ TCL) g (i, N) - exp [ -2n re] . (63.50) 
iN 


Eos — 3 0n Qa = T? 0n Qn, N= i n9) — T3. (In Qr. 


T-P-N system: 
WW (i, V) — exp [77] g (i, V)dV 


em [ 9 (T, P, MERE (i 1 V) ] g (i, V) dV, 
Yn [Xen [ - E761 ] e qi, V) dy -exp[ -LCP j 
i 
(63.51) 
E= % (In X)y=T?>- on X)prr, 
v=— Fy (in X)p-—T 3p Z (In X). 


T'-P-p system: 
WW (i, N, V) — exp per | g(ü,N,V)dV. (03.52) 


It should be noted that if the fluctuations of the number of parti- 
‘lex and volume are ignored, and N is replaced by N and V by V, in 
ull four distributions the term E (i | N, V) in the exponent is pre- 
mlel by the free energy expressed in different variables; this stems 
directly from the thermodynamic formulae (see Sec. 19) F = Q + 
| uN = D — PV. It follows that when the fluctuations of the 
uumbor of particles and volume are of no interest for us, the four 
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distributions become equivalent and the selection of the distribu- 
tions for the solution of a particular problem is determined only by 
mathematical considerations. 

It should also be noted that for the T-V-u, T-P-N and T-P-p sys- 
tems the energy-, volume- and number-of-particle distributions have 
sharp maxima, just as the energy distribution for the 7-V-N system 
(see Sec. 62). For this reason the probabilities of large fluctuations of 
the number of particles N and volume V are very small. This makes 
the equivalence of the distributions under consideration completely 
evident. 

Not temperature but entropy could be assumed fixed in the pair 
of conjugate variables (7, S); then a system should be placed into 
an ideally heat-insulated vessel and not into a thermostat. In this 
case two parameters for the pairs (P, V) and (p, N) can be fixed 
in four ways. However, the most realistic is the case when S, V and N 
are constant. Physically, such a system should be imagined placed 
intoa vessel with fixed (V — const) ideally heat-insulated walls 
(S = const), impermeable for system's particles (N = const). In 
this situation the system is completely isolated from the surroundings 
and its energy is constant. We then obtain the Gibbs microcanonical 
distribution (see Sec. 61) 


p (Ei, N, V) 2 A6(E,— E) 8(V — V) by ye (63.53) 

Let us consider now the transition to a classical description with 
continuously varying energy. This transition must be carried out by 
replacing the quantities g (i), g (i, N), g (i, V) by the quantity 5A. : 


3N 
where d'y = [| dpidg,. Then the summation over i in the expres- 


i=i 
sions for Z (T), Q (p, T), X (P, T) must be replaced by integration 
over dl'y, and we obtain 





ZW f e- Et, QT dT yy, (63.54) 

= net -E(p, gI N)/T 
Q= 2 Wr Vect rary, (63.55) 
-PV/T i 
x= j dV f e-EP, UVT dT y. (63.56) 


The energy E (p, q/V) in formula (63.56) and the integration limits in 
the integral depend on V 

The appearance of the factor N! in the denominators of expressions 
(63.54) through (63.56) is motivated as follows. By virtue of tho 
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particle indistinguishability principle of quantum mechanics (sym- 
metry or antisymmetry of wave functions) the states, differing 
from each other by particle permutations, must be considered as the 
same state. This is accounted for automatically by the summation 
over the energy levels in the expressions for Z, Q and X. When pas- 
sing to integration over the [-space, however, we must either integ- 
rate not over the entire [-space (the points of I-space differing by 
permutations of the coordinates and momenta with each other should 
not be considered as different points), or if we integrate over all 
values of p;, q; independently, then the error introduced must be 
compensated for by dividing by the total number of permutations 
of N molecules, equal to N! 

Note that notwithstanding the seeming likeness and the undoubted- 
ly existing relation between this method and the artificial Gibbs 
method, applied in the ideal gas theory (Sec. 36), the two methods 
differ in principle. The Gibbs method was applied within the frame- 
work of the Maxwell-Boltzmann distribution, based on the erroneous 
hypothesis on the distinguishability of microparticles and having 
tlie meaning only as the extreme case of the correct Fermi-Dirac and 
Bose-Einstein equations. As was already emphasized the Gibbs 
method is logically erroneous. 

By contrast, the method described here is not based on any physi- 
ral hypothesis and is applied within the framework of exact stati- 
«Lical distributions, the canonical, grand canonical, etc. It is a pure- 
ly mathematical method, simplifying the calculation of integrals 
over the I-space without singling out in it physically equivalent 
regions. It should be noted that for the 7-V-N and T-P-N systems, 
for which N = const, the factor (V!)~' is constant and its presence is of 
no importance. For a 7-P-p system, however, this factor becomes 
essential and connot be omitted. 

It will be shown, finally, that the Nernst theorem, proved in 
Sec. 39 for ideal gases, is also valid for systems of interacting parti- 
cles. We shall limit ourselves for the sake of simplicity to considering 
ile T-V-N system. According to formulae (63.11) and (63.4), the 
entropy of the system is equal to 


ks mig... 
S — 7- In W -- 7- In Eror: (63.57) 


lf the ground state of the system i = 1 is not degenerate, then at 
l  Oall copies of the system are in the ground state. This means 
that all n [E (i)] = 0, except n [E (1)] -= L, and the entropy S = 0. 
If the ground state is degenerate with a degeneracy g, then as T—- 0, 
n1 ()) = Lig for i —1, 2, ..., g and n [E (i) = 0 for i >g. 
Using Stirling's formula, we find then from Eq. (63.57) that $— 
» |n g = const. 


'" 709 
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The following important remark should, however, be made, con- 
cerning Nernst's theorem. The proof based on formula (63.57), 
just as the proof for ideal gases discussed in Sec. 39, pertains to the 
region of rather low temperatures 7 « E,, where E, is the first exci- 
ted level of the system. For a system placed in a box with imperme- 


able walls, for instance, E, cx — (see Sec. 45) and even at L = 


= 0.1 cm the characteristic temperature T,~ 10-" K. 

The entropy was shown experimentally to tend to the maximum 
constant value at considerably higher temperatures—of the order 
of one or tenths of kelvin. This is associated with the fact that for 
macroscopic bodies the energy spectrum is pratically almost contin- 
uous and the manner in which the entropy tends to its limiting 
value is determined by the behaviour of the density of states p (£) 
in the neighbourhood of E = 0. For crystals, for instance, according 
to Debye's theorem (see Sec. 53), the entropy tends to zero according 
to the 7?-law at temperatures that are low compared to Debye's 
characteristic temperature, i.e., at T~ (0.1 to 1.0) K. 





Problems 


1. N molecules of an ideal gas are confined within a vessel of 
volume V. Let us consider a volume v < V. Apply the T-V-t 
distribution to the molecules of the volume and prove the 
Poisson formula for the probability P, that the volume v 
contains n molecules, P, = (n)"e-"/n!, where n = Nv/V. 

2. An ideal gas is in contact with an adsorbing surface having N 
adsorption centres. The energy of an adsorbed molecule is e,. 
Using the 7-V-p distribution, calculate the adsorption coefh- 
cient a—the ratio of the number of adsorbed molecules to 
N—as a function of pressure and temperature, i.e. obtain 
the formula for the Langmuir isotherm. 


P 


Answer. Qt — eos 
P+ (2nm/h2)? 33,7 es/T 


64. Derivation of the Bose-Einstein and Fermi-Dirac 
Distributions with the Aid of a Grand Canonical Ensemble 


In this section we shall give the derivation of the Bose-Einstein 
and Fermi-Dirac distributions for ideal gases, not based on the assump- 
tion that g; > 1. 
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Let us calculate for this purpose the Q-sum over states of an ideal 
gas. According to formulae (63.50), 


Q= PT a ae 7519] q, v). (64.1) 


Let e, represent the possible energy values of one gas particle. The 
total energy of the ideal gas under consideration, E, and the total 
number of particles N can be expressed as follows: 


E=" ne, N= 2 Hy, (64.2) 
R 


where the symbol W*" denotes the summation not over the energy 
h 


levels but over various slales of the particle, so that if the energy 
level e, is degenerate with a degeneracy gj, then the term containing 
e, is repeated g, times in the sums of formula (64.2). 

Thus, in formula (64.1) the role of the parameter i is played by the 
set of n, numbers for all states, i— (nj, n5, . . .). In formula (64.1) 
the degeneracy for the entire gas, g (i, .V), must be assumed equal 
to unity, since assigning all the numbers n, unambiguously deter- 
mines the state of the gas. Hence, 


o5 Softee] 
N=} ni+n, +... 5N 


-y NV exp [| Eget eem). (64.3) 
N=0 n, en ...—N 


It should be noted that owing to the summation over N expression 
(64.3) includes all kinds of sets of numbers n, with any value of 


ny -i mg + .. ., and the Q-sum can be rewritten to read 
Q—N V... en-eomi/Ten-en/T —, (64.4) 
n, na 


I! can readily be seen that eachterm in (64.3) appears only once 
in (04.4); and vice versa, each term in (64.4) appears only once in 
sum (64.3), so that the two sums are equivalent. Finally, (64.4) can 
hw presented as the product over all the levels: 


Q- [| Zep[* sm], (64.5) 


ny 


Let us now consider separately the cases involving the Bose- and 
l'armi gases. 

In Lhe case of a boson system the numbers n; can take all values 
"u Q, 41, 2,..., and, finding the sum of the geometrical progres- 


324 Part T wo. Statistical Physics 


sion, we obtain 


(pc ep/Tqn, _ 1 
2j le l CS 


n=O 
whence 
Q= I [1 — e 7*)/T)7 1. (64.6) 


In the case of a fermion system the numbers n, take only two values 
n, — 0, 1, and we have 


Q-— [J et]. (64.7) 
Since the Q-potential of a gas is defined by formula (63.31) as 
Q = — T ln Q, we obtain the expression 
Q= +T V lna [1 F eT], (64.8) 
i 


valid for the boson gas (upper signs) and fermion gas (lower signs), 
i.e. we obtain formula (38.10). 
Differentiating with respect to the chemical potential, we find 


= [32 -Ņ§— 4 
a eTa 
t 


or in the case when the g, energy levels merge into one level, 


NIC eL 
2 ETa’ 
whence for partial occupation numbers N; we obtain 
= gt 
N= (ej-uyT —., ? 
e T1 
ie. the basic formulae describing the Bose-Einstein and Fermi- 
Dirac distributions respectively. 


Problems 


1. Using the 7-V-p distribution, calculate the chemical poten- 
tial, occupation numbers, energy, and heat capacity of an 
ideal gas with two energy levels e, = 0, &, = e and similar 
degeneracies g) = g, = 1 in the cases of fermions and bosons. 

2. Examine the solution of Problem 1 with the aid of the T-V-N 
distribution. 
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65. Nonideal Gases 


This section is devoted to the behaviour of a monoatomic gas for 
which atomic interaction cannot be ignored. The potential energy of 
atomic interaction will be assumed equal to the sum of the energies 
of pairwise interactions, depending only on interatomic distances: 


N 
Uw (ri fo n) = 33 Enn D. (65.1) 


<k=2 


The potential energy of pairwise atomic interaction possesses the 
following properties (Fig. 81). Atr = |r, — r} | > To predominating 
are the van der Waals attraction 
forces that diminish rapidly with u 
distance. In quantum mechanics 
it is proved in rather general as- 
sumptions that in this region 
Wd (r)ocr-®. Therefore at values 
of r considerable greater than 
ro, 9L(r) «0, and the value 
—U(r)/T <1. At r —r, the ra- ro 
pidly increasing repulsive forces t 
dominate, which are associated 1 
with the deformation of electron 
»hells. Below, we shall assume 
‘l (r)— oo in a rough hard- FIG. 81 
«phere approximation. At r — 

ro (ro approximately represents the atomic diameter) the attraction 
and repulsive forces are balanced, and the potential energy of interac- 
tion is minimum. 

We shall depart from the formula relating the Q-potential of gas 
with the Q-sum over states [see Eqs. (62.5) and (63.31)]. 


e-AT == Q= 3 ENIT J} e- BUI NTS (i, N). (65.2) 
N= i 


‘lo derive the equation of state of a nonideal gas, it is sufficient to 
ronsider the translational motion of its atoms, ignoring all internal 
degrees of freedom. Consequently, the quantization of energy levels 
in immaterial, and we shall turn to a classical description, replac- 
ing the degeneracy g (i, N} by the expression 


[| 8:225; 
arn i 


RONNI RN OC 
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and the energy E (i | N) by the expressions 


E(P, )=0, E,(p.r) - T, (65.3) 
N pi i 
En (Pp, 1) = » p Dn (ra To -- -s rw) NÈ. 
kæmi 


Integrating over the momenta, we obtain 


n Z4í(V 
Q (2, V, B)= 3 (4 oe (65.4) 
n=0 
where z = ef^ activity; 
á 
A= poy? de Broglie wavelength, corresponding to the 
mean thermal energy; 

B = A/T, 


and 


n 
Z, (V, p= f e (dri. d'rn exp | —B X; 4 (ra) | 
ich 
is a configurational integral. 
Let us introduce the quantities 
fy — e Pra —4 (65.5) 


the Mayer functions. In accordance with the properties of the potential 
energy of molecular interaction 7/ (rın), the quantities fip become very 
small at rj, >To, tend to -—1 at rj, zz rg and are bounded iu thw 
region of inlermediate molecular distances. On the introduction of 
the quantities f;, the expression for the configurational integral a-- 
quires the form 


Z, (V, r-| be | ar, d'ra... d'ra [| (fo) 


i<k=2 
=f e fdr.. Pra E s fac tfan) 
+ (fifa. )t-) (656) 


It is especially convenient lo expand the integrand in powers of 
Mayer's functions f,, in expression (65.6) to consider the behaviour of 
rarefied gases. The fact is that each multiplier fı} limits effectively ono 


of the integrations in the integral | d'r; d'r, to a volume of the order 
of rj and, consequently, compared with the integral not containing 


Ch. VI. Systems of Interacting Particles. Gibbs’ Method 327 


fix, contributes to the result the small multiplier r3/V. This means 
that different regions of the configurational space contribute to differ- 
ent terms in formula (65.6). The entire configurational space contri- 


butes to the integral | d'r, d?r, . . . d?r,, corresponding to the term 1 


in the square brackets. Only those regions of the configurational space 
for which | r; — ry | < re i.e. where the collision of two molecules 


occurred, contribute to the integral containing the factor V fin. To 
the integral containing the factor Mut; a contribution is made by 
regions of the configurational space, corresponding to a triple molecu- 
lar collision, when one of the indices j or l coincides with one of the 
indices i or k, or to a simultaneous collision of two pairs of molecules 
(the ith with the Ath and the jth with the /th), etc. ` 

Since in a rarefied gas collisions of molecular clusters consisting 
of a great number of molecules occur seldom, it is intuitively clear 
that expansion (65.6) must converge more or less rapidly. 

The structure of the expansion (65.6) can be visually studied by 
comparing each term of this expansion with a diagram, generally 
referred to as a graph. Each vari- 
nble rj, r5, . . ., ry will be repre- 
sented by a labeled circle, ee (2) © 


nnd each factor fi by a line seg- 


ment drawn between the ith and 
the kth circles. The integral @ 
(Pry... drauf, for in- 


stance, is represented by the graph FIG. 82 
depicted in Fig. 82. It is suf- 
heient for our purposes to consider only the graphs in which only 
one line segment connects two circles, i.e. simple graphs. It is clear 
that expression (65.6) is represented by the sum of all kinds of graphs 
buill up of N circles—N-particle graphs. In this case the first term in 
ihe square brackets is represented by the graph without segments 
Iit ween the circles, the second term of the expansion (fis + fia + 
|...) is represented by n (n — 1)/2 graphs with one line segment 
let ween the circles, the third term (f,sf44 +...) by the graphs with 
iwo segments between the circles, etc. Graphs can also be subdivided 
into connected graphs, i.e. graphs in which all circles are connected 
i» one another directly or indirectly (through other circles), and non- 
«unnecled graphs in which there are groups of circles or individual 
‘ircles isolated from each other. For instance, the graph depicted in 
kiu. S3 (a) is a connected graph, the graph in Fig. 83 (b) a 2-connected 
utinpli and in Fig. 83 (c) a 3-connected graph, etc. 

Sinee each graph is juxtaposed unambiguously with an integral 
awd each integral with a graph, for the sake of simplicity the word 
uraphi" will often be used below instead of "integral", and we shall 
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speak of the sum or product of graphs instead of the sum or product 
of corresponding integrals. 

It is clear that any integral corresponding to a k-connected graph 
breaks up into the product of integrals of a lower multiplicity. For 


FIG. 83 


instance, the integral corresponding to the graph depicted in 
Fig. 83 (b) is equal to 


f d?r, d?r, d?r, d?rsf Mf fus f d?r ref s, 


and the integral corresponding to the graph in Fig. 83 (c) is equal !» 
f Gr, dr. raf iofostse f dry f d'ra d?ref . 


Let us call any k-particle connected graph a k-group and introduce 
the concept of the group integral b, (V, T), defining it as the produc! 
of the normalizing factor 1/k! VA9^-? and the sum of integrals corre 
sponding to different k-groups. In this definition, by the differen! 
k-groups are assumed both the graphs, differing from one another 11 
the number and arrangement of the lines between circles. and the 
graphs, differing in the labeling of circles with and without the [ines 
between them. So, with k = 3 there exist four different 2-groups illu 
strated in Fig. 84. With k = 4 there exist 38 different 4-groups. Fis 
ure 85 shows 13 types of essentially different 4-groups that cannol be 
obtained from each other by rotating the figure in its plane. Figure 
85 (a)-(e) depicts the groups with three lines between circles (also 
referred to as articulation points), Fig. 85 (/)-(j) the groups with fou 
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lines between circles, Fig. 85 (k)-(!) the groups with five lines between 
vireles, and Fig. 85 (m) the group with six lines between circles. The 
ligures above the diagrams indicate the number of groups, differing 


doddoddd 


FIG. 84 


in the labeling of circles with and without lines between them, includ- 
ing the group shown in the figure, can be obtained from the given 
picture by rotating it in its plane (the labels 1, 2, 3, 4 remain at their 
places during such rotation). So, three more equivalent graphs can 


(4) (2) ( (4) (4) 

| 1 3X 1 7 

O—OM  G—X9 œ Xo )—_® 
(b) (c) 


(a) (d) (e) 
(1) (4) (4) (4) (2) 
O—D OOD Q 0 QA o a 
SINAN 
o 4) © (4) SO (3) 4) Yo 
(0 (8) (h) (i) (J) 
Gs a € @ DPO 
N LI X 
(3) OD Q 9 @ (4) 
(k) q) (m) 
FIG. 85 


iw obtained from the graph depicted in Fig. 85 (a) by rotating the 
upore through 90°, 180°, 270°, and from the graph in Fig. 85 (b)— 
un more equivalent graph, by rotating the figure through 90°; the 
wiaphs shown in Fig. 85 (f) and Fig. 85 (m) are invariant in respect to 
vitiution through 90°, and each of them determines only 4-group, etc. 

‘he group integrals possess two important properties. Firstly, it is 
dear that b, (V, T) is a dimensionless quantity. Secondly, the quan- 
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tity ba (V, T) has a finite limit at V— oo, since of the k integrations 

only one is carried out over the entire volume V. The remaining 

k — 1 integrations for the connected graphs are effectively limited by 

the region of volume cx rj, since all factors f;,— 0 at rim > rs. 
At k = 1 the graph @ isa Ou and, accordingly, 


- { dr 5:1. (65.7) 
The graph @-@ is a 2-group and 


b= d'r, drofa m Rs | Fale) (65.8) 





21 3 vn | 


(we passed to integration over the coordinates of the centre of inertia 
== (r, + r,)/2 and the relative radius vector r,.). 
Four different 3-groups are shown in Fig. 84, and the group inte- 
gral by is equal to 


b = Us 3i IT { d?r, d?r, d°r3[fiofea + frefis t frafes + fiefeaf al. (65.9) 


Any n-particle graph is the product of several groups with a number 
of circles not exceeding n. If the number of k-groups is m,, then we 
have the relationship 


[42 


km, =n. (65.10) 


k=1 


It is clear then that m, < 1, and if m, = 1, all the remaining m, - - 
= 0 (k n). We then obtain a connected n-particle graph. 

The given set of numbers m, determines not a single n-particle 
graph, but a set of such graphs, since, firstly, at k > 3 the k-particle 
graphs can differ from one another (Figs. 84, 85) and, secondly, the 
labels of the variables r,, ro, . . ., r, can be distributed differently 
among ihe groups. 

Let us denote by S (m4) the sum of integrals juxtaposed with all 
graphs corresponding to the set of numbers m. It is clear that the 
conligurational integral Z, is equal to 


= M S(m), (65.11) 
Uni) 


where the sum is taken over all sets of numbers m, satisfying tho 
condition expressed by formula (65.10). 

The expression for the sum S (m,) can be obtained in the following 
way: we fix some definite labeling of the circles and divide n circles 
into k-groups with preset values of numbers m, of k-groups. Further, 
we replace each of the k-groups by the sum of various possible k-groups. 
According to the definition, the group integral b,, corresponding 
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lo this k-particle graph is equal to 
k! VA? ba. 


And the integral corresponding to the entire n-particle graph is evi- 
dently equal to 


ll, [kl VA? bp] my. 


In order to obtain S (m4), we must now make all kinds of permuta- 
tions of the circle labels 1, 2, . . ., n (of the variables rj, . . ., Fa) 
leading to new essentially different graphs. Since the values of inte- 
yrals are independent of the notation of integration variables, all the 
obtained terms are the same, and to obtain S (mj), it is sufficient to 
multiply the previously obtained expression by the number of 
essentially different graphs. In this case by essentially different 
graphs are meant such that differ from one another in the set of 
variables r,, T5, ..., fn, present at least in two k-groups. 

The finding of the number of such graphs is a combinatorial prob- 
lem, dealt with above in the book. 

Let us denote by W the number of essentially different graphs that 
is of interest to us. In each such graph we can carry out k! permuta- 
lions of the labels within each k-group and m,! permutations of k- 
groups between themselves. Neither of the permutations lead to new 
essentially different graphs. The total number of the thus obtained 
graphs 


wil (Kc!) [T (ma)! 


is equal, evidently, to n!, since the first factor accounts for the per- 
mutations of the labels among the k-groups, the second the permuta- 
lions within the k-groups and the third the permutations of k-groups 
wilh each other, and an account is taken in this way of all the per- 
mutations of numbers. 

Thus we have 


W= (65.12) 
Il (kl) & ma! 
k=1 
nud, consequently, for S (m4) we obtain the expression 


n 3h — 3, Mhk 
S (m4) =n! li (VATS be) * 
h=1 


3 


nip 4. (Vx 
M n I x) * (65.13) 
h=1 


where use was made of condition (65.10). 
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According to (65.11), the configurational integral Z, is expressed by 


n = 1 Vb, \™ 
Z= J $(m) - n13^^ 9 Ir (St) * — (65.14) 
(my) (my) het 


The transition from Z to the Q-sum by formula (65.4) permits elimina- 
tion of condition (65.10): 


QV. D= 9X Iz ("=e (is y he). (65.15) 
k=1 


43 
m 4790 k=1 





whence we obtain for the Q-potential the expression 
Q Vix 
r= —1nQ— -7 2 baz". (65.16) 
A= 


The pressure and the number of particles are found to be ex- 
pressed by 


Q T x 
P= -y5 >» baz", 
kei (65.17) 
ND eo eet ud oM 
op dz du T os’ 
whence 
N= y bye. (65.18) 
hi 


In order to obtain the equation of state, activity z must be elimi- 
nated from formulae (65.17) and (65.18). 

Lee and Yang have shown [16] that in the case of rarefied gases it 
is possible to pass in Eqs. (65.17) and (65.18) to the thermodynamic 
limit V— oo, N — oo on the condition that o — V/N remains 
finite, and replace the group integrals b, (V, T) by their limit val- 
ues p, (T): 

Pa (T) = lim by (V, T). 


Then, we obtain 


P= > 5 (65.19) 
h—1 

LIRE EL. zh (65.20) 

um a3 RZ. A 
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Let us find the equation of state in the form of the so-called virial 
ezpansion 


E y a(n(E) ., (65.21) 


i—1 


where the quantities a, (T), a, (T), . . . are called the first, the second, 
otc. virial coefficients. 

Substituting into the left- and right-hand sides of expansion (65.21) 
expressions (65.20) and (65.19), we obtain 


2; Bazh 


E -Xsn[x M. 


E kpaz^ i21 
or in an expanded form 


(Piz + 20,22 + 38,23 - ...)[a, +a, kf, es (2 kpa) +... | 
k=i 
= Biz + B222 + v .... (65.22) 


This relationship must be satisfied identically for any z. Equating 
the coefficients at equal powers of z, we obtain 


a(T)-B.—1, a,(T)— —B, a, (T) — 481—208, (65.23) 


and, consequently, all virial coefficients can be expressed in terms of 
tho limit values of the group integrals at V—- oo. 

Let us approximately calculate a, (T) = — P+, using the infor- 
mation on the interaction energy % (r), outlined in the beginning of 
this i We have 


hae | drhal) 


=a {f evor a rir 4- feror a rir). 
i A 


Assuming the molecule to be a hard sphere with a radius equal to 
r,/2, let us replace in the first integral % (r) by oo; expanding in 


the second Pd the exponential e- T w1 LAWL) RI 


obtain By — 3; s ($—) , where b = i (3) is the fourfold atom- 
ic volume, and the quantity 


, we 


4 o 
a — 3 Án f | U (r) | r2dr 
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is associated with the mean potential energy due to molecular at- 
tractive forces. 
Thus, accounting only for double collisions, we have 


NT aN 
po NT (qu M AN 


or 


P+ aN? +). 


y: =F (tt 





We can obtain an interpolation formula, describing approximately 
not only the properties of a gas, but also of a fluid, by a substitution 


14? w (1B). 


Such a substitution roughly accounts for poor compressibility of 
liquids at P—- oo, V— Nb. The equation thus obtained, 


( Sr) (V— Nb) = 


is the well-known van der Waals equation (see Sec. 12). 

A complete calculation of the virial coefficients, determining the 
equation of state (65.21), is a very complicated problem that has 
not been fully solved so far. 





Problems 


1. N particles of a gas are confined within volume V, subdivided 
into cells of volume v. It is assumed that each cell can contain 
not more than one molecule, and the molecules occupying 
different cells are not interacting with one another—a model 
of a lattice gas. Calculate in the thermodynamic limit the 
virial coefficients ai. 


Answer. Gi =4 (5) i 


2. Added to the conditions of problem 1 are the attractive for- 
ces acting between each pair of molecules, the potential of 
which is constant and equal to —2a/V (a — const). Find the 
equation of state in the thermodynamic limit and the critical 
parameters. 





)- aN* 


Answer. p=— in (1— Y? 


Ver=2Nv, Per =r 4, (In2—5). Ta 
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66. Plasma. Debye’s Screening 


The method of calculation of thermodynamic functions for non- 
ideal gases considered in Sec. 65 is invalid for plasma—a gas charac- 
terized by the Coulomb interaction between particles, since, due to 
the long-range nature of the Coulomb forces, the Mayer functions, 
expressed by formula (65.5), fin = exp (Eun) — 1, is inversely 
proportional only to rj, at large values of r;,, and their integrals are 
divergent. 

Physically, however, the fields of individual ions in plasma are 
screened, owing to the tendency of oppositely-charged particles to 
uccumulate around ions of one sign. 

Let plasma consist of ions of m kinds and electrons carrying a charge 
r4; with a mean number of ions per unit volume equal to nz". Plas- 
ma is electrically neutral as a whole, so that 


N ne, — 0. (66.1) 
a 


We shall limit ourselves to the consideration of weakly non-ideal 
plasma in which the energy of the Coulomb interaction, egeg/ra g ^ 
~ en” (n! is the mean particle spacing), is small compared to 
the mean kinetic energy 

n«(4)’. (66.2) 
l'lasma satisfying the above condition is referred to as hot low- 
density plasma. 

Let us consider a field in the neighbourhood of an ion with a charge 
ra (for the sake of simplicity we assume the ion to be located at the 
origin of coordinates). Al r 540 the electrostatic potential of the 
eld satisfies the Poisson equation 


V*qa— — 4n = Eala, (66.3) 


where, according to Boltzmann's distribution, the densities n are 
equal to 

ng — nie WT, (66.4) 
Ihe to the inequality (66.2) we can expand tho exponential in formu- 
In (66.4) into a series in powers of e4q5/T and limit ourselves to the 


rst two terms of the expansion. Then, by condition (66.1), the sum 
un (he right-hand side of formula (63.3) is presented by 


1 Pa Ph 
>) Calta = >) eang — D eane a= — a » need, 
a c a a 
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and equation (66.3) reduces to 


V?9s ad x?9p, 
where 
4n S nel 
a 
T 


The spherically symmetric solution of this equation, decreasing 
as r— oo, is 


r= 


ener 


r *, 





Pe = Cs 


which at r— O turns into the unscreened Coulomb field of ion f. 
It follows from this that Cg — eg and 


—ur 


Pa = ep — ’ (66.5) 


At large r the potential expressed by formula (66.5) decreases 
exponentially in the main, and the quantity x~! determines the size 
of the neutralizing ion cloud. It is referred to as Debye's radius* 


-i-l = xat eee 1/2 
x Tp | in S appe | . (66.6) 
a 
T 


The order of magnitude of the Debye radius is (x). and the 


inequality (66.2) can be rewritten in the form rp >> n7!?. Thus, when 
the Debye approximation is valid, Debye's radius is very large com- 
pared to the mean particle spacings, and a great number of particles 
is confined within Debye's sphere (see the problem to this section). 

Let us find the correction to the internal energy of plasma due to 
Debye's screening. The energy of a system of charges is expressed by 


u= E y >, eon Pa, (66.7) 
a 





where ọpa is the potential of the field acting upon the ion e, from the 
side of the remaining ions. Expanding the exponential in formu- 
la (66.5) into a power series in r, we obtain 


en 


Pa = fh eux d earr idus (66.8) 


At r— 0 the first term of the expansion represents the Coulomb field 
of the ion proper e,, the second term, the potential of other ions of 


the "cloud" at the point where the ion e, is located, i.e. Q4, and tho 


* Debye and Hückel applied this technique in studying electrolytes. 
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contribution of the remaining terms tends to zero together with r. 


In this way, substituting into formula (66.7) (4 = — €a% and using 
formula (66.6), we obtain 
1/2 3/2 
U=- (i) (Na), (66.9) 
a 


where Na = ng"V is the total number of ions of the a kind. Formu- 
la (66.9) was used in Sec. 20 in studying tlie phenomenological theory 
of plasma. 


Problem 


Plasma contains two kinds of particles: electrons and ions with 
the charge Ze. In a hot low-density electrically neutral plasma 
approximation find: (1) the Debye radius; (2) electron and ion 
density in the "cloud" surrounding the ion ne, m; (3) the number 
of excessive (compared to the mean) electrons and ions ANe, 
AN, and the excessive charges AQ, and AQ, in the "cloud"; (4) 
the mean number of electrons and ions in the "cloud", Ne and N,. 


T M2 
Answer. (1) =| tare | , 


à) cnt (1e PL) =n (1o e), 





252 
n,— € (1— 4 em); 





Z. 
ANM 
A m EUN NE 

^ £41' 


; 3/2 
Cuyzlesesurs] >t 
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(7*. Extreme and Negative Temperatures 


Most of the physical systems dealt with in statistical physics, refer- 
red to below as normal systems, possess the following two properties: 
lirstly, they have an unlimited from above energy spectrum (if only 
lncause the magnitude of the kinetic energy is not limited, and any 
aystom consists of moving particles); secondly, the density of states 
with a given energy g (E,) rises with increasing energy, obeying a pow- 


or law. For an ideal gas, for instance (Sec. 61), g (E) = e OC E3N, 


9" 0709 
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In such systems temperature must be positive and assume any 
value within the interval 0 < T < oo. Indeed, for the series express- 


ing the partition function Z = © g (Ej)e*T to converge, firstly, 
g P NS 


t 

the inequality T > 0 must be valid and, secondly, if this condition 
is satisfied, any positive temperatures are admissible, since the in- 
crease of the function g (E) by a power law at any T >0 is more than 
compensated for by the exponential decrease of the factor e *//7. 

"Special" physical system can, however, be visualized for which at 
least one of the criteria of the system normality is violated. Let us 
consider several possible "anomalous" systems [17]. 

1. Let g (E;) increase at large energies, obeying not a power, but 
an exponential law: g (Ei) ax e"Fi (a > 0). In. this case the com- 
mon term of the series in the expression for Z behaves at large values 


of E; as exp [ (a —+) E, |, and for the convergence of this series the 
condition 0 < T < 1/a should be satisfied. Thus the temperature is 
positive, but there exists an extreme temperature Iu i, above 


which the system cannot be heated. 

2. Consider now a system in which the density of states g (Ei) 
does not increase but diminishes with increasing energy. If the density 
of states g (E;) decreases following a power law, the properties of 
this system can readily be seen to coincide with the properties of 
a normal system, and the temperature variation interval is 0 « 
« T «oo as before. 

If at high values of E;, g (E;) decreases exponentially, g (Ei) oc e 
then the common term of the series for the partition function Z 
behaves at large values of E; as exp [—(a + 1/T)E;]. Then, the 
condition of convergence of the series requires the fulfilment of the 


inequality 


-aE, 


at= 50. 
It follows from here that either T > 0 or T < — 1/a, i.e. for such 
a system the temperature can be both positive 0< T « oo and 
negative, and in the latter case there exists an extreme negalive 
temperature Tey = — ila above which the system cannot be 
heated, —oo < T < T. 

3. A system can be visualized in which the energy spectrum is 
limited from above and there exists a maximum energy Emar. Such 
a system can be considered as a limiting case of system 2, when the 
parameter a becomes infinity, and g (E;) becomes zero beginning 
with E, = Emax- This case will be shown to be of the greatest practic- 
al interest. The series representing Z turns then into a finite sum anil 
Z has a finite value at any T, both positive and negative, and thu 
temperature variation interval is —oo < T < oo. 
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To elucidate the physical meaning of the extreme and negative 
lomperatures, let us see how the partition function Z, the probability 


of the value of energy E, and the mean energy Ë, specified respective- 
ly by formulae (63.13) through (63.15), change with temperature: 


Z- Y g(E9e "7, w(E)- lLg(£)e "i, 


1 


p 1 B 
E=7d Eg (E) e ^7, (67.1) 


both for normal systems and for systems 1-3. 
Normal system. In this case, at 7—- 0 we have 
Z — g (0), W (Ei) = 51,4, E — 0, 
since as T— 4-0 all the exponentials e^ ^!/7 + 0 except the exponen- 
tial with E; = E, = 0, which is equal to unity. This means that 
us T — Q the system has zero energy for certain. At T > 0 the expo- 


uentials e^ 7 are decreasing, i.e. the probability of higher values 


T B 


bi 


(a) E (b) 
FIG. 86 


ef energy is less than the probability of lower values. Finally, as 


T— oo, e Fi/7 _, 0, i.e. all states of the system become equiprob- 
able and the series in the expression for the partition function 
lecomes divergent. As T— oo we have 


(E) N Eig (E) 
Z— 5 g(Ej)-o, W(Ej)-————., E> 
> A0) (udo euo See 
1 i 

„inco the series in the numerator diverges at a higher rate than the 
aries in the denominator. Figure 86 shows the mean energy as a func- 
lion of temperature (Fig. 86 (a)) and the behaviour of the temperature 
variable 6 = 1/T (Fig. 86 (b)) 


Je 
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Case 1. Let us assume for the sake of simplicity that all energies 


are expressed by the formula g (Ej) = e^^t, Then, according to 
formula (67.1), as T—- O the same situation arises as in the case of 
a normal system, i.e. 


e U/DE, | ôi, ; 
and, consequently, 
Z-—1, W(E)—85,, E—0. 
The system has zero energy for certain. 


At T > 0 the probability of different states drops with rising Ei;, 
but in contrast to normal systems, the equiprobability of all states 


Tiim 


Plim 





(a) p 


FIG. 87 


is attained already at 7'— T ey = 1/a; in this case all the exponentials 


&071DÉ, 1 and the partition function becomes divergent 
at T—T.: 


V Ei 
í Bp 
Z=% 1, W(E)-. E+ =. 
i -— PES 
i i 


The dependences T (E) and fi (E) are shown in Fig. 87. 
Case 2. We have g (Ej) = e ^*; then it follows from formula (67.1) 


that as T— + 0, as before, exp [ —(« + i) E,|> 6, , and conse- 
quently the system has zero energy: 
Z—1, W(E)=6,,, E=0. 


At T > 0 high{values of energy are less probable than low ones. ^ 
T— oo we obtain 
E aod a A Eye t 
= ret ——T— —— = 
Z 2 e " W (E) — PEZ ’ E— 3 7 E 
i 


i 
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All the above expressions are seen to be finite and the probabilities of 
all microstates become equal: W (Ej) cx e Fi o E (Ei ). The for- 


mula for E shows that in this extreme case the energy E is equal to 
the mean arithmetic energy Æo. This situation also remains in the 
case when the system temperature undergoes a discontinuity jump 


^1 


Nim 





(a) (b) 


FIG. 88 


and becomes equal to —oo. At T < 0 an inversionof probabilities 
accurs— the probability of the system having an energy E, does not 


decrease but increases with rising E,, and E becomes higher than Eo. 





l'inally, at T—> Tes = — 1/a we obtain 
WE i 
Z= M4, W (E) a7: E SE = 00. 
T 7 


‘The dependences T (E) and f (E) are depicted in Fig. 88. 
Case 3. Repeating the same reasonings as in the preceding cases, 
we find that: 


us T— +0 
Z—+>g(0), W(E)—8,, E=0, 
un T= + oo 
a Yi Ew (Ei) 
Z E), W(Ejs <E, pa E 
>e a) (Ei) —> DITS ma SD 0 
i 


As T— — 0, the main contribution to the partition function is 
made by the term including E, = Emar, while all other terms are 
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exponentially small compared 10 it; therefore, as 7— — 0 
Z =g (Emax) e Fmax, W (Ei) = ôi, i E- Emax: 


‘max’ 
The system possesses a maximum possible energy for certain. The 
dependences 7 (E) and f (E) are plotted in Fig. 89. 
The reader's attention should be drawn to the fact that for sys- 
tems 2 and 3 (systems with negative temperatures) the variable f = 
— 1/T is by far more convenient and adequate (from the viewpoint 





(a) (b) 
FIG. 89 


of phenomenological physics) measure of the mean energy than tem- 
perature. As the mean energy increases from zero to infinity in case 2, 
or from zero to Emax in case 3, the variable f) decreases continuously 
from oo to Bex = 1/T ex in case 2, or to — oo in case 3, whereas tem- 
perature 7 rises from 0 to oo, then undergoes a discontinuity jump 
—oo and rises again to Tex in case 2, or to zero in case 3. 

It follows from cases 2 and 3 considered above that the negative 
temperatures are "higher" than the positive ones, and the mean energy 
of the system with 7 < 0 is higher than at any temperature T > 0. 

Let us turn to the physical realization of systems with extreme and 
negative temperatures. At present no practical systems with extreme 
temperatures are known. Some forma] model, possessing a positive 
extreme temperature, can, however, be pointed out. Let an ideal gas, 
consisting of N particles with mass m, be confined between two nlanes 
z = 0 and z = H in an axisymmetric field with a potential 


0 at ar, 
i e| 271, ln (r/a) at a<r, 


where z, r, q are cylindrical coordinates. It can readily be seen that 
at high values of E the function p (E) increases obeying the exponential 
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lnw eE/Vo, In fact, for the number of states of one particle with ener- 
gy lower than E we have 


aro aeu e f 
2 (E) = | \ pedp V rar, 
v 0 


p ` : 
where b = a exp [ (£ —x,)21,]. Integrating over r, with the 
integration limit in plane p, r being determined by the equation 

p? r n 
Sy t 2Uoln > E, 
we obtain 
V2mE 


4n?ia? Ej} 2 5 


Al large values of E the last TT tends to 


p Boa Va f 
0 


and 
g (E) X 3r dE ae oc e" to, 


In accordance with the above reasonings, the system must possess an 
extreme temperature Tes = Uo 

Let us consider now the pcssibility of realizing systems with an 
energy spectrum limited from above, i.e. systems with negative 
temperatures. It should be noted in the first place that states with 
negative temperatures can be very descriptively interpreted in the 
vase of a system of weakly interacting particles, when it is possible 
to speak of energy levels of individual particles and about their 
"populations". The population of levels, i.c. the number of particles 
occupying a given level, is then proportional to the Maxwell-Boltz- 
mnn factor e*77, and at T —0 the population of levels drops with 
increasing energy—the population of the upper levels is lower than 
Ihat of the lower levels. As T—- oo, e^ *!/7 — 1 and all the levels are 
uniformly populated. Finally, after temperature undergoes a discon- 
tinuity jump to — œ and rises again being already negative, the 
[nctor e~®/7 becomes an increasing function of &;, and the so- 
culled population inversion takes place, consisting in the fact that 
on the upper energy levels there are more particles than on the lower 
ones, 

It should be emphasized that the physical reason for the appear- 
anco of the extreme and negative temperatures consists in the following. 
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The population of the ith level is proportional to the product of two 
factors depending on energy: g (c;) and e^*i/T, If, beginning with 
a certain temperature Ter, positive or negative, this product becomes 
an increasing function of e, (cases 1 and 2), then it is impossible to 
populate an infinite succession of levels with a finite number of parti- 
cles N. This manifests itself mathematically in the divergence of the 
partition function Z. On the contrary, if g (e;) decreases sufficiently 
rapidly with rising g; (cases 2 and 3), the finite number of particles is 
sufficient to populate all the levels, even at T < 0. 

AS was already mentioned at the beginning of this section, all the 
macroscopic systems dealt with in statistical physics have an energy 
spectrum not limited from above. Some system's degrees of freedom 
can have, however, limited energy spectra. For instance, let the 
particles forming a crystal lattice have spin s and the lattice be placed 
in a magnetic field of intensity H. The projection of the angular 
momentum on the magnetic field direction can have 2s + 1 different 
values from — x to + E , and for each value of the projection of 
the angular momentum there exists its proper value of the energy of 
the magnetic dipole in the magnetic field, —pH, where p = pp s/s 
is the magnetic moment of a particle. Thus, the energy spectrum of 
spin degrees of freedom is limited from below and from above. The 
energy assumes a minimum value when the magnetic moment is paral- 
lel to the field, and a maximum value when the magnetic moment is 
antiparallel to the field. 

It is, therefore, possible to introduce the concept of negative 
temperatures. In the simplest case when s — 1/2, the temperature 
equal to T = O is associated with an ordered arrangement of magnetic 
moments parallel to the field (the magnetic spin number for all of 
the ions is m, — 1/2), positive temperatures with a partly ordered 
arrangement (for most ions m, = 1/2); a temperature equal to +00 
corresponds to a random state (the number of ions with m, — 1/2 and 
m; = — 1/2 is the same). 

Negative temperatures are associated with a partly ordered state 
with a magnetic moment mostly directed antiparallel to the field 


(for most ions m, = — 1/2) and, finally, temperature 7 = — 0 is 
associated with a completely ordered state and magnetic moments of 
particles directed antiparallel to the field (for all ions m, = — 1/2). 


States with negative temperatures can be practically realized by 
reversing rapidly the direction of the magnetic field —the magnetic 
moments preliminarily oriented by that field preserve their previous 
orientation for some period of time. 

It must be realized that for all real systems the states with nega- 
tive temperatures are, strictly speaking, not equilibrium states but 
merely metastable states. In fact, the state of a spin system with 
magnetic moments oriented antiparallel to the field is unstable, sinco 
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it possesses excessive energy. In the characteristic time interval during 
which energy is transferred from the spin degrees of freedom to the 
rotational and vibrational degrees of freedom the state is destroyed 
and a state sets in in which the spins are mainly oriented parallel 
to the field. In terms of temperature it means that a system with nega- 
tive temperature will cool and pass to a state with positive tempera- 
ture, transferring the excess energy to other degrees of freedom. 

As a consequence of this, we can speak of negative tempera- 
ture only in some conditional sense in cases when the complete 
thermodynamic equilibrium time—the time of energy equipartition 
between all degrees of freedom— considerably exceeds the spin-spin 
relaxation time or the thermodynamic equilibrium time for the 
orientation of spin moments. 

The concept of negative temperature has a still more conditional 
sense in the theory of quantum oscillators and amplifiers of electro- 
magnetic waves (see Sec. 84). 

Let us consider a physical problem in which only a limited number 
of atomic or molecular energy levels are of essential importance, 
usually two or three levels, and a population inversion iscreated 
with respect to these levels, i.e. more particles occupy the upper level 
than the lower one. Let this overpopulation of the upper levels be 
continuously maintained by "pumping" particles onto the upper le- 
vel. Then, we can speak in a rather conditional sense of "negative" 
temperature with respect to these levels. It should be noted that, 
strictly speaking, the concept of temperature is the concept of thermo- 
dynamics of equilibrium processes, and is applicable to the processes 
considered above with the same reservations as, for instance, when 
considering a rod, one end of which is maintained at a higher tem- 
perature than the other end. 


Problem 


A Maxwell-Boltzmann gas is placed in a cylindrically sym- 
metric magnetic field with a potential 


| [95^ al pa, 
a (=| 4/oln (p/a) at p<ca. 


Show that there exists in this model a minimum low temperature 
below which the gas cannot be cooled. Explain the reason for 
this paradox. 


(8. Second Quantization 


As is known from quantum mechanics, the state of a system consist- 
ing of identical particles is described by wave functions Y (q, 
due «+ -+ Qu) possessing symmetry properties in the case of a boson 
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system, or antisymmetry properties in the case of a fermion system, 
with respect to permutations of pairs of arguments gi, ga. Here q; 
denotes the total set of arguments characterizing a particle; for 
instance, in a coordinate representation it is the set of space coordi- 
nates z;, y;, Z; and spin variable o; for particles with spin. In a mo- 
mentum representation, instead of the coordinates z;, y;, Zi, we can 
choose as arguments of the wave function the momentum projec- 
tions E, ni, ba etc. 

For a system of weakly interacting identical particles there is one 
more important representation—the occupation number, or the 
Second quantization representation. For a system of weakly interacting 
particles single-particle wave functions @, (g;) can be introduced as 
an approximation. These functions describe the state of an individual 
particle in the absence of all other particles. It is convenient, though 
not necessary. to assume the single-particle wave functions q, (g;) to 
be the eigenfunctions of some Hermitian single-particle operator 


E—the operator of particle energy. particle momentum, particle 
angular momentum, etc. This means that the functions q, satisfy 
the following equation: 


Lon (9) = Lys (9). (68.1) 


In this case the system of functions @, (q) can always be assumed to 
be orthonormal: 


| Pl (g) «i (q) dg = 5i. (68.2) 


The symmetric and antisymmetric functions for this system can 
then be constructed from «, (q) according to the following formulae: 


Ps = n Pr, (91) 91, (92) - .. Pry (qx), (68.3) 


Pa = Opt, (91) Pr, (Ge) -- - Pry (qu) 


Qa, (91) Qa, (02). .-- Qu, (GN) 
— | Pre (91) Pre (32). --- Fry (GN) . (68.4) 


Pay (11) Pry (92) --- Pry (qn) 


Summation is carried out over all permutations of P indices k, 
ky... ky, and 5 p is equal to +1 for permutations consisting of an 
even number of paired permutations (transpositions) and —1 for 
permutations consisting of an odd number of transpositions. 

By virtue of particle indistinguishability—symmetry or antisym- 
metry of functions (68.3), (68.4) respectively—these functions are 
defined unambiguously if it is indicated how many indices of single- 
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particle wave functions are equal to 1, how many of them are equal 
to 2, etc. This means that we can turn to the representation in which 
the arguments of the wave function are the occupation numbers n, 
Ng, ..., indicating the number of particles in state 1, state 2, etc. 
It should be borne in mind that the above reasoning is valid only on 
(he assumption of weak interaction, since in a system of strongly 
interacting particles we cannot speak of the states of individual 
particles. 

In this representation the wave functions are written down in the 
form (n4, Rg, . . .). In this case, for a system of bosons the numbers n; 
can take any integer values, n; = 0, 1, 2, . . ., and for a system of 
fermions only the values n; = 0, 1. 

Let us find the form of the most important operators in a second 
quantization representation. 

Let us introduce the particle-number operator N whose eigenvalues 
coincide with the number of system's particles. It is also reasonable 


to introduce the operator p (r) of the particle density at the point r. 
‘The operators Ñ and p (r) are obviously related as follows: 


N- fe p (r) dir. (68.5) 


In quantum mechanics the probability density of finding the particle 
p (r) is expressed in terms of the particle wave function by the for- 
mula p (r) = [sp (r) P = p* (r) y (r). It is, therefore, permissible to 


introduce the operator wave function Ņ (r) so as to ensure fulfilment 
of the relationship 


p (r) = v* (r) v (r), (68.6) 
where »p* (r) is a Hermitian conjugate operator to the operator p (r). 
The function Y (r) introduced in this way is called the secondly 


quantized wave function. It should be noted that A and 0 (r) are Her- 
milian operators of physical quantities, whereas the operator wave 


function 3p (r) is not a Hermitian operator. Let us expand the opera- 


lor wp (r) into a series in an orthonormal system of single-particle 
wave functions: 


} (r) = Sae. (r), P (n = Y digi (0. (68.7) 


‘lhe coefficients ap, a; are Hermitian conjugate operators with as yet 
unspecified properties. 

li follows from formulae (68.7), (68.2) that the particle-number 
«perator N is expressed by 


Ñ = X ata, | et (0 e (r) dr = Y) aas. (68.8) 
i. h 


a 
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It is clear from formula (68.8) that the operators n, = aj a, have 
the meaning of the particle-number operators in the Ath state. The 
relationship aja, = ną reminds one somewhat of the expansion of 
a wave function *p (r) in an arbitrary orthonormal basis @, (r), where 
the squared modules are the probabilities of finding the system in 


the states q, (r). 
We shall construct an arbitrary wave function of the system 


X (Nis Ra, . . .), depending on the occupation numbers, as a superposi- 
tion of the products of the operator's eigenfunctions: 
nj, (ni) = MaXye (n4), (68.9) 
X(m, Mg, ..)-— | 2 € (Pis n, ...) Xn (R4) Xn; (Mz)... .— (68.10) 
ny no see 


The eigenvalues of operators n, depend essentially on the properties 
of the particles of the system under consideration. As has already 
been mentioned, if these particles are bosons, then the operators d, 
must be so constructed that the numbers n; can take the values 0, 4, 
2, .... For a system of fermions n, must take only two values, 0 
or 1. It will be shown below that to satisfy these requirements it is 
sufficient to impose on the operators the following commutation 
relations. 
1. A system of Bose particles. 


iân — 6,0; — 0, atat—atat=0, a,aj—ajd,— ón. (68.11) 
2. A system of Fermi particles. 
d,4,d-à,d, — 0, atat+afat=0, att atar = 0... (68.12) 


Let us consider the two cases separately. 
Bose systems. Let Xs: (na), np be respectively the eigenfunction 


and eigenvalue of operation n, = aja4. Then 

DX; (n4) = QV (nj) = nàX,- (03). 

Applying the operator a4 to both sides of the above equation and 
using the commutation relation (68.11), we obtain 
anakan Kns (na) = (akan +1) antai, (ny) = Nkankan ; (Pa), 

or 

ny (axX,; (04)) = (nh — 1) {arkas (04))- (68.13) 
Thus, we have proven lemma 1: if ny, and Yu (na) are the eigenvalue 


and the eigenfunction of operator nę, then an Xni, (ną) is also the 
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eigenfunction of operator n,, belonging to the eigenvalue n; — 1. 


This permits the operator 7, to be referred to as the particle annihila- 
tion operator in the kth state. 


Multiplying formula (68.9) by aj, we get 
ajalayX,. (Mx) = nkakato; (a), 
or MD K 
ak (arak — 1) X4; (4) = PARA, (In); 
and, finally, . " 
Nr {aKa (n4)) = (nh + 1) (oix, (n4)). (68.14) 
Thus, we have proven lemma 2: if n, and Xs: (na) are the eigenvalue 


and the eigenfunction of operator Nn then any. (ną) is also an 


eigenfunction of operator na, belonging to the eigenvalue n, + 1. 


This permits the operator aj to be referred to as the particle creation 
operator in the kth state. 


It is clear that if nj is the eigenvalue of operator np, then there 
exists a sequence of eigenvalues and eigenfunctions 


Nh, ny — 1, te t)y n,—l; Xn, (Mr), 
aktas (Pa), ++ +s (a4) X, (ry). 
Since there can be no negative eigenvalues for np, this sequence must 
end, i.e. there must exist a minimum eigenvalue nj" for which the 
equality anno = 0 holds true. If artn 0, there would then exist 


an eigenvalue ny” — 1, which is impossible due to the existence of the 
minimum eigenvalue nj". 


Since QNT. — 0, we draw the conclusion that the minimum 
eigenvalue of operator n, is nj? = 0, and that the sequence of eigen- 


values of operator n, is a sequence of non-negative integers 0, 1, 
2, ..., belonging to the sequence of functions Xo (n4), ¥1 (na) OC 


QC Aix (Pa)... . 

Let us select a representation in which the operator n, is diagonal 
and the eigenvalues are arranged on the main diagonal in increasing 
order: 

000... 0... 
04 0... 02. 


(68.15) 
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It is clear that the orthonormal eigenfunctions of this operator are 
the columns 
(0 


0 


Xy, 0) = 10 |, (68.16) 
1 
0 
D) 
in which unity stands in the row numbered n; and the zeros are ar- 
ranged in the other rows. The following equality is valid: 
Ppa’ (x) = Migs (a). (68.17) 


The conjugate function is defined as the row 
Xan €) = (0, 0, ...,0,1,0, ...), (68.18) 


in which unity stands in the column numbered z;, and the other places 
are occupied by zeros. It satisfies the equation 


X»; (4) fy = ni; (a). (68.19) 


Thus, in the columns X (ną) the second quantizaton operators act 
on the left, and in the rows X»; (n4) on the right. 


The scalar product of a row and column is determined by ordinary 
multiplication, and we obtain 


Xas (n) Xar (Mn) = 8. 02° (68.20) 


en 
The common eigenfunctions Xn;. n; on, ng ee.) of all opera- 
tors n (k = 1, 2,...) are, evidently: the product 


Hing, nj, ... s Mos -D= [l ka (ra). (68.21) 


Let us find in this representation the form of the operators d, and dj. 
According to lemmas 1 and 2, we have 


abra; (Ma) = Oy Ken (r) xa; (Mn) = Bai; a a), 
whence, finding the matrix elements of the left-hand and right-hand 
sides, we obtain 


Eh Bowie (68.22) 


(ai), ni 8 nyt? (2a) nt, Rh Nk Np ny—1” 
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To find Qu Bes we make use of the fact that di and d, are Hermi- 
lian conjugates, leading to the equation 
E = UTE 
and the relationship 7, = aja,, which yields 
Oy OT = uL + 1. 


Accurate within the insignificant phase factor eh, we find from 


the above that 


an = B= Vni--1, (68.23) 
and that the matrices d, and dj have the following form: 
0y1 0 0... 0.0 0... 
« 9.30 V2: Uu] _ E 0 0... 
9.—|0 0 0 y3..." aj—-| oy2 0...|- (68.24) 
SERA I dest 0 OYV3... 


It will be readily seen that the application of operators aj and 4, to 
the function Xni (n,) is determined, according to (68.24) and (68.23), 


by the formulae 
aby, (mj) = V ni E 13; 09). 
Any: (t) = V Mh X; (h), (68.25) 


GA Xo (My) == 0. 
A state with any set of numbers n, can be obtained from the vacuum 
state Xo.o.o,... in which all occupation numbers are equal to zero 
hy the action of operators dj on this state. 
In fact, 


-——— 
Xni, n; ... = (aF) ' (a3) * ... Xo, 0. 0,...- 


1 


On the other hand, the state with any set of numbers n; can be reduced 
lo the vacuum state by the action of operators 4: 


(a,) (a) * er Xon; -.. = Xo, 0, LL 


Fermi systems. For a Fermi system the operators d, a; obey com- 
mutation relations differing from those for boson operators. This 
predetermines the essential difference in the action of fermion opera- 
tors on the functions x (n, ns, ...). 
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Let us also introduce for Fermi systems the eigenfunctions xs (n) 


for the operators ną. By definition of operator n4, we have 
Phys (Pen) = Gk Any, (r) = Mays (Ma). (68.26) 


Multiplying this equation by dj on the left, we obtain by virtue of 
commutation relations (68.12) an identical zero on the left-hand side 
of the equation, inasmuch as (dj)? = 0: 


niaiy,: (ny) = 0. 
It follows from here that for all nj 40, the relation AY, (nj) = 0 


holds and, in particular, ázy1 (nj) = 0. At n, = 0, using relation- 
ships (68.12), we obtain 


akan {5X0 (Mn)} = G$% (Nr). 
Thus, á&xo (n4) is equal to x; (na), accurate to some numerical factor 
Applying operator á, to both sides of equation (68.26) and using 
(68.12), we obtain 


d, ayX,- (na) = G.A YS (ny) = DAYS (n4), 
whence we conclude that á,xy,. (nj) = O for all m, 1 and, in 


particular, d, Xo (n4) = Q. It is also clear that d,y (n4) is the same is 
Xo (24), accurate within some numerical factor, so that 


MARK (Mx) = Ak (Ap)? X1 (Ra) =O. 

Assuming now that there exists a state xo (n4) in which there are 
no particles, then, clearly, applying the operators á, and 4; to this 
state, we obtain respectively an identical zero Gp% (na) = Ò and 
a state with one particle. Applying now the same operators to the 
state 71 (n4), we obtain only the state 7» (ną) or the identical zero. 
Thus, it is shown that the commutation relations (68.12) assumed 
for fermion operators ensure the fulfilment of all main requirements 
of the Fermi statistics in order that the occupation numbers assume 
only the values O or 1. 

As is the case with Bose systems, any system's state Xn; ny... 
can be obtained from the vacuum state X%o,o,... by applying the 
operators 4;. For instance, 


att. 
Xi, 0,0, 1,0, 0,0... = 0104X0, 0, 0, 0, 0,0 ..* 
For this reason d; are referred to as creation operators. By analogy, 
a vacuum state can be obtained from any state Xni, ni. +» by apply- 
ing the annihilation operators âp. For instance 


G40504,X1,1,0, 1,0, .4. = X0, 0, 0, 0, 0, ower 
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To find the explicit form of operators â}, á;, let us first consider 
a state with a number k, ignoring all other states. The particle crea- 


tion and annihilation operators for this state, aj and Ons must satisfy 
the relationship 


ata, +a,aj—=1, (a@,)2=0, (at)?=0. (68.27) 


The particle-number operator in the kis slate is equal to aa, and 
its representation is diagonal: 


^ 


n= 





o4 


64 (68.28) 


z 1 0 
The eigenfunctions of n, are the columns (o) and ( ;) and the rows 


(1, 0), (0, 1), describing states without particles and those with one 
particle in the kth state respectively. The creation and annihilation 


operators aj and a, are described by the equations 


a() -»(). aC) 
a(o a()-«Q). 


where p and q are arbitrary factors. Solving this system, we find 
0 0 a 01 
10[| “lo 0 


Just as when considering bosons, we have ignored here insignificant 
phase factors. 


Turning to an examination of the totality of states with different 
k's, we must introduce operators d. and aj, satisfying the relations 


ata,+a,at=0 (ik), 
a, a, + ärt =0, (68.30) 
atat + ajat = 0, 


a 


+ 
Qk = 











, p=q=1. (68.29) 


which operators a,, af fail to satisfy (in contrast to boson systems 
where the operators á4, Gf, relating to different states, automatically 
antisfied the necessary commutation relations, since they acted upon 
iifferent variables). 

let us ascertain that operators 


=(—1)* a,n aj-(—1)*aj (68.31) 


"4 0759 
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satisfy relationships (68.30). Here v, is the number of occupied 
states, preceding the kth state (the number of occupied states with 
numbers i < k — 1). In fact, for i > k, for instance, we have 


zs 
Qa Xs. na- ar Rhe MEER wave 
a+ M. . 
-| ak — 1) "xs iioi oani Ot nim 
0 at nj=0 
rs 2=0, ni-1 
-| (—1) Kaian Eis QA dioec. SET CM TEC 
0 in all remaining cases. 
Reversing the order of dz and d,, we have 
MP 
hn, E ene 
a(—1) x, on 000 at m=0 
-f i Xni, engl ee Mie k , 
0 at n,— 1, 
Vatv +i N ae 
-| (—1) Xni, ies DRE enims ee at ny —0, ni 1, 
0 in all remaining cases, 


since the action of operator dj results in the number of occupied 
states, "preceding" the ith state, increasing by 1. Hence, 


(aka; + a,a$) X, — 0. 
In this way, for a fermion system, operators d,, d, dj, áj are nol 
independent, each of these operators depending on whether the num- 


ber of occupied states preceding k is even or odd. It is readily seen 
that the action of operators à, and áj on function x, (na) is deter- 


mined, according to relations (68.29), (68.31), by the formulae 


i —1)* V aige, (n t nie 1, 
int el (70 Vni; (m) — at ni 

0 at n, —0, 

"y (68.32) 
E —1 1—n, x: t n,=0, 
ioc [ C TR a 

0 at ny —1. 


Knowing the physical meaning of the Bose- and Fermi operators 
Âr, @f, we see that by virtue of the formulae 


Ņ(r)= = arpa (1), pt (rt) = py dit (r) 
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operators v; (r) and b+ (r) have the meaning of creation and annihila- 
tion operators at a given space point. 

Let us consider an operator of some physical quantity Æ, assuming 
the quantity to be additive: 


A= ` A, (68.33) 


(summation is carried out over all system's particles). All the opera- 
tors A, are assumed to be similar, but applied to the coordinate wave 
functions of different particles. Quantities of this type are the momen- 
tum, angular momentum, kinetic energy, charge, etc. 

It will be shown that in occupation representation the operator J£ 
can be presented by means of the secondary quantized wave func- 
lion *p (r) in the following manner: 


G= $09 Â$ (r) arr. (68.34) 


To prove that, let us express operator 3 in terms of particle-number 


operators n4 in the states corresponding to definite values of A, of 
the quantity A. It is clear that 


=Y An. (68.35) 


On the other hand, we expand the operator wave function ẹẸ (r) in 
vigenfunctions @, (r) of the operator A: 


b= Dayar), Âp, (t) = 49, (1). 
Substituting this expansion into the right-hand side of Eq. (68.34) and 
using the orthonormality of the system ọ, (r), we obtain 


$— J, ata,A, | et (n p, (1) d'r = J) Asha. 


Formulae (68.34) and (68.35) express the operator @ in a represen- 
lation of occupation numbers of states with different values of A,, 


whereas formula (68.33) expresses the same 9|. operator in a coordi- 
nate representation. The operator can of course be expressed in any 
athor representation. 


Let B be the operator of any single-particle physical quantity, 
4, (r) the eigenfunctions of the operator, and dj, á, the creation and 
annikilation operators pertaining to the slate q, (r). Presenting the 


eperator wave function in the form of the superposition Y% (r) = 
M á,q, (r) and using the orthonormality of q, (r), we obtain from 
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formula (68.35) 
$— V A, ata, (68.36) 


s, 
where A,, = f qf (r)Aq,-(r) dr are the matrix elements of the 


operator A in B-representation. 

Of special interest is the occupation-number representation associ- 
ated with momentum. Since in statistical physics the volume of gas 
is of essential importance, below we shall study particles not in 
infinite motion, but confined within a cubic box of volume V := L’. 

In Secs. 68 through 70, instead of Planck's constant }, the constant 


h => , associated with it, will be used. Further, for the sake of 


simplicity, the wave vector of a particlek = p/A will be called mo- 
mentum. In this case the functions eiPr/^ — eikr, the eigenfunc- 
tions of the momentum operator —ikV, will not be such for finite 
motion, since they do not vanish at the walls of the box. The physical 
meaning of this is that for a particle in the box the momentum does 
not assume a definite value—at a given energy Æ the momentum can 
acquire with an equal probability the values + VY 2mE. We shall 
nevertheless expand all coordinate-dependent functions in functions 


9x (r) = VT gir, (68.37) 





where 1/|l/ V has the meaning of a normalizing factor. Let us impose 
on qx (r) the following periodic boundary conditions: a whole num- 
ber of de Broglie waves must be arranged along one edge of the cube, 
i.e. the condition k; = 2nn;/L, where n, = 0, 1, 2, .. ., must be satis- 
fied for any momentum projection. It can be readily seen that these 
conditions determine the quantized values of particle energy in tlie 
box (see Sec. 45). The orthogonality condition for the two functions 
qx (r) and pw (r) can be presented in the form 


JRO) ee (diro qp eme arm à es (08.2) 


where Ôx, y: is the analogue of the Kronecker delta used in algebra. 

Let the operator A be the operator of an external field 7/ (r). We 
denote by á* (k) and à (k) the creation and annihilation operators 
for particles with momentum k. Then, by formula (68.36) we find in 
an occupation-number representation 


8 - y- 2, u (k—k’) a* (k') a (k), (68.:11) 


where u (q) = | U (r)e'etd?r is the Fourier component of the poten 
tial X (r). 
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In the representation under consideration the secondary quantized 


2 
operator of kinetic energy K — Ei acquires the form 
P - 2m 
1 





- 9-5 ar mak) = > nq. (68.40) 
k k 


Similarly, we can take the two-particle operator B: 


a 1 ^ 
B => > Bij (68.41) 
ij 
(summation over i, j is performed for system's particles). As in the 


case considered above, all operators 8,, are assumed to be the same, 
hut acting on the coordinate wave functions of different particles. 
The most important example of an operator of this kind is the total 


energy of interaction, Hy, of a system of particles with pair 
interaction. If pair interaction is described by potential W (rı), 


then the formula for Aint is 


5 1 
Huc uM. (68.42) 
ij 
Omitting similar calculations, we write down the expression for Aint 
in terms of : (r): 


Sha f f ten d rn 9 a) enr) ar Dre, (68.43) 
er in an occupation-number representation 


dur—— Siw (kay ky, kj, kj) á* (k) a (k;) a (eg) à (ey), 
ky, Ko, kik ke 
(68.44) 
where 


i (ky, ka, ky, kj) = | W (r,) i Etk vno kat) gar, dara, — (68.45) 


Turning now to new integration variables 


rr r r 
R-——, r=r,—T;, n-R—-, r=R+ 7, 


we obtain 
(hy, kz, k;, ks) 
— f W (r) gs kit -k pr/2 dsr f grt aki Ts, P BR. 
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Making use of the orthonormality condition (68.38), we obtain 
v (ky, k;, ki, k,) 
— V, us son; | W (r) e tin rana dsr, (68.46) 


The presence of the 6-symbol indicates that the vector k,, k,, k;, k; 
must form a closed quadrangle. As is seen from Fig. 90, 


ki =k,+k, k,=k,—k, k—k,—k,—k,— k,, (68.47) 
k — k, +k; — k; = 2k, 


i.e. the law of conservation of momentum is obeyed during collision. 
If the notation 


w (k)= j W (r) eitt dèr, 
(68.48) 


is introduced, formula (68.46) 
reduces to 


w (k,, k;, kj, k;) 
FIG. 90 m Vw (k) Os, ek, kitki; (68.49) 


k; 





The Hamiltonian of a system of interacting particles # in the 
absence of an applied field is equal to 


d£ — t Ed - > = 


2m 
k 


y J,  w(k) Bos, k;+xza* (ki) a* (k;) a (k) a (k). 


ki, ko, kie k, 


at (k) a (k) 





The ô-symbol can be eliminated from this expression by means of for- 
mula (68.47): 


d = > ^E ar (k) â (k) 
k 





cup D w(K) ât (k, -+ k) at (k, — k) â (k) a (k,). (68.5) 
ki, Ke, k 

In conclusion, let us derive the formula for the probability of tran- 
sition from one state to another in an ideal Bose- or Fermi gas under 
the influence of an external effect. Such effects can be produced by 
an external field or by interaction with particles of different kind, 
such as admixture atoms, lattice ions, etc. As is known from quantum 
mechanics, in a perturbation theory representation the transition 
probability density per unit time is determined by the formula (sev, 
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for instance, [7]) 
Py =H [AL 6(E,— Ey), (68.51) 


where the index i denotes the initial, and the index f the final state of 
the system; 2/;, is the matrix perturbation element provoking the 
transition, and the factor ô (E; — £,) ensures the fulfilment of the law 
ef conservation of energy. According to formula (68.39), we have 


v 1 FT. n^ 
Á=- Dd) u(Ik—K'|)a* (k’) a (k). 
h, k’ 
‘The operators á*(k') and á (k) have nonzero matrix elements only for 
transitions in which one particle with momentum k vanishes and 
one particle with momentum k’ is created, i.e. inelastic scattering of 


n particle, associated with the change in momentum, takes place. 
Using formulae (68.25), (68.32), we obtain 


Py= b a(k, k') n(k)|[1 zc n(k') 8(E(k') — E(k)), (68.52) 


where the upper sign pertains to a Bose gas, and the lower sign 
to a Fermi gas. The quantity o (k, k’) is the product of u (|k—k’ |) 
and all constant factors. In the case of a Fermi gas formula (68.52) pre- 
munls another illustration of Pauli's exclusion principle: if the state k 
is occupied, i.e. n (k') = 1, the contribution of this state to the tran- 
sition probability is equal to zero. In the case of a Bose gas the factor 
| 4- n (k’) indicates that bosons tend to accumulate in one state. 
he greater n (k'), the greater the probability of bosons passing to that 
alate. This property is directly associated with the Bose condensa- 
tlon—the accumulation of bosons in zero-energy states at T— 0. 


litt. Superfluidity. Bogoliubov's Theory 


Let us consider the model of a non-ideal Bose gas characterized by 
juirwise interaction of particles of the kind (68.42). This model is 
described in a second-quantization representation by the Hamiltonian 


“4 = >) E(k) at (k) a (k) 
k 


+% wk; ky) at (ae (ey) a (le) (k), (69.1) 


kitkeski +k; 


where E (k) = ve ; 


l'or an ideal gas in the vicinity of absolute zero the predominant 
number of particles N, is in the state k = 0, and the Einstein con- 
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densation takes place: 
N — N & No (69.2) 
Inequality (69.2) is assumed to be also valid for a weakly non-ideal 
Bose gas. Then, in the second of the equations 
a* (0) a (0) Xna = Noxv,, | a (0) a* (0) = (No + 1) xw, 
we can assume approximately N, + 1 œ% N,. Operators á* (0) and 


à (0) then turn into commutative operators, and we shall assume them 
to be numbers, equal to 
a* (0) =a (0) = N17. (69.3) 
Condition (69.2) shows that most particles are in the condensate. 
Evidently, only the interaction of these particles with the “overcon- 
densate" particles should be accounted for in Hamiltonian (69.1). 
The interaction of *overcondensate" particles with each other will be 
ignored. The theory of a weakly non-ideal Bose gas, based on these 
assumptions, was suggested by N. N. Bogoliubov [52]. 


Let us single out in operator Gn, the terms containing a* (0) 
and a (0). Allowing for the momentum conservation law (the prime 
at the summation sign indicates that the term with k = 0 is omitted), 
we obtain 


dim = zy {w (0) la* (0) a (T: 
+ >) qw (0) + w (E)) là* (k) à (k) + à* (— k) a (— k)] a+ (0) a (0) 
k 
+ >) w(k) {la (0))2* (k) a* (— k) + [a* (0)? (k) a (— k)) 
k 
+ terms linear in a* (0) or a (0), 


+ terms not containing a* (0) and a(0)). 


For our purposes it is convenient to write the expression 
2 2j [w (0) + w ()] a* (k) a (k) a+ (0) a (0) 
in the form 
27 [w (0) + w (9)] [a* (k) @ (k) + a* (—k) a (7 k)) a* (0) a (0). 


Leaving terms containing Nọ, to not less than the first power, wo 
obtain 


Rim =y {Nw (0) +No 2 tw (0) + w (9)Ia* (k) (e) 


+â*(—k)a (—k)]H- No >) w(E)la* (k) a* (—k) +4 (k) a( —19)]). 
k 
(69.4) 
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The number of DE is expressed by 


=Not+> r [at (k) a (k) + at (— k) a(—k)). (69.5). 


Substituting the expression for Nọ (69.5) into formula (69.4) and 
ignoring the terms not containing N, we obtain 


Ja: = z (Mw 0AN D w Aa 00) 2 C- 8 (~) 


+N Dj w (k) [â* (k)a* (—k) +a (k) a(—)]). 
k 
The energy aei is expressed by 


e aar D aa a 


Fá*(—k)à (—k)]--3- Y. 2994. fas (k) as (—k) +4 (k) a ( — k)]. 


a— 


k 
(69.6) 
he third term in expression (69.6) describes the possible creation. 
or annihilation of a pair of particles with momenta k and —k. The 
physical meaning of this is that such pairs may pass from a “conden- 
mule” (a state with k = 0 and E (k) = 0) to a state with nonzero momen- 
lum and energy, and vice versa, when the momentum conservation 
law is observed. The possibility of such processes is associated with 
tho interaction of "overcondensate" particles with “condensate” 
particles. 
Let us pass now from Bose operators â (k) and á* (k) to new Bose 
operators Ẹ (k) and §* (k) by means of the Bogoliubov canonical trans- 
furmation to ensure diagonalization of Hamiltonian (69.6) 


a (k) = & (k) cosh q (k) + &* (— k) sinh e (k), 

a* (k) = §* (k) cosh q (k) -+ Ê (— k) sinh  (&), 

a (— k) = E (— k) cosh q (k) + £* (k) sinh q (&), 
a+ (— k) = £* (— k) cosh q (k) + Ê (k) sinh q (k), 


whore € (k) is a real parameter depending only on module of k. It. 
is ensy to verify that the commutation relations for operators á (k), 


u' (k), are also valid for operators Ẹ (k), Ẹ (k): 
Ê (k) E(k’) — E(k’) E(k) = 
E+ (k) É+ (k')— E* (k') Ê+ (k) = 0, 
E (k) £* (k’) — Ẹ* (k’) § (k) = ôx, v. 


(69.7} 
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This permits operators É* (k), Ê(k) to be considered as creation 
and annihilation operators for new Bose quasi-particles, and operators 
É+ (k). E(k) as occupation-number operators. When expressed 
in terms of the new operators Ê (k) and Ẹ* (k), the energy operator 
acquires the following form: 


-20i 2 [ee E ] [cosh 2g (4) — 11 


+ 20% sinh 29 P 3 2 ([E +P | cosh 29 (0 
k 


P sinh 2g (k)} (£* (k) £(&) + È+ (— k) Ê (— 19) 
EET [re$ DN | sink 29 (k) 


ara a X cosh 2¢ (ky} [£* (k) &+ (— k) + Ê (k) Ê (— )]. 


Let us now select the parameter q (4) so that the last term vanishes 
In this case, in the quasi-particle number representation the Hamilto- 
nian becomes diagonal. The terms describing transitions involving 
particle creation or annihilation vanish, and the diagonal elements 
of operator 4X determine the gas energy spectrum. The physical 
meaning of this is that from the picture of a real gas of interacting 
particles with creation and annihilation operators á* (k), á (k) we 
pass to the picture of an ideal gas of non-interacting particles with 
operators E* (k), & (k). 

The Hamiltonian can be transformed to the new variables by means 
of the following readily proved relationship. If 


p sinh 3p + q cosh 3p = 0, 
then 


pcosh :t -- g sinh  — V p? — q?. 
We have 


dp R$ (so 
k 
k 


X (E+ (k) E(k) + Ê+ (— k) £(—k). — (69.9) 
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Introducing the notation 
= Rt, wN y? wik)N y 
«d =V [a+ [= | 


4 E R?k?w (k) N 


=} p (69.9) 
we finally obtain 
a 0) N* k)N . 
= LOX FS [E (4) +29" — o (6) ] 
k 


i» 'e(K)[É*(k) &)--Er(—k) £(—3$)). — (69.10) 


k 


It is clear that close to absolute zero the energy of a weakly non- 
Ideal gas can be represented as the sum of the ground-state energy — 
the first two terms in Eq. (69.10), and the energy of independent qua- 
ni-particles whose energy is c (k). 

Let us examine the dependence of the energy of quasi-particles o 
on momentum at large and small values of k 

For small values of k formula (69.9) yields 


o (k) e y S thew y FQ nk, (69.11) 


mV 





i.e. at small momenta the quasi-particles behave as phonons with 
mund velocity equal to p Nw (0)/mVR. 

At large values of & the dependence w (k) is primarily determined 
by the properties of the function w (k). In particular, the interaction 
w (k) can be so chosen as to obtain the quasi-particle energy spectrum, 
^uggested by L. D. Landau from phenomenological considerations [18] 
aul agreeing well with the experimental data on the heat capacity 
and other thermodynamic properties of HeII. This energy spectrum 
is shown in Fig. 91 

Assuming that at large values of k the function w (k) decreases or 
Increases at a slower rate than &?, then we obtain for œ (k) 


h?k? 
2m? 


o (k) zz m w (k) + A (69.12) 
io, with large values of k eue behave as classical particles 
«| mass m. 

let us show that a quasi-particle gas, obeying the dispersion law 
m (k), possesses the property of superfluidity. This means that neither 
ihe friction against the walls of a tube or the surface of any body 
moving with respect to the gas, nor the internal friction in the gas 
«an lead to deceleration of the flow and conversion of the kinetic ener- 
uy of the flow into the excitation energy. Let us consider the gas at 
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T = 0, so that there is no quasi-particle excitation in it. Since mo- 
mentum k and energy w (k) of quasi-particles are determined in a sta- 
tionary medium, the gas will be assumed to be at rest, and the walls 
of the tube or the body placed in the gas to be moving with respec! 
to the gas with velocity v. 

Let us assume that a body lost momentum AP and energy AE and 
some number of quasi-particles n (k) with various momenta k ap- 
peared in the gas at the expense of these losses; then 


AP— Ji n (k) hk, AE = Xn (k) o (k). 


On the other hand, the change in energy and momentum of a moving 
body is expressed by 
AE — (v, AP), (69.13) 
whence 
Xn (k) lo (k) — & (vk) — 0. (69.14) 


Since Eq. (69.14) must be satisfied for arbitrary n (k), we have  (k)= 

= h(vk)- hvk cos (vk), with cos (vk) >0: 

a s. vs e 

hk cos (vk) 

When the dispersion law (69.9) is valid, the right-hand side of 

Eq. (69.15), which is the ratio of the ordinate of the curve shown in 
Fig. 92 to its abscissa, differs from zero. 

This means that there exists a critical flow velocity Ver, equal to 

sound velocity vs = Vy Nw (0)/mV &, such that at velocities lower 





= Ver. (69.15) 


w 





FIG, 91 FIG. 92 


than the critical the flow deceleration at the expense of the appear- 
ance of quasi-particles is impossible, i.e. there is no internal friction 
in the gas. It should be noted that the critical velocity differing from 
zero always exists when the curve w (k) is not tangent to the z-axis 
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at the origin of coordinates (the contact with the z-axis at other 
points is highly improbable), i.e. at small values of k the energy 
spectrum is of a phonon nature, œ = vk. The spectrum depicted in 
Fig. 91 also possesses this property. 

At temperatures differing from zero the motion of a non-ideal Bose 
gas can be considered as the superposition of two motions. The total- 
ity of quasi-particles with energy w (k) present in the gas at T + O is 
capable of exchanging energy and momentum with the walls as 
a "normal" liquid. The totality of "non-exciled" quasi-particles move 
in the tube at v < Ver as a superfluid liquid, since the processes 
involving the appearance of new quasi-particles in it are impossible. 
The absence of quasi-particles was nowhere assumed in the proof 
presented above, and it also remains valid at 7 = 0. There is no 
“friction” between the normal and superfluid components, since ener- 
gy and momentum are not transferred from one component to the 
other —quasi-particle creation and annihilation processes are impos- 
sible. 

Jt should be, however. emphasized that we can speak about the 
"normal" and "superfluid" components of a liquid only in some condi- 
tional sense. No division of atoms into "normal" and "superfluid", 
naturally, exists and we speak about the collective motions of liquid 
particles or quasi-particles. Ás temperature approaches the phase- 
transition temperature. all collective degrees of freedom are excited, 
the liquid is “filled up" with quasi-particles and becomes "normal". 
On the contrary, as temperature approaches zero, the quasi-particles 
vanish, and liquid becomes "superíluid". 

A more detailed treatment of the theory of superfluidity is given 
in [19] and especially in [20]. The latter book presents the rather attrac- 
tive, mainly qualitative, theory of superfluidity elaborated by 
Feynman. 

lt is interesting to note that Bogoliubov's theory [52] leads to an 
energy spectrum of the Landau type when w (k) is simply chosen as 
a linear function of k: 


w (k) = A — Bk, (69.16) 
where A and B are constants. 


According to formula (69.9), the energy of a quasi-particle is deter- 
mined by the expression 





h*k* RIN Bk? RIN Ak? 
o (k) = ám! m) ' mV ^" (69. 17) 


The Fourier-transform of potential (69.16) can be shown to corres- 
pond in the coordinate space to the superposition of delta-shaped re- 
pulsion and repulsion~ r*. This result should not be, however, 
overestimated, since it has not been fully established whether the 
use of Fourier's coefficients w (k) instead of w (0) in the calculations 
ef this section resulted in a surpassing accuracy. 


366 Part Two. Statistical Physics 


Problems 


1. Show that the function (69.17) has a minimum and a maxi- 

mum (under which conditions?). Express the parameters A,, 
— kt) 

k*, m* in the Landau formula w (k) = A, LEA ; 
which is valid in the vicinity of the minimum o (k), in terms 
of the constants A and B from formula (69.17). 

2. Show that the potential W (r), a superposition of the delta- 
shaped repulsion and the repulsion ~ r^*. corresponds to the 
Fourier-transform presented by formula (69.16). 


70*. Superconductivity 


Let us consider the theory of superconductivity as another example 
of application of the method of second quantization. 

A clue to the comprehension of superconductivity of metals is 
the interaction of electrons with crystal lattice vibrations. Quantum 
mechanics describes this interaction as the emission or absorption 
of phonons by electrons. These processes can be shown (see [21], for 
instance) to cause effective electron interaction in addition to their 
Coulomb repulsion. As this takes place, the effective interaction 
between electrons differs markedly from zero only for electrons whose 
momentum is close to the Fermi momentum kmar = Pmax/h. 

It can be shown that the interaction between electrons with mo- 
menta k, and k, must be accounted for only when the ends of the 
vectors of k, and k, lie in the spherical layer close to the Fermi 
sphere, with a thickness of the order of vp/vg,,, where vp is the De- 
bye frequency and Vmax is the Fermi velocity. If at least one of the mo- 
menta k, and k, emerges from the above-indicated layer, the electron 
interaction becomes negligible. For electrons whose momenta are 
arranged inside this layer the interaction is of the attraction nature 
and it is said to be short-range interaction in a coordinate represen- 
tation. For this reason this interaction is of importance only to elec- 
trons with spin projections of opposite signs, since the probability 
that the electrons will draw closer than the range of interaction is 
very small for electrons with parallel spins. Finally, the main contri- 
bution to interaction can be shown to be made by pairs of electrons 
with zero total momentum. The reason for this can readily be 
grasped examining Fig. 93. 

The figure shows a Fermi sphere, and the effectively interacting 
electrons have momenta almost equal to kmax (the end points of 
momentum vectors lie in the narrow layer close to the Fermi sphere). 
Then, if the tota] momentum k of an electron pair differs from zero 
[Fig. 93 (a)], the ends of vectors k, and k, must lie on the opposite 
edges of torus L and they fill the one-dimensional set of points. The 
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ends of vectors k, and k, of electron pairs with a total momentum 
equal to zero can lie anywhere on the diametrically opposite points 
of the Fermi sphere [Fig. 93 (b)] and fill a "two-dimensional" set of 
points. Thus, ignoring the Coulomb's repulsion and accounting for 
the effective attraction between electrons with opposite momenta and 
spin projections with opposite signs, we come to the model Hamil- 
tonian 


d = Y  E(k)[a* (k) a (k) + Ê+ (k) Ê (&)] 
k 


—4- 9 wik, k)a* ()é*(—k) £(—k')a(k). — (70.1) 


k, k* 
In formula (70.1) E (k) = _ , á* (k), à (k) are creation and anni- 
hilation operators for electrons with momentum k and spin projection 


h/2; b+ (—k), b (—k) are creation and annihilation operators for an 
electron with momentum —k and spin projection —#/2; w (k, k’) is 








FIG. 93 


n function characterizing the interaction between electrons with mo- 
menta k' and —k'. Interaction results in that the momenta of this 
electron pair become equal to k and —k, with all the four momenta 
heing confined within the layer of the momentum space close to the 
l'ami sphere with a thickness ~vp/Vmax. In the second term in 
formula (70.1) summation is performed only over momenta k, k' 
lying in this layer. The function w (k, k') can be shown [22] to be 
rril-valued and symmetrical with respect to its arguments, w (k, k') — 

w (k’, k). The Hamiltonian (70.1) is known as the Bardeen- 
t'ooper-Schriffer (BCS) Hamiltonian. 

l/lectron pairs with opposite spin projections and a zero total mo- 
mentum are referred to as Cooper pairs. Cooper discovered that the 
pairs are capable of forming bound states even at very weak interac- 
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tions, which stems from the following simple reasoning: in any 
shallow potential well electron momenta decrease as electrons move 
apart from each other, since deceleration occurs due to their mutual 
attraction. At temperatures close to zero, however, the decrease of 
momentum cannot be infinite. Ás soon as particle momenta reach 
the value of kmax, further decrease of momentum becomes impossible 
due to the Pauli exclusion principle, since all "spots" inside the 
Fermi sphere are occupied by electrons. This means that the further 
increase in the distance between pair components is impossible, and 
they form a bound state. 

This circumstance is of paramount importance and explains why 
the theory of superconductivity was created so late (1957). The fact 
is that inasmuch as the weakest electron interaction changes radically 
the nature of the energy spectrum, that is changes it from a continu- 
ous into a discrete one, the standard methods of the perturbation the- 
ory, for instance, the expansion in powers of the interaction function, 
cannot be applied, and the problem must be solved by other tech- 
niques. That is why the discovery that the Cooper pairs are capable of 
forming bound states (Cooper's phenomenon) served as a clue to the 
creation of the theory of superconductivity. 

Returning to formula (70.1), it should be noted that it is precisely 
the second term in the Hamiltonian that describes the processes in- 
volving the conversion of one Cooper pair (k', —k') into the oth- 
er (k, —k). 

To facilitate calculations, it is convenient to consider formally an 
electron gas as a system with a variable number of particles. In 
accordance with the results obtained in Sec. 63 [formula (63.50)l. 
we must then replace in the Gibbs canonical distribution the energy 
E (i) by the difference E (i | N) — pN, and determine the chemical 


potential from]the normalization condition N = T2099 Within 


the framework of second quantization this means that we must re- 
place the Hamiltonian by the difference o — pf", where 


Jf = D; [a (k) a (k) --5* (—195 (—1)] (70.2) 
is the operator of thetotal number of particles. This difference will be 


denoted below by & as before and referred to as the Hamiltonian. 
Therefore, we have 


SH = Y e(k)[a* (k) a (k) J-5* (— k) b (— k)] 


—+ Y, w(k, k)a*(k)é*(—k)$(—k')a(k'), | (70:2) 


V 
k, k’ 
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where e (k) - u= R? (k? — kinan) 
the Femri sidac. is the initial level. N 
. Let us introduce the Hermitian conjugate operators A (k) and 
A* (k), determined by the equalities 

P 1 "AER > , 

A(k) = J wk, k) £(—k') a(&), 


k’ 


is the energy for which 


- 4 R » (70.4) 
A*(k) = = w(k, k’) a* (k’) b* (—k’). 
us 
Due to the hermiticity of the operator in formula (70.3), the expres- 
sion for it can be rewritten to read 


Hit = — ur x w (k, k’) [å+ (k) b* (—k) 6 (— k')a (k") 
+a* (k’) 6+ (— k’) Ê ( — k) a (k)] 
= — J) {at (k) &* (— k) Â (k)+ At (k) Ê (—k) a (k))}, — (70.5) 
k 


whence for the total Hamiltonian ¢&¥ we have 
we N e (k) [a* (k) a (k) -5* (—k) b(— 19] 
— Bi la* (k) b+ (— k) A (k) + Â+ (k) (—k) e(k). — (70.6) 


It will be shown below that with an accuracy up to the terms of the 
order of 73/V (ry is the electron interaction radius) the quantities 


A (k) and À* (k) can be treated not as operators, but as complex 
vonjugate functions of momentum. 

‘The operators a (k), a* (k), b (k), b+ (k) and their Fourier-transforms 
will be denoted in e section by the same letter. We have 

a (k) =- | asr ettea (nr) = | dr g, (1) â (r), 

where oy, (r) = V-V*eikr are the orthonormalized functions intro- 
duced in Sec. 68. Let us transform the expression for the operator 
A (k) in the following manner: 


M) = a » w (k, k')b(—k')a(k') 





v (k, k’) "y | dsr e- wb (r) y 


—X j | dird*r'W (k, r' —r) Ô (r) â (r), — (70.7) 


=a | aor eter n) 
k’ 
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where the notation 
: , 1 r s , , 
W (k, r —Dn-34 2 w(k, k') ei^. r-o, 
i 
is introduced. 

The attention of the reader should be drawn to the fact that ilhe 
quantity W (k, r' — r) is not a Fourier-transform of the function 
w (k, k') with respect to the argument k', but differs from it by 
the factor V-12. The so determined function is independent of volume 
for large V, which becomes particularly clear if we turn in the abo: 
formula from the summation over k’ to integration by means of Ilie 


relation 
V 
2+ > Ga f dk ... 9 


Let us also postulate that the function W (k, r' — r), describir: 
the interaction in a coordinate space, has a characteristic radius r,, 
i.e. that it decreases rapidly enough at | r' — r | >>ro. The squared 
norm of operator A (k) will be shown to remain finite as V —oo. 

Let y he a wave function of an arbitrary state in an occupation- 


number space. The squared norm of operator Á (k) is specified by 
the formula , E : 

1A (k) x]? = (xXIA* (k) A (k) |x). 
Using relation (70.7) and its Hermitian conjugate, we have 


i 1 
IÂ (k) xi*— aoe | V f aro d'r d'ra dir W (k, ry ra) 
XW (k, r.— r3) (xla* (r4) 5* (r2) (r9) a (r4) bo. 
In the above integral the interaction functions limit two integrations 


out of four by the domain ~r}, whereas the two remaining integra- 
tions are performed over the volume V. It follows from this that in 


he limit V— oo the quantity | A (k)x |? remains finite. 
Let us find now the commutator of operator A (k) with at (r 


(it can readily be verified that the commutator of A (k) with a (r. 
is identically equal to zero). From formula (70.7) we obtain 


[Â (k), a*(0)— 3 Var der" W (k, r' —1)5 (r) 6 (r” — r) 
=p | enWw (k, v — 1) Ê(r'). 





From the above formula we find for the squared norm of opera! 
[A (k), a* (r)] the following expression: 


I[Á (k), a* (0)]]? 
=a f j dr! d'r"W (k, r—r’) W (k, e' —r) (x[b* (r°) ê (rig). 
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Since the interaction functions limit the two integrations to the 
domain ~r}, the right-hand side includes the quantity ~r{/V? 
that tends to zero as V—- oo. 

Thus, we proved that the quantities A (k) and A* (k) commute at 
the limit V—-oo with operators a (r), a* (r), 5 (r), 5* (r), and, con- 
sequently, with any funclion of these operators. It follows from this 
that A (k) and At (k) can be considered not as operators, but as 
complex conjugate numbers. A strict proof of this assertion is based 
on Schur's lemma in the group theory 

If the function of A (k) is assumed to be real-valued*, the Hamil- 
tonian (70.6) can be rewritten to read 


M = X e (k) a* (k) a (k) + 5* (—k) Ê (—k)] 
— Atk) [a* (k) 6+ (—k)+5(—k) a(k)]. — (70.8) 


In the problem under consideration (as was already mentioned) the 
interaction of Cooper electron pairs cannot be ignored, even at a low 
interaction potential. In fact, as was demonstrated, even the weakest 
attraction leads to the appearance of bound states of Cooper pairs. 
Calculation results, formula (70.31), also demonstrate that one cannot 
neglect the interaction. It follows from this that the system of opera- 
tors a (k), a* (k), b (k), b+ (k) cannot serve as an initial approxima- 
tion for the perturbation theory. 

Let us introduce quasi-particles that are superpositions of a parti- 
tle having momentum k and spin projection A/2, and of a particle 
wilh momentum —k and spin projection — #/2. For this purpose we 
carry out the Dogoliubov canonical transformation for Fermi opera- 
tors lef. Eq. (69.7) for Bose operators]: 


a (k) = Ẹ (k) cos @ (k) -- 5 (—k) sin q (k), 
b(—k) = —$* (k) sing (E) + n (— k) cos q (k), 
a* (k) = £* (k) cos @ (k) + n ( — k) sin q (k). 
6+ (—k) = — Ê (k) sin o (k) + 1* (— k) cos ọ (k), 


whero ọ (k) is the as yet unknown function of momentum k. It can 
lw easily verified that transformation (70.9) is a canonical one and 
iint its anticommutators remain unchanged. For this reason opera- 


lors. E(k), E*(k), m(k) m*'(k) se'isfy the same commutation 


(70.9) 





* The reader is to convince himself that A (k) can be chosen real-valued on 
the basis of Eq. (70.20). 
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relations as operators a (k), a* (k), 5 (k), 5+ (k): 
Ê (k) Ê (k’) +Ê (k’) Ê (k) =0, 
E+ (k) £* (k') -+ £* (k’) E* (k) 2 0, (70.10) 
E (k) £* (k') + É+ (k") E(k) = ôx, we. 


The same relations are true for operators 7 (k), n+ (k). Operators 
E (k), E+ (k) anticommute with operators y (k), y + (k), allowing us 
to consider É* (k), "n (k) as creation operators, and É (k), n(k) as 
annihilation operators for quasi-particles of two kinds, §-particles 
and 1-particles, with these quasi-particles being, as can be seen 
from formula (70.9), linear superpositions of particles with anti- 
parallel spin and a total momentum equal to zero. 

Substituting formulae (70.9) into (70.8), we find the Hamiltonian 
in new variables: 


= D {e (k) [1 — cos 29; (k)] — AK(K) sin;2 (kY 


+ 2 le ()kcos 2p (k) +A (k) sinf2o (ke) Wf* (k) Bi(k) + n*( — k) n( — E)I 
Xi [e (k) sin 2€ (k) — A (k)jcost2q (k) jJ E+ (k) n*( — k) + nK — k) & (k)1. 
(70.11) 


Let us now select parameter q (k) so that the last term becomes 
zero. In the occupation-number representation of E- and n-quasi 
particles the Hamiltonian becomes diagonal; then the terms descrih 
ing the processes of simultaneous creation and annihilation of ' 
and y quasi-particles vanish and the diagonal elements provide |li 
system's energy spectrum. 

The physical meaning of this is that we have turned from ihr 
consideration of a real gas of interacting electrons to an ideal v; 
of non-interacting quasi-particles. 

The diagonality condition for Hamiltonian (70.11) is 


k 
tan 29 (k) = a A ; 





(70.12: 
and we select the following values of sin 2ọ (k) and cos 29 (k) 
satisfying condition (70.12): 


sin 29 (E) = E, cos 29 (k) = —— 


e elk) 
o(k) (70. 1.41 


where 


o (k) = V e (k) + A? (k). (70.1 
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Substituting Eqs. (70.13) and (70.14) into Eq. (70.11), we get 

Sh = [e (E) — o ()] + 2 o (k) (E+ (k) Ê (k) +n* (— k) à (7B). 
(70.15) 


‘The first term in formula (70.15) is independent of the number of 
quasi-particles and represents the ground-state energy, and the 
second term is the sum of energies of quasi-particles [w (k) is the 
energy of one quasi-particle]. 

To elaborate the thermodynamics of a superconductor, it is neces- 
sary to find the average value of operator d} for a state at a difinite 
lemperature 7, performing the averaging in two stages. First, we 
lind the quantum-mechanical average (the diagonal matrix element) 


of & over a state with an arbitrarily fixed number of quasi-particles 
ny and my. Then, we average this matrix element over the Gibbs 
ensemble with temperature 7. This leads to the replacement of the 
arbitrary quasi-particle numbers rn; and n4 by their most probable 
values at the given temperature n; (T) and nn (T). Since the quasi- 
particles are non-interacting fermions and their number is not 
fixed in contrast to the number of real particles, electrons, then the 
most probable numbers n; (7) and zn (T) are determined by the 
l'ermi-Dirac distribution formulae with a zero chemical potential 
(the same way the numbers of photons and phonons are determined 
hy the Bose-Einstein formulae with p = 0). 

It should be noted that the two-stage averaging procedure is 
applied not only to the numbers of quasi-particles &* (k) & (k), 
' (k) n (k), but also to the quantity A (k), inasii.uch as operators 


u (k) and b (k) are pertinent in its determination. In consequence. 
Ihe average value of A (k) will depend on temperature. and we shall 
denote it by A (k, 7). Thus, the averaging procedure results in beth 
ihe energy of a quasi-particle o (k) and Bogoliubov's transformation 
parameter q (k) becoming functions of temperature. We denote these 
average values by w (k, T) and q (k, 7), expressed by 


okk, T) - Ve? (E) A? (k, T). (70.16) 


sin2q(k, T) = d n . (70.17) 





In accordance with the above, the average numbers of quasi- 
particles are found to be expressed by 


nj (T) =n (T) =n (k, T) — [eo & MTS 1 jt. (70.18) 


I^ us find the equation governing the function A (k, 7). Replacing 
in formula (70.4) the operators b(— k), a (k) according to (70.9), 
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we obtain 


A (k) = 55 Jj w (k, k’) [—Ẹ* (&) sing (k') -+ñ (— k’) cos e (k')] 


x [E (k’) cos @ (k')+ nt (— k’) sin ọ (k')]. (70.19) 

Since A (k) is a c-number (to terms of the order of r3/V), it coincides 

with its diagonal matrix element. Leaving on the "right- hand side 

of formula (70.19) only the diagonal operators e (k’) € (k’) and 

n(—k’) nt (—k') and replacing them by their eigenvalues n; 
and arts we find 


A (k) =F 2, w (k, k') sin 2g (k') (1 — n; — n4) 


k’ 





1 n A(k 
=a D ukk, k’) ao (1— m — m). 
k’ 


Averaging out the above equation over the state at temperature T 
and using formula (70.18), we find 
1 ' 


k’ 


A(k,T = 
ey tanh SS) 2 T) 5 (70.20) 


or 
A (k, T) 


d. r A (k', T) V e* (&) 3- A5 (k', T) 
car à v (k, aE tanh -———54————. 


(70.21) 


We obtained an integral equation for A (k. 7), from which il fol- 
lows. in particular, that a function A (k, 7) can be taken real, as was 
assumed in deriving formula (70.3). Equation (70.21) has a trivial 
solution A (k, 7) = 0. At sufficiently strong electron-phonon inter 
action and sufliciently low temperatures, however, the equation also 
has a non-trivial solution A (k, 7) 40. To find this non-trivial 
solution, let us simplify the model further and replace the function 
v (k, k’) in the layer in which it is assumed to differ from zero by 
its averaged value g. As is seen from formula (70.4), the quantity \ 
is then independent of momentum. Then, after cancelling out tle 
factor A +0, Eq. (70.21) reduces to 
tanh VEA (7) 
g 2T aa 
1i=— SSS e O (70.2: 

4 Verran ' 


k 
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or at T — 0 
1 
| EE SP NER. 70.23 
ay 2 V ea (k)+ A* (0) MS 


The condition for Eq. (70.23) to have a non-zero solution has the 
form 


1 
d Tut (70.24) 
k 


i.e. a sufficiently strong electron-phonon interaction is required. 

Before solving Eq. (70.23), let us elucidate the physical meaning 
of the quantity A (7), which is of paramount importance in the the- 
ory of superconductivity. Let us return to formula (70.15) and aver- 
age the Hamiltonian over the Gibbs ensemble at temperature T. We 
liave 


E (T) = 5 [e (0) — o (k, N+ aan 
k k 


n CNT 3 (k) 3- AF (7) 
= Y [e (k)— V & (k) + A2 (T P A AOE TTA 
^ ( ) ( ) ( )] : exp[ rors (7) ] 1 


(70.25) 


In particular, at 7 = O the mean energy is equal to the energy of the 
ground state, in which there are no quasi-particles: 


E (0) == py [e (k) — V e? (k) + A? (0)]. (70.26) 


It is clear that the non-trivial solution A (0) = 0 corresponds to 
« lower ground-state energy than the zero solution A (0) = 0. In 
tho latter case, we have 


E(0)= — =2 M 
E (0) = 2e () —Ie(9]] 7 2. 3 e (94 


which corresponds to the state in which all electron levels inside the 
l'armi sphere are occupied, and all levels outside the Fermi sphere 
D 
nre free (it should be recalled that e (k) = D p is the electron 
energy for which the Fermi boundary is the reference). At A (0) 250 
E@<2 X el 
„8 (h)<0 
lius, at T = O the solution with A (0) 0 is] thermodynamically 


oxpodient. It is clear that this situation is also true for sufficiently 
luw temperatures. 
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The solution A (0) 0 will be shown now to correspond to the 
superconductive state of an electron gas. The energy of a quasi- 
particle, œ (k, 0) = V e? (k) + A? (0), diminishes as the Fermi 
surface is approached and acquires its minimum value A (0) on the 
Fermi surface. Thus, we have o (k, 0) > A (0), meaning that the 
first excited state of a system is separated from its ground state by the 
forbidden energy region—the energy gap. Since the quasi-particles & 
and ņ have spin #/2, they can appear only in pairs, in accordance 


ko 
(a) 





FIG. 94 


with the spin conservation law. Hence, the energy gap is equal to 
2A (0) at 7 = O and at an arbitrary temperature T, to 2A (T). Since 
in the state with A = 0 the minimum value of œ (k, T)/k > ^ (T)/k 
differs from zero, the system [see condition (69.15)] must possess 
superfluidity. For an electron gas in a conductor this property mani- 
fests itself in the form of superconductivity. 

In fact, if an ordered motion of electrons (current), having a mean 


momentum P, commences in a metal, the associated energy increment 
is determined by the quantity P z = T Upon decay of the 
state with the current the energy diminishes by the same value. 
However, for that state to decay energy of an order of magnitude of 
2A must be spent. This becomes very clear when the process is con- 
sidered in a reference frame in respect to which no ordered motion 


exists. For such motion to begin, quasi-particles must be created, 
involving an energy expenditure of 2A. Thus, if the inequality ARP < 


< Ais observed, the state with the current is stable. In other words, 
there is no resistance to current flow at sufficiently small P or suffi. 
ciently small current densities. 

Let us illustrate the difference between the normal A = () 
(Fig. 94 (a)] and the superconducting A ^ 0 [Fig. 94 (b)] states, plot- 
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ting the energy of a quasi-particle as a function of momentum. At 
A = 0 we have 
hth? 
2m =p at k> kmax, 
o (k) =e (k) = haka 


~m 








at kX kmar. 
At A 550 


v()- V (Fe) +0. 


Let us return now to Eq. (70.23) for the energy gap at T = 0. 
Let us integrate over k on the right-hand side of the equation; allow- 


Ing for the fact that the integrand in (70.23) depends only on k, 
and replacing >) ... by za | dk k? ..., we integrate over the 
3 

thin spherical layer in the vicinity of the Fermi surface, about. 

Vmax/Umax thick, obtaining 
Rmaxtt 
1=£ —LBdk ^ 
nh a9 Vet 3 A80) " 


Rmax 





(70.27) 


where 1 = Bvmax/ Ymax, and B is a numerical factor. Since x < kmar, 
the slowly changing factor k? in the integral on the right-hand side 
of formula (70.27) can be replaced by kmar and we can transform 
« (k) in the following manner: 
Lu (ka —k?! ) 
e (k) =_—_ X Rmax (k — kmax). 
Formula (70.27) then reduces to 


omar 


1= 





de — ánh? 70.28). 
V e3-- As (0) ° a ™Pmax * (19: ) 


Introducing a new integration constant ọ by the formula e = 
- A (0) sinh ọ, we obtain 


»Ín 








1 = arsinh ( Des) ' (70.29) 
It has been shown by experiment that = D ~ =o « 1, which 
max max 
i^ why formula (70.29) acquires the form 
1e E ln (mmt) , (70.30). 


whore we obtain 
A (0) == Qhvmex 167 AME mm 2Bh vs 67 ^58. (70.31). 
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Expression (70.31) indicates once more that the perturbation theory 
is invalid: the function e~4/@ has at g = O essential singularity in 
the vicinity of which the function cannot be expanded into a series 
in g. 

The reader's attention should be drawn to the fact that for super- 
conductivity to appear (70.24) there must be a sufficiently strong 
electron-phonon interaction. But it is precisely this interaction that 
gives rise to the resistance to electric current flow at temperatures 
differing from zero. It follows from this that metals, being good con- 
ductors at high temperatures, should not pass to the superconduct- 
ing state at low temperatures, and vice versa. This assertion has 
been well substantiated by experiments—copper, silver, and gold 
do not pass to the superconducting state down to the lowest tempera- 
tures presently attainable. On the contrary, such poor conductors as 
lead, mercury, niobium move to the superconducting state at the 
highest temperatures. 

It should also be noted that the idea of superconductivity, being 
the result of the appearance of Cooper pairs, must be taken as rather 
conditional. The idea of coupled pairs is sufficiently realistic in the 
momentum space. The correlation of the states of the particles of 
a pair leads to the high probability of their common state with 
a total momentum equal to zero. But the validity of this concept is 
rather restricted in the coordinate space. 
fjIndeed, let us estimate the average dimension of a pair, i.e. the 
distance between the pair components. The order of magnitude of 


the momentum spread is A , corresponding to the energy spread in 


the correlated pair, ~A (0). Hence, the distance between pair com- 

h hv, 

S~ AQ 

formula (70.31), L~ (z=) e^/8, Using formulae (53.6) fand (57.5), 
max 3 


ponents, 7, is of the order of l~ , le. according to 


3N 11/3 


3N- y1 and v = mar, = ( 
) max d- my 82V ? 


"mtm (in 
we]find the estimate to be 


V \1/3 vmax 
i (4 tee 
Since the ratio of the Fermi velocity Vmax to the sound velocity aii 
the exponential e4/¢ are large compared to unity, the “radius” ùi 
a pair, l, is large compared to the interelectron distance (V/N)' *. 
This is indicative of the fact that the idea of coupled Cooper pir 
in the coordinate space is particularly conditional. 

Let us now solve the equation for the energy gap at T # 0. Trans 
forming Eq. (70.22) in the same manner as Eq. (70.23), we obtain. 
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Instead Eq. (70.29), 








=£ f dq tanh a) cosh q | , where b —arsinh (Saas ) ' 
0 


(70.32) 
We transform this equation as follows: 





I-A (i do tank (^57 Ad) cosh p) — 1 | + arsinh (Aa )} 





295 f= f do humaxt 
es i 2 f pu in ( ^ (T) )}. (10:33) 
0 e +1 
‘The upper limit in the convergent integral was replaced by oo and use 
AUmaxt 


was made of the inequality E > 1. 
Hence, using formula (70.30), we obtain the equation relating 
A(T) and A (0): 


p ^0 ri 
"A (T) (7) ic | amus. ) cosh ti: : (0:99) 





The integral on the right-hand side of Eq. iud can be evaluated 
with the aid of the expansion 


4 (T) mA(T) 





(eT 79 aet Mensa qo (70.35) 
ma 
and gthe formula 
f dq cosh (a«)e-8 cosho = K a (B), (70.36) 


0 


whore Ka (B) is the Bessel function of an imaginary argument (see, 
ur instance, [23], formula d 547.4)). Hence, 


A (0) zt mA (T) 
ofan? x (—1)"-1K,) (27). (70.37) 


At low temperatures we can limit ourselves to the first term of the 


A pnt 
2z z 
lhon, accurate to infinitesimals of the order of Ao , We 


obtain 


wpansion and use the representation of the function K, (z) cx 


A(T) =A (0) — V 2nTA (0) e~4 0/7, (70.38) 
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The quantity A (T) decreases with rising temperature and vanishes 
at T,,—a phase transition from the superconducting to the normal 
state takes place. 

For the series in (70.37) at small values of A/T it is convenient te 
use the formula: 


$ (~1)"Kq (ma)  5- (C - n =) 


m=i 


es 4 1 
du yagli (l-in ] 


where C = In y = 0.577 is Euler's constant (see, for instance, [23!. 
formula (8.526.2)). 
Substituting this into formula (70.37), we get 


AQ) TENET: 
AT) In MA (T) 6^8 cox 3 [ari DR y acram 


(70.30) 


ln 


Assuming A (T)—- 0, we find the relation between A (0) and the 
transition temperature: 


AO _ 


2.0 To 


= 1.76. (70.11) 


In the next en in 


(70.39), 


A(T)  2y2n Tor—T 
0 Ter VO) y Teri 


01 0.5 1.0 Te-—T x 
T/Ter = 3.06 Ve : (70.41) 


FIG. 95 Equation (70.39) can be used 1: 

find the ratio A (7)/7,, for the 

intermediate (between 0 and 7,,) temperature interval (Fig. 95) 

According to formulae (70.40) and (70.31), A (0) and the transition 

temperature T., are proportional to the Debye frequency vg; anil. 

consequently, inversely proportional to V M (M is the atomic nii--). 

Ter oc M-1?. This phenomenon is called the isotope effect and i" 
corroborated qualitatively by experimenta] studies. 

B. 


we find, from formul: 


4/Ter 
o 
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Let us find the heat capacity of a superconductor. According to the 
formula for the entropy of a gas of quasi-particles [see formula (35.8)], 


S= x [ng In rg + (1 — 74) ln (1 — nj) + na In ry 
--(4 — n) In (1—24) = =22) {n(k, T)Inn(k, 7) 


+{1—n(k, T) In[1—z(k, 7))), 
we find that the heat capacity 


CT =T D n [55555 | de D. — (1042) 


For the sake of brevity the subscript indicating the constancy of 
volume is omitted at heat capacity C and the subsciipt "s" is used, 
Indicating the superconducting state. 
Substituting the equilibrium value of n (k, 7) from Eq. (70.18) 
and integrating over e, we obtain 
hon T 


G= 2 i una [e0 N- FAL]. (70.43) 
0 





AT! cosh? [w (k, 7)/27] dT 


Let us first consider the behaviour of heat capacity in the low- 
tomperature region 7 « A (0). Then, the second term in the brackets 
in integral (70.43) can be ignored compared with the first term, and 


replacing cosh (0/27) by the expression + e/2T and extending the 
integration to oo, we obtain 


C, M í we-o (k. TYT de. (70.44) 


o’. 


lı. should also be noted that in integral (70.44) a substantial contri- 
hution is made only by small values e < A (0). It is, therefore, pos- 
nible to replace the factor o? by A? (0) and to use in the exponent the 
expansion o = A (0) + e?/2A (0). Then 


e 
C.= ANO. | dee- €!I24 (0)T ea (OT 


and, evaluating the integral, we obtain 


5 
Ge AY 2n VAS? (0) |, (yr. 
Ars? 
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Relating heat capacity C, to that of an electron gas in the normal 
state at 7' = Ter, we have, according to formula] (57.17), 


Ca (Ter) = niNm E Ter 





and, using formula (57.5), Pmax = (a i h, expression (70.28) 
for A, and relationship (70.40), we finally obtain 


Ca(T) — i 32 7A) 3/2, AT, An 
Cn (Ter) — A ]* aon Oey) 
The exponential as in the heat capacity of a superconductor 
as T — 0 is well corroborated by experiments and it is indicative 
of the fact that the idea of the existence of an energy gap in the 
quasi-particle energy spectrum, hampering the transition of quasi- 
particles to excited states, is correct. 
Let us consider now the interval of temperatures close to Tag. 
with the aim of calculating the discontinuity jump experienced by 





2.0 

e 

= 1.0 

`~ 

be 

= 

Uo 

0 0.5 1.0 L5 
r] Ter 
FIG. 96 


the heat capacity in passing from the normal to the superconducting 
state. Since in the normal state A = 0, w = e, and in the supercon- 
ducting state A = 0, œ = e at T = Ter, the discontinuity jump in 
heat capacity is determined by the second term in integral (70.43), 
and we have 


V d([A3 = : 
C—C = — Xt 215 DI Tn. (70 46) 
Use was made of the fact that at T ~ Cont 


AD max? 


de — E_T 
| cosh? [o (k, T)/27] ~ | oshi XE : 
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Differentiating the expression for A? (7), yielding from formula (70.41), 
substituting it into formula (70.46) and relating the discontinuity 
jump C, — C, to Ca (Ter), we ia 

—C 

te D TaT or = =a = 1.43. (70.47) 
The dependence of C,/C, on temperature is shown graphically in 
Fig. 96. The universal formulae (70.38), (70.40), (70.41), (70.45) 
and (70.47) are true in a weak-bond approximation, y rem -20 «t 


and agree qualitatively with experimental data for "weak" super- 
conductors. 





CHAPTER VII 
THEORY OF FLUCTUATIONS 


The difference between a statistical and purely thermodynamic 
interpretation manifests itself most vividly in the existence of fluctua 
tion processes. The observation of fluctuations, i.e. the spontaneous 
passing from the most probable to less probable states, is indicative 
of the insufficient generality of the purely thermodynamic notion oí 
equilibrium state and serves at the same time as a corroboration «f 
the atomic and molecular theory. 

In a macroscopic system only small fluctuations are noticeably 
probable. However, larger-scale fluctuations are also possible in à 
system with a small number of degrees of freedom, due to which fac! 
the application of thermodynamic laws becomes totally incorrect. 

It should also be noted that fluctuations in measuring instrument: 
give rise to an absolute measurement error, independent of the degree 
of instrument perfection, which limits the measurement accuracy 
of even high-class instruments. 


71. Fluctuations in Energy, 
Volume and Number of Particles 


For most practical problems it is sufficient to characterize differ- 
ent fluctuation processes with the aid of the so-called root-mean- 
square fluctuation (dispersion) of some physical quantity L, deter 
mined by the formula 


(DL)? =(L—L)? = L:— (Ly, (74.4) 
and by the relative fluctuation 
6L = =— (71.2) 


Let us calculate the fluctuation in energy, volume and number ùf 
particles in 7-V-N, T-V-p and 7-P-N systems. 
For a T-V-N system we have 


E= — 3 Un Z 6)] 


and 


Ei— 4 >) Ete~P81 g (i) => a (74. 


1 
whence we find 


(DE? =F nz y= — FE. (74.4) 
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Passing to the variable T = f-^!, we obtain 
(DE) = T: Z5 = T:Cv. (71.5) 


Let us examine some particular cases of formula (71.5). 
For an ideal gas E = INT/2, C, = IN/2, consequently 


pE-ry A, (71.6) 
xo that the relative fluctuation ôE is equal to 
DE m " 
= —— = FTN 7 P 
ôE = V z (71.7) 


and is very small for macroscopic systems. 
For a crystal at T « 0 (see Sec. 38) we have 








Pone Go te 71.8) 
whence the dispersion and relative fluctuations are expressed by 
DE=2n (xe) T”, (11.9) 

10 .,08 3/2 1 = 


‘The relative fluctuation in energy decreases with a rising number 
af particles, by the conventional law being proportional to N~-'”. 
lluwever, as the temperature decreases, the fluctuation increases and 
ran become significant. From the physical viewpoint this is explained 
hy the fact that a decrease in temperature is accompanied by a 
decrease in the effective number of the degrees of freedom (“freezing 
wit" of vibrations, Secs. 48, 53). the result being that in a system 
with a small number of degrees of freedom fluctuations usually be- 
vame important. 

It should be noted finally that energy fluctuations become rather 
large in isothermal systems (Cy —> oo). For instance, in a liquid- 
stlurated vapour system boiling occurs at a constant pressure. In 
Ihin connection the entire boiling process is of a random, fluctuation 
nature. 

Lot us calculate fluctuations in a 7-P-N system. The X-sum over 
"ntes has the form (formula (63.35)) 


X (P, v) = | Xi dV expl - V —BE GV) g (i, V). 


‘The mean energy and the mean volume are equal to 


E-—üdnX( v). V=— nX Bv) (7141) 


moet 
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Energy dispersion and volume dispersion can be calculated in tlic 
same way as for the 7-V-N system. They are equal to 


(DE)? = ~(#), -T:( SE: (74.12) 
(pv - — (> = emm. (71.13) 


Let us calculate the derivative (37), . To separate out the heat capa 
city (=), we pass in the Jacobian to variables 7, V. We have 


a (E, y) _ 9(E,y) aT, V) _ (GE/AT)y (ay/aV) 7 — (E/V yr (v/v 
ô (T, y) ô (T, V) ôT — (0y/9V) 
=C,— A) ô (y, V0 (T, V) 
CENE r a, THO (V, T) ` 


Let us pass in the second term on the right-hand side to variables 7'. 
P, on which the quantity y = P/T depends: 


Car), 6 Cr) somit 


-C (6) Lr) G9. 
whence 


(pear {Cr+ (F) (Z+ (S) J}. rts 


The derivative (5). was calculated in Sec. 11: 
dE aP 
Gr), -^*T x), 
and for the energy dispersion in a T-P-N system we obtain 


peper [oer (2), (42), 
-7 (35) ,—?P (5r).]- 


For an ideal gas, in particular, (57), = 0, hence, energy dis 


sion is (DE)? = T?Cy, just as for the f- V-N system. This resul! : 
to be expected, since for an ideal gas y = P/T = R/V, and the oos 
dition y = const is equivalent to V = const. 

Making use of formula (71.13). it is possible to get an expression I- 
fluctuation in density p — m/V. We have 


DV 
De=— 75 DV = —p-y- 
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whence s 
(D= — 5 T (55 ),.. (71.16) 
In the case of a T7-V-p system, similar operations lead to the fol- 
lowing formulae for the dispersion of energy and number of particles: 


(DE)? - - (47 be (71.47) 


(DN)? = ( Ad ch (71.18) 


Let us pass now from the ux = 1/T, a = p/T, to the varia- 
bles 7, u. We have 


[es ) . ô (E, alið (T, p) _ (9E/8T), (2a/ðu)r— (GE70u) r(ðalðT)y 


Pia ARa T (B/aT), (40/9) r " 
um ud 
E Je pu (> op 
and, consequently, in a 7-V-p system 
o-r (F), Mm (71.19) 
(DV)— T (= E (74.20) 
Problems 


1. Show that for a harmonic oscillator with frequency v 
(D E,)? = h?y2ehv/T (ehv/T — 1)-2 and 6E, = ehv/?T, 
Hint. To simplify calculations, take the zero-oscillation energy 
as reference for energy. 
2. Find (DE)? and ôE for a system of N non-interacting oscil- 
lators. 
Answer. (DEP — N(DE,?y, ôE = N^"*6E,. 
3. Find (Dv)? and 6v for Maxwell's distribution. 
847 1/2 
Answer. (Dv? = (3-4) mae 6p = (.- EE 
4. Show that the correlation of energy and particle-number 
fluctuations in a 7-V-p system is equal to AEAN = T (=) r 
Hint. Differentiate the expression for E in a T-V-p system with 
respect to p. 


une 
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72. Fluctuations in Main Thermodynamic Quantities 


Let us consider a homogeneous macroscopic system, assuming it 
as a whole to be closed. It is possible to mentally single out in the 
system a macroscopic subsystem, small compared to the original 
system. following two methods: (1) the subsystem contains a fixed 
number of particles N, but its volume V fluctuates; (2) the subsystem 
has a fixed volume V, but the number of particles N in it fluctuates. 
In addition, in contrast to the 7-P-N and T-V-p distributions, an 
assumption is made that fluctuations in the intensive parameters T, 
P, y can take place in the subsystem, and that their values can differ 
from these in the surrounding medium, Te, Po. po. 

The probability of the system as a whole (subsystem + surround- 
ings) being in an arbitrary state is, in accordance with Boltzmann's 
principle, related to the total system entropy 5, by the expression 
W œ e*t. Taking account of the fluctuations, this expression can be 
rewritten to read 

W = Ae**t = Aet 53, (72.1) 


where AS, and AS are respectively the changes in the entropies of 
the surroundings and the system, compared to their values in the 
equilibrium state. Formula (72.1) is sometimes named after Einstein, 
who was the first to use it to investigate fluctuations. 

Let us consider the two cases separately. In the first case. 
change in the surrounding entropy can be presented in the form 


AU$g-- Po AV, AU +P, AV AG 
AS, m ore = TET (12.2) 


Such a representation is feasible due to the fact that we are interested 
in the fluctuations occurring in the subsystem, while the surrounding 
medium is assumed to be in equilibrium due to its large size, and 
gradients of its parameters appear only in the thin surface layer on 
the interface with the subsystem. Naturally. expressions like (72.2) 
cannot be used to describe entropy fluctuations in the subsystem, 
AS. The exponent in formula (72.1) is found to be expressed hy 
T,AS —P,AV —AU 


To : 
Assuming the fluctuations to be small, let us expand AU into a 
series in AS and AV to terms of the second order of smallness: 


AU c (35), 48+ (Fr), AV 


where all derivatives of the internal energy are taken in the equi: 
oU OU 


librium state. Taking into account that (55), — T, and (5), 
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= —P,, we see that all terms linear in AS and AV in the exponent 
in formula (72.1) are cancelled out, and this exponent is equal to 


oP oP 
(as), 08+ (37), 55 ar (as), v a5 (37), a” 
RO y s 
_ AP AV — AT AS 
—= i” 
Finally, formula (72.1) reduces to 
W = Aexp [^X AT 55) (72.3) 


(the subscript 0 for the temperature is omitted below, assuming 
that 7 denotes the temperature in the equilibrium state). 

In the second case (fixed volume, fluctuating number of particles) 
the change in the surrounding entropy due to fluctuations in the sub- 
system is equal to 


.. AUo— Ho ANo— AU—}y AN 
AS,— ET OE EIL IER (72.4) 
and, in accordance with the above reasoning, we get the formula 
W = Aexp [ — 5597089]. (72.5) 


There exists one more possibility of separating a subsystem from its 
surroundings, permitting fluctuations in both the volume and the 
number of particles—the separation with the aid of a physical boun- 
dary layer. Simplest examples of such separation are a droplet of 
liquid in a vapour, a bubble of gas in a liquid, a crystal in a melt, etc. 

We could obtain for such cases a formula for the probability 
of fluctuations in which, in contrast to (72.3) and (72.5), there 
would be three terms in the exponent, pees ARAN 
In the presence of a physical boundary between the surroundings 
and the subsystem, however, in addition to volume fluctuations, 
vf paramount importance can be fluctuations in the form of the boun- 
dary surface. In this case new thermodynamic degrees of freedom ap- 
poar (for instance, capillary waves on the boundary surface, changes 
in the crystal faces), and the problem is complicated considerably. 
Wo shall limit ourselves to a consideration of formulae (72.3) and 
(12.5). The case of a subsystem with a constant number of particles M 
in discussed in detail in Sec. 112 of [18]. 

Let us turn to the case when V = const, the number of particles N 
fluctuates and consider some particular results obtained applying 
formula (72.5). We select as independent variables 7 and N; then 
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and, using the relation ES — —1, at V = const (see Sec. 22) 
we obtain N 
2d (==) ane 5x ar? 
W = Aexp — r (72.6) 

, eee aS 2 
where use was made of the Felatfonstips T (7),. wf Cy, v and 

m. pE a fup 

Nla vo (or d c N (=) ,. It follows from formula (72.6) 


that the fluctuations in temperature and in the number of particles 
are independent of each other and obey Gauss' law. 
For the root-mean-square deviations and the correlation AT AN 
we find (see Mathematical Appendix. AXIV) 
T: NT (0V XT 
2— —— T = — — | — = ri 
(DT =7—,. (DNP mi 5s )- poOATANO. (72.7) 
The first two expressions are positive due to the inequalities C y, y > 


— 0, (Bev <0. The second formula of (72.7) can readily be 


shown to be equivalent to (71.20). When other selection methods for 
the independent variables are applied, formula (72.5) is of little help, 


since at V = NV = const the volume V depends on the extensivo 
variable N, and, consequently, all intensive parameters T, p, P, 


S, etc. should be considered as functions of N and of some intensivo 
variable. It is clear that it is more convenient to take temperature 
as such an intensive variable, and we return to the selection of varia- 
bles N and 7. Let us consider as an example of the Gaussian distribu- 
tion formula (72.3), selecting as independent variables temperature 7' 
and pressure P. Then, 


AS — (Fr) AT (37), ^P — P AT — (ar), AP. 
AV — (57), 47 (35), ^P. 


Whence we find for the exponent in formula (72.3) the expression 
|. (Cp/T) AT* — 2 (QV /4T) p AT AP — (8V /ðP)r AP? 





?T 
and, making use of formulae (XIV.10) through (XIV.12), we find 
T2 (aV'/aP)p T? 
Pecs Am Le 
(D7) Cp(0V/àP)r--T (0V/aT)p | Cv 
—TC oP 
Pits Tl 
(DF) Cp (9V/8P)z +T (aV/aT)b (a7 s’ (72.8) 
APAT = ——— VOe Z (> 
Cp(aViaP)p+T(viatyb Cv \ OT iv 
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lt is useful to pay attention to the fact that, in accordance with 
formulae (72.7). (72.8), the squares of fluctuations in the intensive 
quantities (D7)? and (DP)? are inversely proportional to the number 
of particles M, and the square of fluctuation in the extensive variable, 
(DNY. is directly proportional to N. Relative fluctuations, however, 
in both cases are inversely proportional to VN. It is clear that all 
extensive and intensive thermodynamic variables posses: similar 
properties. 


Problems 


1. Prove the relationships (72.8), using Jacobians. 
2. Find (a) AT AS; (b) (DS)?. 
Answer. (a) AT AS = T; (b) (DS)? = Cp. 


73. Fluctuations in Occupation Numbers in Ideal Gases 


This section is devoted to the study of particle-number fluctua- 
Wons in each quantum state for bosons, fermions and Maxwell (dis- 
tinguishable) particles. For an ideal gas the distributions of particles 
for each energy level, &;, are independent from each other, and we 
van write formula (71.20) for each number of particles N; separately 





pup ; 
(DN ,)?=T ( s Jee (73.1) 
leplacing N, by the expression 
NU EU 
Ni= SUCHT en 
where & = —1, +1, O for bosons, fermions and distinguishable 
particles respectively, we obtain 
(e;-nYT me Aid 
yl Pie, ge NO 
(DN;) (IT uy N,—t fi 


DN) N, LER, 


(DN: e N,—S*, (pw N, (73.2) 


lor bosons, fermions and distinguishable particles respectively. It 
lullows from the above that relative fluctuations are expressed by 


maafa o Mey? oar N; 12 
6N, —(N))-1? [1+5] , 6N,-(N) [1-2] ] 
6N, — (Ny 12 (73.3) 


lor bosons, fermions and distinguishable particles respectively. 
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Knowing the expressions for the chemical potentials of bosons, 
fermions and distinguishable particles and the corresponding distri- 
butions, we can study the behaviour of DN, and 6N,, depending on 
temperature and density N/V (see problem to this section). Let us 
consider a particular case of formula (73.1) for bosons, when the chem 
ical potential is identically equal to zero, and & = hv (a photon 
gas, see Sec. 32). 

Let us write down formula (73.2) for the frequency band v. v — «^. 
replacing g; by the expression 81v? dvV/c? and N; by dN (v) to obtain 


aN (v) c? 


[DaN (v) aN (9) [15 577 |. 


Multiplying both sides of the above expression by (hv)?, we obtain 
the dispersion of radiant energy in the frequency band v. v - dv: 
m c? [dE (v))* - 

[D dE (9P =hvdE (v) += : (73.4) 

Relationship (73.4), first derived by Einstein, has a deep physiv:!! 

meaning. Let us consider the ratio of the second term on the righ! 

hand side of Eq. (73.4) to the first term D (v). According to Planck : 
formula, 


8nh vedvV 
dE (v) =- T. 
it is equal to 
hy 4, aN (v) 
D (v) = (e^ med eo 


It follows that in the limiting case hv/T >> 1 the order of magni bule 
of the ratio is e^^v/T and it is small compared with unity, aud i 


the limiting case hv/T « 1 this ratio is proportional to = and T 


UN 


large compared with unity. This means that the first term in Iq. (73. 
predominates at high frequencies, when Wien's law is approximatels 
valid (see Sec. 17), and reflects the corpuscular nature of radiation 


This is also emphasized by the fact that for bosons and fermions th 
first term in formulae (73.2) coincides with the classical expres~ion 
for Maxwell particles in (73.2). On the contrary, the second term in 
Eq. (73.4) prevails at low frequencies, when the Raylvigh-Jean- las 
is approximately valid, and it is of a purely wave nature. Ein-!cis 
obtained the second term, considering radiation in a cavity as a ~y 
tem of electromagnetic standing waves. This reasoning is, howev: 
rather cumbersome and not outlined here [24]. 

Thus, it was shown that in the region of high frequencies hv/T >> | 
and low light intensities D (v) < 1 radiation behaves as an id: 
gas of non-interacting particles—light quanta. On the contrary. 1: 
the region of low frequencies hv/T <1 and high intensiti: 
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D (v) >> 1 radiation behaves as a system of classical electromagnetic 
waves. Thus, the wave-particle duality of light manifests itself mar- 
kedly in phenomena associated with light fluctuations. 

Let us consider the fluctuations of radiation in Wien's region from 
a somewhat different viewpoint and find the probability of fluctuation 
in a given volume of radiant energy, using Einstein's formula for the 
probability of fluctuation 


w- = EEUU eem (73.5) 
where S (Vo) = entropy in the equilibrium state — radiation occupies 
an equilibrium volume V,; 
$ (V) — entropy in the state of fluctuation—radiation occu- 
pied volume V. 
According to formula (35.5) for entropy in the frequency band 
(v, v + dv), we have 
dS (v) =V dn (v) (ID (v) +1] In [D (9) +1] —D (v) In D (v)}. 
In Wien's region D (v) <1, and the above expression reduces to 
dS (v) = V dn (v) D (v) [4 — 1n D (v). 
he radiant energy in the same spectral range is 
dE (v) — V dn (v) D (v) hv. 
lliminating D (v) from these formulae, we obtain 


_ dE (v) dE (v) 
aS (v) = hy [1n (viis Į: 


The entropy difference dS (V,) — dS (V) is expressed by 


d$ (V — d$ (V) == In (32). 


llence, according to (73.5), the probability of fluctuation is equal to 


Ww V aE ()yhv V \dN(v) 
ww) x) - 
This relationship is rather simply interpreted: if volume V, contains 
dN (v) photons, the probability of finding each photon in a smaller 
volume V is equal to V/V, and for all photons it equals (V/V e») 
uwing to their independence. This emphasizes once more that pre- 
vailing in Wien's region are the corpuscular properties of light. 





74, Fluctuation Limit of Sensitivity of Measuring 
Instruments. Nyquist’s Theorem 


Fluctuations taking place in measuring instruments can limit the 
measurement accuracy of sufficiently sensitive instruments. It is 
tlear that a limit of measurement accuracy is reached when the fluctua- 
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tion (Brownian) displacements of the moving parts of a measuring 
instrument become of the same order of magnitude as the displace- 
ment caused by the effect being measured. 

Let us consider by way of a simple example a torsion balance, com- 
prising a tiny mirror usually suspended from a quartz thread. Let the 

24? 

torsional modulus of the thread be equal to a — ird , where (; 
is the shear modulus. Then, the moment of force acting upon the 
thread is related to the torsion angle by the formula M = aq. 


and the potential energy of the twisted thread UY = aq?/2. According 


to Boltzmann's formula, the mean square of the fluctuation angle q? 
is equal to 


- j q2e 7" 9*/?T dp à 
g = = me (74.1) 
j e 0T dg 


—900 


The quantity V q* = (T/a?. obviously. represents the limit oj 
sensitivity. This result can also be obtained directly from the classical 
equipartition law, according lo which the potential energy of an os- 
cillator aq?/2 is accounted for on the average by the energy 7 2. 
At room temparature and a ~ 107? erg. V q? ~ 10-4 rad, which 
predetermines for many instruments the real limit of sensitivity for 
a single measurement. Repeated measurements permit, of course, 
to reduce many times this limit, eliminating the isotropic fluctuation 
background. 

As a second example let us consider a fluctuation emf & (T) iu 
an unbranched circuit with an inductance Z and an ohmic resistance 
R. This electromotive force is due to the fluctuation movements ol 
electrons in the conductor, it will be assumed below that the average 


value of emf is equal to zero, € (T) = 0. It will also be assumed thal 
the condition that the current is quasi-stalionary is salislied. i.e. 
that tlie frequency o is small compared with c//, where / is the length 
of the circuit. Hence, firstly. current intensity is the same in all 
sections and, secondly, il is in order to apply Kirchhoffs law 7/7 


= —LI + £ (T), rewritten to read 

I + yl L3€(T), (14.2) 
where y = R/L. It should be noted that Eq. (74.2) allows a mechan 
ical interpretation. Indeed, replacing I — v, L— m. R-—JUy. 
$ (T) — f (t), we obtain the equation 


mv 4 pu=f (t), 
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expressing Newton's second law for a Brownian particle in a random 
force field f (t) and referred to as Langevin's equation. Integrating 
Eq. (74.2), we obtain 


t 
I (t) — I (0) e-+ T | € (u) ex" 7? du. 
v 


Let us introduce the correlation function of the random electromotive 
force, (1), determining it as the mean- value of 


o (1) — € (t) € ((4- 1), (74.3) 
where the averaging is performed over t. It depends only on x by 
virtue of homogeneity of time. 

Let us calculate the average value of squared current intensity: 
t ¢ 
POH = 12 (0) evi + Fr | | Ew Ew emm du dv. 


u 6 





, 


Passing in the above expression to the variables t = u — v. tT = 
u +v (the Jacobian | 0 (u, v)/d (x, t’) | = 1/2), we obtain 


2t 


t 
IT) =P (9)ent4 7 x jeu Jer 





— [2 (0) e ee j q()dr. (74.4) 


M 1L» y^! = L/R we have 


t 


P= zm | q (0) dt (74.5) 





lu the limit of large £ the system tends to thermodynamic equilib- 
um and in this state the energy per one magnetic degree of freedom 
must be equal to 7/2. Consequently, we have 


LI* 


t 
1 T 
rapper 
t 





whence 
t 


| p(t) dt — 2AT. (74.6) 
+t 
"nre relationship (74.6) is valid at sufficiently large t and the func- 
Un {p (x) is symmetric due to time homogeneity, the solution of 
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Eq. (74.6) is 
9 (1) = 2RT6 (x) (74.7) 
(in principle, the right-hand side must contain a delta-function 
"spread" over the interval At cx y^). 
Let us relate now the correlation function q (1) and the specti.:| 
characteristic of a random electromotive force. We expand 6 (/) 
into a Fourier integral 


8 (t)= f A (o) et do, (74.9 
where, by virtue of the fact that 6 (¢) is real-valued, the Four 
coefficients A (œ) must satisfy the condition 

A (—o) = A* (o). (74.0) 


Substituting expansion (74.8) into (74.3), we get 


eq (1)— f j A (o’) A (o) exp {i (o +w) l- iot] dw dw’. (44.19) 


Since expression (74.10) must not depend on f. the integrand mut 


differ from zero only at o' = — and, consequently, 
A (w) A (o) = €? (v) ô (w+ 9); (74.41) 


relation (74.11) defines simultaneously the quantity €? (c). It iol 
lows from the above that 
q (1) = j €? (w) eot do. (74.17) 


This formula, relating the correlation function q (x) and tlie spectral 
composition of a random electromotive force, is referred to as Wiere 
Khintchine formula (for greater detail see [25]). In particular, at 
v =Q we have 

P O=? = | $2(»)do. (14.1.3 





Comparing formulae (74.12) and (74.7) and using the delta-function 
representation, ES | eix dz = 6 (a), we obtain the expression i: 
8? (9): | 

€ (w) = —. (74.14) 
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referred to as the Nyquist theorem. Since €? (w) is independent of c, 
tlie fluctuation electromotive force is nothing but a white noise, the 
mme at all frequencies, with the intensity of €? (o) being propor- 
tional to temperature and resistance. All these properties are well 
corroborated by experiment. A further generalization of the Nyquist 
theorem is the so-called fluctuation-dissipation theorem (Callen-Walton 
theorem) relating energy fluctuations and dissipation in a thermody- 
namic system (see [18], [25]). 


Problems 


1. A homogeneous cylindrical rod, having a base diameter d, 
height h and mass m, stands on an ideally levelled platform. 
At what temperature will the probability of the rod falling 
down due to fluctuations of the position of the centre of gra- 
vity become comparable with unity? Calculate this tempe- 
rature at d = 10^! cm, h = 100 cm, m = 2 g. 

Answer. T ~ nee ~ 10! K. 

2. Find the mean squared charge of a capacitor with capacitance 


C short-circuited through resistance R without electromo- 
tive force. 


Answer. q?=TIC, 


3. Prove the Nyquist theorem for an unbranched circuit con- 
sisting of a capacitor with capacitance C and resistance R. 
4. In a homogeneous gas with a particle density n find (a) the 
probability W (r) that the nearest neighbour is arranged at 
a distance r from a chosen particle; (b) the mean particle 


spacing r and its absolute (Dr)* and relative 6r fluctuations. 
Hint. For the function W (r) the following equation is true: 





W(r) = (1— f W (r')dr') Anr?n. 
Answer. (a) W(r)=4 pene es E 
F(R) ^r (bbs 
om- (E) [r)-n e 
, Ir G)-n 1" 
(3) 


` 


CHAPTER VIII 
PHASE TRANSITIONS 


In Secs. 26 through 28, Chap. II, phase transitions were discussed 
from the viewpoint of phenomenological thermodynamics. This 
chapter is devoted to the study of phase transitions within the framv- 
work of a statistical description. First, we shall examine a rather 
attractive theory developed by Lce and Yang. Although this theory 
almost fails to offer new possibilities of solving concrete problems, it 
leads, as will be shown below, to a clear understanding of how tlw 
possibility of phase transitions originates from the mathematical 
formalism of the theory. 


75. The Lee-Yang Theory 


The thermodynamic functions of a system must have at the phase 
transition point some peculiar features: the functions or their deriva 
tives must have at that point finite or infinite discontinuity jumps. 
In statistical physics all thermodynamic functions are expressed in 
terms of corresponding partition functions or integrals of states. 

Let us consider a non-ideal gas confined within volume V, assum 
ing that the repulsive forces between closely spaced gas moleculva 
increase so rapidly that the number of molecules n in the volume V 
cannot exceed some large but finite number N. 

Let us write down the expression for the Q-sum of a grand canu 
nical ensemble (7-V-p ensemble) in the form (65.4): 


N 
Q= Y 9. Gal 
n=0 
where z = eft is activity, and 


Qn — ur Zn =r f d?r, ... d?r, exp [-8> u (ru) | 
ish 


[see formula (65.4)}. All thermodynamic quantities can be expressed 
in terms of the Q-sum. We have 


— —T 1nQ, (5.3) 
P — 7 InQ. (TaM 


Let us also find the expression for 1/œ = N/V. The number of pw 


ticles is expressed in terms of Q by the formula N = — Es = Tacas 
Differentiating with respect to z, we obtain N = alno , Wlienen 


1 


o 


=> = (InQ). (THA) 
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Eliminating from formulae (75.3) and (75.4) parame z, we can 
in principle find the equation of stale / (P. o, T) = 

From formulae (75.3), (75.4) it follows that AL EN quan- 
tities can have some singularities only at the points where Q either 
has singularities or vanishes (singular point for In Q). It{can be seen 
from formula (75.1), however, 
that Q is a polynomial of degree Imz 
N in z with positive coefficients 
Q, and, consequently, has no sin- 
wularities at any finite real or 
tumplex values of z. It is for the 
anme reason that the Q-sum has 
no zeros on the positive real se- 
miaxis, and its complex zeros are 
complex conjugates (Fig. 97). 
l'or this reason, according to Lee 
and Yang, the only possible ex- 
planation why phase transitions FIG. 97 
ate possible in some physical 
systems consists in the assumption that in passing to the ther- 
modynamic limit N — oo. V — oo, «e = V/N is finite, when the 
number of zeros in the Q-sum increases infinitely, the zeros of the 
() sum can appear at some points on the real z-axis. The correspond- 
ing points will be the phase-transition points. 

Let z, and z be the complex conjugate roots of the Q-sum. Since 
il free term of polynominal Q (z) is equal to unity, then 


o=M (t=) (1-4) 


Wr denote by r4 and 6, the modulus and the argument of a complex 
number Zh, Za = n z = rpe ^^. Expression for Q becomes 


Q= IL = AP (220) 


andl for the ee pressure and reciprocal volume formulae 
(1.2) through (75.4) are used to obtain 


EMI TCU 





— xt cos Ok 


r 


-5 te 


i 2: 
LY [In | Z— Zk | inr], lA (> 2 ln | 2 — Zk |). 
k 
liim formulae permit a simple electrostatic i Suppose that 


Inlinltely long uniformly charged threads (with a linear charge den- 
aliy 1) pass through points za of a complex plane z perpendicular to 
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this plane. Then, as is known from electrostatics, the expressiou 
p= 2t In| z—2 | = 2v In (22+ ri — 2ryz cos 0,)!/? 


represents the potential of a field created by such a thread at the 
point zon the real positive semiaxis. Thus. the Q-potential and pros 
sure can be interpreted as the electrostatic potential p (z), created 
by the totality of charged threads arranged at points z, on the upper 


half-plane z with linear charge densities equal to —7 and T/V ren 
pectively The expression 2G can be interpreted as the z-component 
of electrostatic field intensity. 

Let us assume that at the thermodynamic limit the zeros of thw 


Q-sum fill a certain line intersecling the positive real semiaxis s 
(Fig. 98). We denote by E the number of zeros per unit length ol 


this line (ds is the element of the arc length of this line, measured 
from some arbitrary point). From 
Imz the viewpoint of the electrustu 
tic analogy, this means that the 
dS threads form at thelimit a charged 
surface with a surface charge 
density o (s) = n (s) t. As n 
known from electrostatics, whon 
Rez passing through this surface thw 
field potential varies continu 
ously, while the normal compo 
FIG. 98 nent of intensity undergovs a 
discontinuity jump equal to 4:0 
We arrive in this case to a first-order phase transition: the Q-po 
tential and the pressure vary continuously, and the molar volume 
@ undergoes a discontinuity jump. 
Let us prove three important inequalities. 
1. The inequality P >0 follows from the fact that with real : 
all factors in formula (75.2) are positive [Q (z) — 1]. 


2. The inequality ps >Q stems from the fact that = differs from 





aG only in a positive factor. 
3. $9 « 0. In fact, 
TA EA MENS M CRUEL T 
oz 9: Vn (n)? dz (nz 9» 
and, using the formula An? = = , we obtain 
dw VAn? 


a ga 


Ch. VIII. Phase Transitions 404 


lurther reasonings are based on the two theorems proved by 
law und Yang. The first of the theorems states that at the thermody- 


nomic limit, at any positive z, the expression Re tends to a finite 


limit. independent of the form of volume V, and this limit is a con- 
‘lnuaus non-decreasing function of z. 

According to the second Lee-Yang theorem, for all z pertaining 
t! the domain containing a segment of the positive real semiaxis 


anil Lhe Q-sum free of zeros, P (z) = Ting tends to a limit at 


| » oo uniformly with respect to z, and the limit function P‘® (z) 
i» nu analytical function of z. The proof of the two theorems is rather 
ample, but somewhat involved, and we refer the reader to other 
nirees (for instance, [10]). 

lel us first consider the region of the complex plane z associated 
alih the second Lee-Yang theorem. Because of the uniform conver- 
uence to the limit of the function V~ In Q, the operations of passing 
tu the limit V — oo and differentiating with respect to z in formula 
tia 4) can be rearranged, and Eqs. (75.2) and (75.3) remain true after 


KLK 


o z 
(a) (b) 


FIG. 99 FIG. 100 


juaniug to the limit. In particular, the inequalities 1, 2, 3 also remain 
valid. Consequently, at points of the positive real semiaxis z belong- 
iny 10 the region under consideration, pressure is a continuous mono- 
tunienlly increasing function of z, which agrees with the behaviour 
of one phase of a substance. 


Jat now the line of zeros of Q (z) with a density of zeros = = 0 


inn the real axis at some point zy at the thermodynamic limit. 
I hen, as was shown above, the function P'*! (z) varies continuously 
al (hat point, while its derivative with respect to z and œ% (z 
have finite discontinuity jumps, with the quantity w (z) [Fig. 99(a) 
diminishing as point z, is passed from the left to the right, and the 
dvuivative dP'œ/dz increasing [Fig. 99(b)), as follows from inequa- 
lity ṣi. Elimination of the parameter z leads to a dependence P% 


a njUM 
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on œ% shown in Fig. 100, typical of a first-order phase transition 
A case is, however, possible when the density of zeros = ten! 


to zero as the point z, on the real axis is approached. At (he thermo 
dynamic limit, an isolated zero of the Q-sum gets on the real seniiasi- 

From the viewpoint of the electrostatic analogy this means ihu! 
the density of charges and the discontinuity jumps of the derivati: 


of pressure dP'-'/dz and volume œ% with it vanish. If in ihi 
X ) (00) : Sect 

case, however, the derivatives aie and m undergo discontinui!: 

jumps, we are dealing with a second-order phase transition. 

It should be noted in concluding this section tha! the Lee-Yany: 
theory does not give any recipe of solution for problems in phase 
transitions, since it is easier to find a complete solution of a stati- 
tical problem than to discover the arrangement of Q-sum zeros even 
at the thermodynamic limit. 








Problem 


Consider a non-physical example. when Q (z) is given by tli 
formula Q = (1 + z)Ne/2 (4 — zNe/2) (4 — 2); @ is dimen 
sionless. (a) Show that at the thermodynamic limit the (--uim 
has a root z = 1. (b) Find the Q-potential and the equation ol 
state. (c) Describe the distribution of charges in the electrosta 
tic analogy. 


Answer. (a) The zeros of the Q-sum lie at points z, = —1 (zeis 
of multiplicity Nw/2) and z, = ei4n/N, k = 1,2, ..., No/2 | 
ln (i +2), z< 1, 
(b) qe. — | ( ) 
n[(1 4- z) z], 25»1; 
at) Fei 
(24-1) 
Tapi 4h 
ot E 
In om —2' wl ) > 4, 


QU) (2 — o?) 4 
PR E DL EAE M (œ) 1. 
4 (o? —1p» ,' ^73 L0 > 
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70. Critical Exponents and Phenomenological 
Inequalities for Them 


This section prepares the reader for the consideration in the fol- 
luwing sections of concrete problems in tho theory of phase transi- 
tins. We shall introduce the definitions of some essential parame- 
ters characterizing the behaviour of a system near the phase-tran- 
aition points. 

‘The first physical system to be examined in Sec. 77 within the 
tumework of van der Waals’ approximation is tho liquid-gassys- 
wm in the vicinity of its critical point Ter. At temperatures below 
tlw critical the important characteristic of this system is the diffe- 
"nce in the molar volumes of the gas and the liquid, V} — Vj, 
wt (he difference (in the vicinity of Ter) in the densities of the liquid 
wid gas, pı — ps, proportional to it. As the critical point is ap- 
poached, this difference diminishes and tends to zero as T — Ter. 
l» characterize the rate of this decrease, let us introduce the critical 
»vponent. B: . 


f: — 9; — A1P[1-- O (x)], (76.1) 

where x = (Te, — T) Ter, A is a constant and the symbol O (x) 
denotes an infinitesimal (at least of the order of 1). 

‘he other characteristic physical quantity with a singularity at the 

‘sitienl point is the isothermal compressibility, Ky = V~ (25) Es 


which becomes infinite at the critical point. The rate of increase in 
A, near the critical point will be characterized by two critical ex- 
pouneniS v and y': 





B'x-Y' (1 +0 (x)], T «Ter, 
Kr=|{ B(— [1+0 (1), T>Ter- 


tw more pair of critical exponents a and «' is introduced to 
‘haracterize the behaviour of the heat capacity Cy as the critical 
jin! is approached along the critical isochore. These exponents are 
Iutieduced by means of the formulae 


D'-"1--0()) T<Ter, 
D(—t)*(4+0(t)], T>Ter. 


ls must, however, be stipulated that the case a = 0 (a = 0) can 
‘nul for two completely different physical situations: the heat capac- 
^1 (€, can have a discontinuity jump at the critical point [Cy], 
nl can become infinite, following a logarithmic law Cy cx In |« |. 

lot us introduce, finally, one more critical exponent, characterizing 
"e rato al which pressure P approaches the critical value Per, 
hqending on the difference p — por on the critical isotherm. This 


(16.2) 


Cy (76.3) 
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exponent is specified by the formula 
P— Par =F | p-- Per p sign (p — pcr) 
9 —Per = TA 
x [1+0 (17 ) |] T2 7e- (qu 


The factor sign (p — Per) must be introduced since the derivativ 
x) is always non-negative. 

In addition to the exponents a, a’, B, y, y’, ô, several more si 
lar quantities are introduced, characterizing the behaviour in ih 
vicinity of phase transition of the derivatives of Gibbs’ poten!:.! 
with respect to pressure, the correlation functions, etc. We -h.l! 
limit ourselves, however, to the consideration of the critical oipe 
nents introduced in this section. 

The second physical system to be examined in Secs. 78, 79 r « 
magnetizing substance, which is a ferromagnetic at temperat 
below some temperature that is characteristic of the given substunee. 
the Curie point Te. In the absence of an applied field, the ferromagn 
lic possesses spontaneous magnetization M, al 7 > Ter it loses i 
ferromagnetic properties and behaves as a paramagnelic (M 
at H =). Notwithstanding the fact that the physical process 
occurring in a liquid-gas system have nothing in common with t- 
processes occurring in a magnetic, tliere exists a far reaching form! 
similarity between the behaviour of tlie parameters cliaracterizin 
these two systems. In particular, spontaneous magnetization : 
rather similar to the difference p, — pg in that the two quantit» 
tend to zero as T — Te, — 0 and do not exist at temperatures alin 
the phase-transition point. In this connection it is customary ! 
characterize the rate of decrease in M as the critical temperature | 
approached by the critical exponent denoted by the same symbol | 
as in formula (76.1): 


M = Amt? [1 +0 (1)). VIE 

The quantity which is similar to compressibility increases | 
infinity as the Curie point is approached is the susceptibility y, 

= or) = The rate of increase in susceptibility as T — Ter is «lis 
acterized by the exponents denoted, as in formula (76.2), |. 

and y’: 

| Batt [1+0 (1), T<Ter, yi 

= alo 

"o (Bal T) 1+0 (1), T>Te. | 

The behaviour of the heat capacity C a (which is more convene: 

to use than Cm) is characterized, just as for the liquid-gas s «6» 
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In formula (76.3), by the critical exponents « and a’: 
c | Dat? [1+0 (11. T «Tc, 
T| Da YAHOO TT. 


l'inally; the dependence of P — Pe, on p — Per in a gas-liquid 
antem is replaced for a magnetic system by the dependence of H 
m W along the critical isotherm and is characterized by an expo- 
mnl denoted, as in formula (76.4), by ô: 


H = F„ M° [1+0 (M)). (76.8) 


l'henomenological thermodynamics provides the proof of a number 

al inequalities relating the critical exponents. The proof of only one 
ewh inequality, «' + 28 + y' > 2, will be given below, consider- 
Hw n magnetic system by way of example. and proceeding from the 
lationship between the heat capacities C ,, and Cy, 

` oH aM X7 = 

Cu—Cy=T ( aM Ji ( oT ): (16.9) 
(nen Sec; 15). Since C, > 0, just as Cy > 0, this is the condition for 
Nurmodynamic stability (see Sec. 25), then it follows from (76 9) 
thal 


(76.7) 


T (ey 
oH OM \2 oT IH 

Ca>T | aM Vt w/e — Xm ` (949 

^ar the Curie point, but below it, making use of the expansions in 

lamine (76.5) through (76.7), we obtain from (76.10) v7 > 

I C Y'7?, where II is composcd of all factors thal are independent 

4 4 in formula (76.10). Since the last inequality must hold for an 
inhultesimal v, we have that —«' < 2p + y — 2, or 


a’ --2p ry 2 2. (76.11) 
hiequalily (76.11) is called the J?ushbrooke-Coopersmith inequality 


«ut it ean also be proved in a similar manner for a liquid-gas system. 
IH i» also possible to prove in a rather involved way the Griffith in- 


apod ttqy [?6] 
a + B(1 + 8) > 2, (76.12) 
wth fur liquid-gas and magnetic systems. 


| Critical Point for the van der Waals Gas 


We shall return in lhis section to the van der Waals equation and 
anentrate on the vicinity of the critical point. 

In doing so, in accordance with the requirements for thermodynam- 

"nhility, at pressures below the critical, we shall correct the 
yustion of state and replace the van der Waals isotherms with the 
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humps and valleys by the real isobar-isotherms, plotted accordiu: 
to the condition for the equality of chemical potentials p; = « 
or Maxwell's equal area rule equivalent to it. This means that insi.!« 
the dome-shaped curve ACB (1 
101) the system will be consid! 
as a two-phase one, consistii: 
of an z fraction of vapour and « 
1 — z fraction of liquid, where . 
is determined by the lever v! 
(see Sec. 12). In this case the v. 
der Waals "vapour" and the v. 
der Waals "liquid" obey the v.» 
der Waals equation with the a 
ditional condition that ihe 
FIG. 101 points representing the states o! 
pure “vapour” lie on the cui: 
CB, and the points representing the states of pure "liquid" lie on I. 
curve AC. 

Our goal is to study the behaviour of thermodynamic quantiti« 
in the region close to the critical point C and, in particular, to fin 
the critical exponents. Let us proceed from the van der Waals eq: 
tion in the dimensionless form 


(P) (3 —1) - 8T, (T71. 





where P = P/P,,, V = ViVe, and T — T/T,,, and the crit; .! 
parameters are Ver = 3b, Per = 3:55 Ter = wap Get Sec. 1^ 
To investigate the vicinity of the critical point, we assume 


~ ~ 


P=t4+., V=i+o, T=1—1, (71. ^ 


where x, o and x are small compared with unity. Upon simple «1 
putations, retaining the lowest powers of infinitesimals, we obio 
the equation 


r= —4t 4-610 — $0, (77. 
describing the van der Waals isotherms in close vicinity of the :: 
tical point. In particular, at « = 0 we obtain the equation of !!. 
critical isotherm in the form of a cubic parabola x =$, aid 


consequently, the exponent for the van der Waals gas 6 — 3. 
Let us calculate the compressibility of a gas near Ter. We lo 


Kr = | (3r) |= syara | (ae), | = [Po +o) (2), | 
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and, using formula (77.3), we find approximately 
9 ]-1 
Kr=| Per (6:75 9) |. 
In particular, on the critical isochore o = 0, Kr cx v-!, whence we 
alinin y’ = 1. To find the difference ue y a zd, -0p 
cr cr 
in addition to Eq. (77.3) which holds both for @;, and os, 


n= —4t-+ 6to, -$ eh n= —4t + 6t0,— + oj, (77.4) 
wv must use Maxwell’s equal area rule in the form 
Vi 
| P' dV = P(V,—V) (77.5) 
Vi 


I!" denotes the varying pressure on the van der Waals isotherm, and P 
ihe same initial and final pressures on the isotherm-isobar Vj, V, 
(Mig. 101)). 

l'ussing over to dimensionless variables n, o, we obtain from for- 
mula (77.5) 


f n do = x (95 — 9) 
wud, using Eq. (77.3), we find 
— 4x 4-31 (ag 4-94) — $- (os - 04) (9$ d- o) =H. (77.6) 


"mhwtituting expressions (77.4) into the right-hand side of (77.6) 
aul summing up the expressions obtained, we obtain 


(@2 + @1) (99 — @,)*? = 0, 
hom which it follows that 
(95 = —@). (77.7) 


Subtracting from the first equation of (77.4) the second and taking 
into account (77.7), we obtain 


o: = —o, = 2V 7, (77.8) 


tn which it follows that in the van der Waals theory the exponent p 
t equal to 1/2. 

IL us consider in concluding this section the behaviour of the 
lwal capacity on the critical isochore o = 0 in the vicinity of the 
uilial point. Above the critical point we have (see Sec. 12) 


U-Ua—,., 
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whence we find for the heat capacity C, — (5), that 
Cy=Cy,, (T> Ter). (77.1) 
Below the critical point we deal with a two-phase system and 


U — zU, 4- (4 —z) U =U- jE, (71.4 
1 


According to the lever rule (see Sec. 12), on the critical isotherm :!« 
fraction of the vapour-phase in the system is 


z _ Ver—Va _ zm EE 
pc m vu c. d rar 





from which it ds. that pu the critical point 


1 
U= Ua — De iro + = => |= Uia — We To (717.141 
Using the ai formula of ds 2), for the heat capacity we obta 
o do » 
Cy=Cy trr IRL Uo at dt ^ (071.4: 


Substituting the values of Ve, and Ter and using the expression (77. 
for o, we finally find 


9 1 9 2 
Cv =Cvig tz Nae Ov t Na (77.15 


Thus, the heat capacity of a van der Waals gas undergoes at the '\: 
tical point a finite discontinuity jump 


(Cvlra = Cv (Tor +0) — Cv (Ter—0) == -5 Na (149 


and the critical exponent a’ is equal to zero. 

„Thus, we found that a^ = 0, B = 1/2, y’ = 1 and, conseque»: 
a’ + 28+ y 22, ie. ina model of a van der Waals gas the R: | 
brooke-Coopersmith inequality (76.10) degenerates into an equalil 
It is exactly the case with the Griffith inequality, and the same sil 
tion will be shown below to be encountered in other models. 

As was shown in Secs. 12 and 65, the classical derivation of - 


van der Waals equation is based on the assumpti. i of the sh: 
range nature of intermolecular forces. M. Kac [27] ha- shown ( "n 
sidering a one-dimensional gas by way of example) tha! this eneo 
tion can be derived on the basis of the diametrically opposite a osp 
tion that the range of molecular forces is infinitely Jsrze. In ‘li 
case the humps and valleys on the van der Waals isctliermz are awie 


matically replaced by the isotherms satisfying Maxwell's eq ‘| 
area rule. Kac substantiated this rather unexpected result with pio 
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aible (but not very rigorous) reasonings, showing the result to be 
spparently valid in the case of a threo-dimensional gas as well. 

Since the Kac theory is fairly complicated, we shall limit ourselves 
io the consideration of a rather simple derivation of the van der 
Wnals equation based on the replacement of particle interaction by 
a self-consistent. field, in which particles move independently from 
ene another. This single-particle field 2/ (r) is such that for each 
particle there exists a "forbidden" volume Vo, into which it cannot 
penetrate [24 (r) = oo at r € Vo). This volume is, naturally, assumed 
o be proportional to the total number of particles N, Vo = Nb. 
When a particle is confined within an accessible volume V — Nb, 
it is acted upon by the long-range attraclion forces with a potential 
“=. const, assumed to be proportional to particle density, u = 

—-a (N/V). The expression for a single-particle integral of states 
la as follows: 


Z—f(T) V enr dor f(T)(V — Nb) eNivT, (77.15) 

V-Nb 
where / (7) is the factor appearing when integration is carried out 
»ver momenta. For the pressure we obtain from (77 15) the expression 


F à NS 
P= — (Gr), NT A n Z)e- NT S, [Inv — NO) 35. J, 
landing to the van der Waals equation 


NT aN 
P= 


Problems 

1. Show that in the vicinity of the critical point the heat of 
phase transition A = me VT = 6N Tery T. 

2. Show that at T « Te, the heat of phase transition tends to 


the value À =+ = A N AT,;,. 


IA. Phase Transition in Ferromagnetic Materials. 
Molecular Field Method 
and the Bragg-Williams Approximation 


In Sec. 51 the behaviour of a system of non-interacting magnetic 
iinents has been considered, and we have drawn the conclusion 
Hint such a system possesses only paramagnetic properties and magne- 
tention is defined by the formula 

MI pBH 
L(--), (78.4): 


Mg. 
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where L (we omit the subscript j for the sake of brevity) is one of 
Langevin's quantum functions depending on particle's spin (or a! 
] — oo the classical Langevin function). 

The assumption about the absence of interaction is invalid for 
ferromagnetic materials. Experimental studies have shown ferro- 
magnetics to be capable of spontaneous magnetization in the absence 
of an applied field, and even in weak fields the magnetization reaches 
saturation. These properties are indicative of the fact that the orien- 
tation of magnetic moments in ferromagnetics is caused not so mucli 
by the applied feld as by some internal orienting field, which i-> 
stronger than the applied field H, and is associated with the inter 
action of atomic magnetic moments. This hypothesis was suggested 
by Weiss, assuming the internal field to be proportional to the already 
existing magnetization 


Hy —3M, (18.2) 


where y is the dimensionless Weiss constant depending on a substance 
and having very large values (y ~ 104). 

From the physical viewpoint this assumption is clearly substan 
tiated as follows: an internal, or molecular, field originates only in 
a previously magnetized medium in which there already exists a pre 
ferred direction of the magnetic moments of particles. It is natur. 
to assume in a first approximation the dependence of Hap on V 
to be linear. This hypothesis is more exactly substantiated in !l« 
quantum-mechanical theory of ferromagnetism, in which the internal 
field manifests itself as the result of action of the so-called excha::::: 
forces [28]. 

Accepting the Weiss hypothesis, we must replace on the righi 
hand side of Eq. (78.1) the applied field H by an effective field //., 


Haq—H--H,y—H-r3M. 
"Then, we obtain the equation 


Mp [stri]. (78. 


In particular, for a system of bosons with spin s = 1/2 this equali 
acquires the following form: 
M _ Bp (H +M) TL 
anc tanh (BE ‘le (78. 
An exact solution of Eq. (78.4) is impossible, and we turn to !!. 
graphical method, writing it down in a parametric form. We den 
the argument of Langevin’s function by z: 


HB (tyan ERS (18. 
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Then Eq. (78.4) can be presented as a system of two equations con- 
taining the parameter z: 


M T H 


= tanh z, Mo 3Moan TUM. (78.6) 


M 

Mo 

On the M/M,-z diagram, shown in Fig. 102, the first of the two 
equations is presented by the curve tanh r, and the second by the 





straight line, cutting off on the ordinate axis the segment — AD 
Mo 
whose slope to the z-axis is determined by the formula 
tan ọ = (18.7) 


YMoun ` 


It is clear from Fig. 102 that in the presence of an applied field, i.e. 
when H 0, the Langevin 
«urve tanh zand the straight line 
(78.6) never intersect at origin 
wf coordinates and, consequent- 
ly. there exists a magnetization 
M differing from zero. The beha- 
viour of the intersection point as 
li - — O essentially depends on the 
angle of inclination of the 
atrnight line and, consequently, 
on temperature. 

‘he cases when the angle q is 
larger or smaller than the angle F1G. 102 
letween the tangent to the curve 
tanh 2 at the origin of coordinates and the z-axis should be con- 
aulered separately. These two cases are characterized respectively 
by the inequalities 





T T 
fou uu 
YM ota e YM ott 
let us introduce the quantity Tc, having the dimension of tem- 
prroture (Curie’s temperature) and specified by formula 


Tc = v Mos. (78.8) 


In the case when 7 < Tce, the straight line described by Eq. (78.6) 
intersects at the limit H — 0 the Langevin curve at the point with 
the ordinate M/M, 0 (Fig. 103) and, consequently, the specimen 
iuvestivaled possesses sponlaneous magnelizalion, which is the 
(dover fo saturation magnetization M, the lower the temperature. 

mare only ferromagnetic materials possess spontaneous magnetli- 
«tion, this means that at 7 < Te the substance is in the ferromagne- 
He mante. 


«1 
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At T — Tc the straight line in (78.6) at H — O intersects ilu 
Langevin curve only at the origin of coordinates (Fig. 104) an: 
consequently, spontaneous magnetization is absent, M = 0. Sino 
this property is characteristic of paramagnetic materials, at T — 7 
the substance is in the paramagnetic state. 

Thus, the Curie point is the temperature at which a transition fro: 
the ferromagnetic state to the paramagnetic state takes place, œ 
vice versa. From the physical viewpoint this should be interprete 
as follows: at the Curie point the thermal motion of atoms becom 





FIG. 103 FIG. 104 


so intensive that it compensates for the orienting action of the We 
internal field. At higher temperatures the only non-compensa i 
orienting factor is the applied field, which is the characteristic p. 
perty of paramagnetics. 

Equation (78.4) is merely the equation of state and, consequentl: 
it does not make it possible to construct the complete thermodyna:: 
of ferromagnetics, for which purpose, as has been shown in Sec. |^ 
the knowledge of any thermodynamic potential is necessary. 

Let us consider in this connection one more approximate soluti 
method for the problem, known as the Bragg-Williams method. Mw 
can also be used to solve other problems in physics (see the probl: . 
to this section). This method will be shown below to lead to the sa: 
equation of state (78.4), but it in addition permits to express i 
temperature Tc in terms of some characteristic parameters of 'i 
crystal lattice and construct the complete thermodynamics of t 
lattice. 

Let us consider a crystal lattice of some arbitrary dimension (| 
near, plane, spatial) and arbitrary symmetry, in the fixed sites - 
which particles are located with spin s = 1/2, and magnetic m. 
ue. We denote the coordination number of the lattice considered by : 
le. the number of the closest neighbours for each fixed site (f 
line lattice n = 2, for a flat lattice composed of regular trian: 
n = 6, etc.). Let N4 and N. denote the number of particles hav. 
magnetic moments parallel to the field and antiparallel to the fi. ! : 
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respectively, Vy + N- = N. Let us introduce the long-range order 
parameter X specified by this formula 
N,—N. M = 
X= —NC =H" (78.9) 
The name “long-range parameter" is associaled with the fact that 
the quantity X only indicates the degree of prevailance in the lattice 
uf particles with magnetic moments parallel 1o the field. but it tells 
u8 nothing concerning the correlation in the directions of neighbour- 
ing spins, i.e. of the short-range order. 
Expressing N, and N- in terms of X, we obtain 
N NL 4 
a s(itX), =X). (78.40) 
Further reasonings are based on two simplifying assumptions, of 
which the first consists in that the interaction forces are assumed to 
be of the short-range kind, so that only the closest neighbours inter- 
act with cach other in the lattice. Let the energy of interaction between 
iwo neighbouring particles with similarly directed spins be equal to 
e, and the energy of interaction between particles with oppositely 
dlrected spins be equal to e. Only the case with e > 0 will be con- 
aldered below, i.e. a system tending to magnetic ordering. Then, the 
oriented fraction of the internal energy, including the energy of the 
moments ug in the magnetic field, will be expressed by formula 


U =(Ni-— N4,— N )s—(N,— N) pA, (78.11) 


where N L4, N__, N4- are the number of pairs of closest neighbours 
with spins parallel to the field, antiparallel to the field and oppo- 
sel y directed spin respectively. 

Let us introduce now the second essential assumption of the Bragg- 
Williams method. In the course of computation it is assumed that 
there is no short-range order in the system, i.e. there is no correlation 
between the directions of spins of neighbouring particles, with the 
„ception of that imposed on the system by the long-range order 
sisting in it. In other words, any direction of a spin, adjacent to a 
apin directed parallel to the field, for instance, will be considered 
equiprobable, although, actually, due to the fact that e > 0, there 
“ists a tendency to parallel ordering of spins of neighbouring par- 
‘wles, In the Bragg-Williams method the short-range order origi- 
nates only as a result of the minimization of free energy (see below), 
hut it is not envisaged in the initial assumptions. 

let us introduce alongside with the long-range parameter X the 
slurt-range order parameter Y, defining it as the ratio of the diffe- 
ineo V4 + N--— N+- to the total number of closest neighbours 
in tho lattice, 





O Nw tN_—N,. 
Y= 1/2 aN 
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and leave it to the reader to prove that in the Bragg-Williams appro 
ximation Y is a function of X, Y = X’. We calculate the numbers 
Ni4, N__, N+_, departing from the basic hypothesis. To calculate 
N+, for instance, we sort out all N4 particles with the moment in 
the direction of the field and take into account, ignoring the corr: 
lations, that the average number of its neighbours with moments in 
the same direction is equal to n.N ,/N. Since in doing so each pair 
is accounted for twice, the result must be divided by two. So, usin: 
formula (78.10), we obtain 





N, 
Noy =N gn y= 1+ Xy, 
nN nN (18.17) 
N_=—- (1—X), Ng. => (1 — X2), 
and the expression for the orientation energy becomes 
U (X) = —"2* x:— NppHX. (78.13) 


Let us calculate the entropy in the same assumption. Ássuming all 
spin configurations to be equiprobable, according to the Boltzmann 
equation and using Stirling's formula, we have 


NI 
S — 1n (iwc) —NInN—N, ln N,—N. ln N.. 


Expressing N+ and N. in terms of X, in accordance with formul. 
(78.40), we find that 


- —A- [a4 3) n 5 c 4 - xy i 557], 


whence for the free energy F — U — TS we obtain 
F(T, X) 


. 14 X 1—X 
= AE xn NusHX AT [a4 30 3 1 X) n I, 


In equilibrium F, being a function of X, must assume a minimum 
value, and from this condition we find the equation 


(22) = —N [neX - uai — In FEF] =0, (78.18 


which can easily be transformed into 
H X T H 
X = tanh (BEX) L tanh (Ar x + 87), — (08.05 


which is fully equivalent to formula (78.4). Comparing these equ. 
tions, we find the expression for the Weiss coefficient 


= ne — ne 
Y= Mops Nu 
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At H = 0 Eq. (78.15) was seen above to have a nonzero solution 
only at T < Ter, where the transition temperature Ter is expressed 
hy 


Ter = y Mon = ne, (78.16) 


und at T >> Ter, X = 0. The reader is to make sure that at 7 < Ter 
of the two roots of Eq. (78.15) it is exactly the root X 0 that cor- 
responds to the minimum of free energy. 

Let us examine now the thermodynamic behaviour of a magnetic 
material in the vicinity of the phase-transilion point and find, 
in particular, the critical indices (exponents) considering first spon- 
taneous magnetization and assuming H =: 0 Eq. (78.15) acquires 
the form 


X =tanh (77 x), (78.17) 


M T — Ter — 0, the quantity X is small compared with unity and 
anh (fer x) can be expanded into a Taylor series, preserving the 
‘wo first terms of the expansion: 


tanh (Zer x)=% x-5 (7 x) +- 





Substituting this expansion into (78.17), we obtain 
(1— Te) x+ Cm) X3— 0. 
I nonzero root of this equation is equal to 
X = (31), 


aerate to the first-order infinitesimals in t = (Ter — T) Ter, i.e. 
m the Bragg-Williams approximation the exponent f = 1/2. 

let us also find the critical index 6. At H — 0 and T — Ter 
‘he argument of the hyperbolic tangent in (78.15) is small. Expand- 
‘uy Jt into a series in powers of the argument and preserving only 
‘he lower powers of X and s edo we find 





T Pp T, 
X (^ —1) + += — ix) X= (78.18) 
‘um which it follows that at T — : we have 
tf =, (78.19) 
te the critical exponent ô = 3. To find the magnetic susceptibility 


I 8 : ] 5 i 
- 52), — M, (52),: we differentiate Eq. (78.15) with 
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respect to H, and assuming then H = 0, we find 


Eod HaT. (18.20) 


costa (TE x) 
At T 2 Ten X — 0 and from formula (78.20) we obtain Xn 
= —Miy/T,,t. At O< (T, — T)/T,, <1, expanding cosh? ( Tet) 


and using formula (78.18), we find 
TerX 1 [TX 3 
cose (P) mt 4 4 (ff) cd 


whence 
X — 2MB 
tm = “Tot.” 


Thus, in the Bragg-Williams approximation the indices y and y' 
are the same and equal to unity, y = y’ = 1, but the susceptibility 
in the ferromagnetic region (t œ> Q0) is twice as large as in the para 
magnetic region at the same | 1 |. 

Let us consider, finally, the behaviour of the heat capacity C, 
in the vicinity of the critical point. According to formula (78.1.4), 
at H =0 we have 


U(X)- —- Ter ys, 
whence 


aU QU dX Zo3 
Clu-o— = ox ar —NTaX S NX S ; (78.211 


From formula (78.21) it follows that at T > Ten X — 0 sud Cazi 
= 0, and at T < T,,, using formula (78.18), we find C lu-c— > N, 


correct to infinitesimals of the order of x. Thus, the orientation hont 
capacity has at the critical point T = Ter a simple discontinuily 
jump 


[C]=C (Ter +0) —C (Tor —0) = -F N, 


and the two critical indices œ and a’ are equal to zero. 

All critical indices in the Bragg-Williams approximation worn 
shown to coincide with the values obtained for them in the theory 
of the van der Waals gas. From this it follows, in particular, thm 
the Rushbrooke-Coopersmith and Griffith inequalities (76.11) anil 
(76.12) degenerate into equalities. 

In concluding the section it is useful to make the following remarli. 
One of the assumptions made in deriving the equation of a self-con 
sistent field (78.15) was that only closest neighbours interact in n 
lattice. i.e. that the interaction forces are of the short-range kind. 
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As was found later [26], this assumption was not essential and, more- 
avor, it turned out, just as in the case of the van der Waals equation 
(aoo the end of Sec. 77), that the equation of state (78.15) could be 
ilarived from only one assumption (without the second Bragg-Williams 
hypothesis) stating that all lattice spins, both the neighbouring and 
won-adjacent, interact equally strongly with each other (the proof is 
(e. for instance in [26]). It should, however, be noted that consi- 
darod in [26] is infinite-range (ro oc N), but infinitely weak interac- 
Hon (24 cc N~) and the above result is valid in the peculiar thermo- 
dynamic limit (N —- oo, ry — oo, 71 — 0, the product ?/N is finite). 

Thus, the two "classical" theories, the van der Waals theory of 
a real gas and the Weiss-Bragg-Williams ferromagnetic theory, 
proved ratherunexpectedly to be valid in the limit of “long-range” 
nleractions. 


Problems 


1. Find the solution of the equation X = tanh (zer x) and 


the heat capacity at T/T,,«1. 

2. Prove that in the Bragg-Williams approximation the short- 
range order parameter Y is related with the long-range order 
parameter X by the formula Y = X?. 

3. Making use of the Bragg-Williams approximation, consider 
an ordered alloy AB. In a lattice with a coordination num- 
ber n there are N/2 fixed sites of each of the a- and b-types. 
At absolute zero ions A occupy the a-type fixed sites, and 
ions B are arranged at the b-type fixed sites of the lattice. 
At T >0 the transition to "alien" lattice sites begins. De- 
noting respectively by Nag, N Ab, and NBs, Ns, the number 
of ions occupying the "proper" and "alien" sites in the lattice, 


Naot Nas=Nm +N =, — Na Npa — Nas -- Np — 57. 


and using the notation X — Vaa Nat for the long-range 
parameter and 844, €BB and ean for the energy of interaction 
between ion pairs AA, BB, AB (ait > eas) : (a) find 
the equation for X; (b) solve this equation in the region 
0<+1<1 and in the region 7/T,, <1, and also deter- 
mine f.r; (c) find the heat capacity in the same temperature 


regions. The nearest neighbours are assumed to be only the 
fixed sites of different sublattices a and b. 


or 0700 
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79. The Landau Theory 
of Second-Order Phase Transitions 


L. D. Landau has created a rather general theory of second-ori! 
phase transitions [18], based on the following assumptions. 

1. The physical system in question can be characterized, in aii 
tion to the ordinary physical parameters P, V, T, H, etc., also | 
the long-range order parameter X, depending on the selection of ||: 
system. In the problem involving magnetic materials the role «| 
this parameter can be played by the relative or absolute magnetiz: 
tion, M/M, or M; in a problem concerning an ordered binary |!) 


(see problem 3 to Sec. 78) the quantity X — Me is the relativ. 


difference in the number of ions occupying "proper" and "alien 
fixed sites, etc. 

2. Close to the phase-transition point Ter, at which the parame 
ter X becomes zero, the thermodynamic potentials can be expandwil 
into a power series in X, with the terms of the expansion used in 
computations being sufficiently small and having no peculiarities. 
This assumption permits one to derive equations determining thn 
parameter X as a function of pressure and temperature, and construct. 
the thermodynamics of the system. We shall consider the Landuu 
theory as applied to a ferromagnetic material. 

Let us consider a ferromagnetic material as a system with two 
mechanical degrees of freedom: coordinates—molar volume V and 
molar magnetization M; "forces"— pressure P and the magnetie 
field intensity H taken with the opposite sign. Then, by analogy 
with formula (22.9), the chemical potential x is expressed by 


p= Ü* — TS + PV — HM, dy = —S dT + V dP — M dll, 
(79.1) 


where p, S, V, M must be regarded as functions of the variables 7’, 
P and H. 

Let us use the Legendre transformation to shift from the variables 
M and H to the variables T, P, M, by introducing the potential 


b= p + MH: 
du (T, P, M) = —SdT + VdP + HdM (79.2) 


In accordance with the basic assumption of Landau's theory, thn 
potential 4 (T, P, M) can be expanded near the phase-transition 
points into a power series in M. We shall consider an isotropic modol 
of the ferromagnetic material, so that the opposite directions of 
magnetization, M and —M, are physically equivalent, and the ox 
pansion is performed in even powers of M. Limiting ourselves to 
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ihree terms, we have 
n- K—MH =p (T, P, 0) +22") m4 PGP) an Mg, (19.3) 


In thermodynamic equilibrium the chemical potential must have 
» minimum value and, consequently, at fixed 7 and P 


2, 
A9 qu (19.4) 


rom this we obtain 
M [a (T, P)--B(T, P M?]—H —0, a(T, P)+36(7, P) M? — O0. 
(79.5) 


li ahould be noted that the above relationships define magnetization 
V as a function of T, P, and H, M = M (T, P, Hy; substituting 
ihin function into the expansion (79.3), we find the chemical poten- 
‘al n8 a function of the same variables. 

let us consider now the magnetic material with a switched off 
4ppliod field, H = 0. Relationships (79.5) reduce to 


MI (T, P)--B(T, P)M2]=0, a(T, P) J-36(T, P)M2>0. (79.6) 


Iquation. (79.6) has two roots M —0, M = y -TE with 


^" inequality of (79.6) yielding a (T, P) —0O for the first root 
nid à (T, P) « 0, B (T, P) —0 for the second root. 
‘he paramagnetic state (T >T7,,) is associated with the root 


M —0, a(T, P) >0; (79.7) 


il ferromagnetic state (T < Ter) corresponds to the root 


M-y -$05. e(T,P)-0, p(T, P)>0. (79.8) 





At the Curie point the coefficient a (T, P) changes the sign and, 
thorsfore, 


a (Ter, Per) =0. (79.9) 


Iw equation obtained defines the phase-transition curve plotted on 
iw P-T plane. It should be noted that the paramagnetic state is 
wiatuble at a (T, P) «0, T < Tor, and the ferromagnetic state 
ua (T, P) 220, T — T,,, for these values correspond to the maxi- 


mim values of the chemical potential (25) « 0 and not to the mi- 


»^inum values. 
(luxe to the phase-transition point, where æ (Ter Por) = 0, 
the function æ (T, P) can be expanded into a power series in (T — 
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— Teor), retaining only the first linear term 

a(T, P) Gm). (T — T4). (79.1) 
where 


0. 


( oa, =% (T, Por) 
T=Ter 


re eT 





Substituting this expression into (79.8), we find 
= (00/87) T.—T 
Ma De VT. T, (79.11) 


showing that as the Curie point is approached, the spontaneous un: 
netization decreases in proportion to T? and the exponent f in i)» 
Landau theory is also equal to 1/2. 

Let us calculate the chemical potential, the entropy and the 
volume of the magnetic material with the aid of expansion (79..:) 
Substituting into formula (79.3) the value of magnetization from 
(79.7) and (79.8) and assuming H = 0, we obtain: 

in the paramagnetic domain 


Up = H (T, P, 0) (19.1 

in the ferromagnetic domain 
~ 2 ; P : 
Ur B, P, 0) — im (rp) (19.1. 


Differentiating these expressions with respect to temperature, w 
obtain the expression for entropy: 
in the paramagnetic domain 


$,- — 2C P9 So (79.1. 
in the ferromagnetic domain 


$.$,1. ô /a(T,P)\_ g% , aQurh—aBr) 
$í- ST op (Frey) = 9e Se. (79.15 


Differentiating formulae (79.12) and (79.13) with respect to p: 
sure, we find the expression for volume: 
in the paramagnetic domain 


f= HT, P.O i, (79.11 


in the ferromagnetic domain 


= = 4 6 f¢aX(T, P)\ = 2% (2aph—af;) 
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Mince ut the Curie point the function a (7, P) becomes zero, it is 
cloar from the two formulae that the discontinuity jumps in entropy 
and volume at the Curie point are equal to zero. 

Let us calculate the discontinuity jumps in heat capacity and com- 
pressibility at the Curie point and show that they differ from zero, 
and that, consequently, the transition from the paramagnetic state 
to the ferromagnetic one at H = 0 is a second-order phase transition. 
We obtain! 


Oe 7 ba/aT er? 

(Cpl Te (St—Sp) p = et, ——— (19.18) 
and, since Rer >O, the heat capacity in the ferromagnetic state is 
larger than that in the paramagnetic state. Thus, according to the 
landau theory, the heat capacity undergoes a finite discontinuity 
jump and @ and a' vanish. Then, we find 


r av (8a./8P)er 2 
[- G6.) d 
and, consequently, the compressibility in the ferromagnetic state 
exceeds that in the paramagnetic state. 

Finally, differentiating (79.46) and (79.17) with respect to tem- 
perature, we find the discontinuity jump in volume expansion 


[r)i qom 


Rince the sign of ap is not specified theoretically (substances with 
dap have been shown experimentally to exist, the sign of the dis- 





oonlinuity jump (=), is also undetermined. It is readily seen that 


tho discontinuity jumps expressed by formulae (79.18) through 
(1 20) satisfy the Ehrenfest equation (28.4): 


Calg] T= 


Lot us turn our attention to processes occurring in a magnetic 
mnterial at H 54 0. We must investigate a system of equations con- 
slating of the cubic equation 


a (T. P) H 
M*-gg Pi O pe, 5-79 (79.21) 





» the inequality 
a (T, P) + 38 (T, P) M: >0. (79.22) 
I! ix known (see, for instance, [29]) that Eq. (79.21) has one real root 
m condition : 
AmPLl—^ (19.23) 
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and three real roots, if the opposite inequality 


3 
7Tm<—f. (79. 
is satisfied. In the first case the existence of only one phase of | Ir 
substance is evidently possible, and it is clear from Eq. (79.21) 
that the magnetization in the region of weak fields [consistent, ho. 
ever, with formula (79.23)] is proportional to H. In fact, with wl 
fields the term M? in formula (79.21) can be ignored, whence M : 
æ Hla; this root can be referred to as a paralike. With stron: 
fields magnetization is proportional to H/3, since the term ^ !/ |! 
can be ignored in Eq. (79.21) and M zz (H/)!^. 

When inequality (79.24) is satisfied, a is for certain negative «0! 
it is convenient to introduce the quantity y (T, P) = —a (T, !^ 
Using the new notation, we rewrite expansion (79.3) and relati. 
ships (79.21) and (79.22) in the form 


ug (T, P,0—10 P an BO-D jr MB, (79. 





Y(T: P) H E Uus 
M*—B.) — Bü, Pj US 
3M: i 5 0. (79.21) 


In this case Eq. (79.26) has three real roots expressed by [29] 


M=2 ($) "cos (p+ 3% (k=0, 1, 2), (79.24) 


where 





0c es. (79.21) 


Substituting (79.28) into the sufficient condition for expression 
(19.27) to be minimum, we obtain the inequality 


jes (ea) d 


which is satisfied at k = 0, 1, but fails to be true at A = 2. Thue, 
solutions with k = 0 and k = 1 correspond to minimum values of p 
and a solution with k = 2 corresponds to the maximum value ol p 
and must be disregarded. 

It remains to investigate which of the two solutions k = 0 m 
k = 1 corresponds to the absolute minimum and find out whotlim 
a phase transition may take place between the two phases compl yln 
with the two solutions. Substituting expression (79.28) with k -^ 
or k = 1 into formula (79.25) and allowing for formula (79.29), wọ 
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obtain after some transformations 
~ 2 
Haeo p (T, P, 0)+ * (1 + cos 2g) (1 — 3 cos 29), 


what m GS P, 0) +2 [14-008 2(94+ 22) ] 
x [1—3cos2 (o $-)]- 


The reader can readily ascertain that the equation p lie = p lxi 
has no roots satisfying the condition 0 < 9 « x/6 and that the in- 
equality p lr=o < H Jaq, exists (the equality is satisfied at q = 1/6 
or H* = ¥?/B). 

Thus, even when inequality (79.24) is satisfied, the stable state 
ol only one phase is possible with k = 0, while states with k = 1 
aro possible only as metastable. 
It should be noted that at k = 1 
magnetization is antiparallel to 
the applied field, M < 0. 

The results of the above inves- 
tigation of the states of a mag- 
notic material at H 5& 0 can be 
somprehended with the aid of 
the following qualitative consi- 
derations. In the case of a para- 
magnetic state the dependence of 
the chemical potential on mag- 
netization at H = O is represen- 





tel by a curve with one mini- \ ! H«0 
mum at M = 0 [the dotted curve \ / 
In Fig. 105 (a)], and in the case ^ 





al a ferromagnetic state, by a 
ourve with two minima at M = 
: + Val (Fig. 105 (I. Whe j | 

tlie magnetic field is applied, the 

term — MH is added to the chem- -f-2 vi M 
lanl potential, resulting in that (b) 

the dependence of the chemical po- 

tontial on magnetization changes FIG. 105 

[solid curves in Fig. 105 (a), (b)}. It 

la clear from Fig. 105 (b) that the right-hand minimum is deeper than 
the left-hand one. It should be noted that the solution with k = 0, 


M -2 ( y^ cos p is of a "ferrolike" nature, i.e. magnetization 


wonkly depends on H as q changes from 0 to 1/6. This corresponds, as 
3/2 

Iaeloar from formula (79.29), to the decrease in intensity from ( a ) 
3 (3p)*/ 
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to zero; at the same time magnetization diminishes only by a factor 
of 2/V 3. 

Thus, at M = O the phase transition vanishes and is replaced by 
a continuous transition from the "ferrolike" behaviour of the fer- 
romagnetic material to the "paralike" behaviour, as the parameter 
H?p/*? increases from values less than 4/27 to values greater than 4/27. 
It follows that in the H-T plane (P — const) there is an isolated 
point of the second-order phase transition, lying on the axis of ab- 
scissae. On the P-T plane(H = 0) we evidently have a second-order 
phase transition curve. 

Let us find now the magnetic susceptibility of the magnetic ma- 
terial %m = (27). p. Differentiating (79.4) with respect to H, 
we obtain 


1 
taal, PE3B T. PYM? rong 
At H = 0 it follows from formula (79.30) that for the paramagnet- 
ic state M —0, a (T, P) 0 
1 
Xm = iT T, P)* 


while for the ferromagnetic state M = V —oa/B, a (T, P) < 0 
1 
Xm — 3g (T. P)' 
In the vicinity of the Curie point, where expansion (79.10) holds, 
these formulae acquire the form 
1 


Xm —3ÀG—— at TT (79.31) 
(EE) aT Ton) 
Xum l at T <MTor. (19.32) 


à 
(85) tun 
In the case of weak magnetic fields H « M/xy4 ~ | a | *?p'/t 
Eqs. (79.31) and (79.32) can be integrated over H, which yields in 
the paramagnetic domain 7 > Ter 
' 
M = {ni MÀ ——— , (79.33) 
CAREIA 

n the ferromagnetic domain 7 < T7,, 


aT P) H : 
M- py scm -SFP tu ——-. (79.34) 


(8), en 
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It should be noted that scope of application of the last two formu- 
lae is limited from both sides: the possibility of applying expansion 
(70.10) requires that temperature should be sufficiently close to the 
Curie point, but, on the other hand, at any fixed H the inequality 


japa (alr |T— Tor]? 
H<- OX — uw 


la violated at | 7 — 7.,.| — 0. It follows from here that the validi- 
ty condition for formulae (79.33) and (79.34) is. the inequality 


oa, 
HW [rr (Fr )er 
« cr < : 
I). In (rla Tor 


Relationships (79.31), (79.32) describe the Curie-Weiss law stat- 
ing that the initial susceptibility and induced magnetization are 
inversely proportional to the quantity | T — T.r |; consequently, 
tho critical indices y and y' of the Landau theory coincide and are 
equal to unity, just as in the Bragg-Williams approximation and in 
the theory of the van der Waals gas. In this case the susceptibility and 
the induced magnetization in the ferromagnetic domain are twice 
«maller than in the paramagnetic domain at the same values of | 7 — 








Ter |. 
Let us now note the profound difference between second-order and 
lirst-order phase transition. 

With first-order phase transitions, each phase is stable by itself on 
both sides of the transition point. This follows from the fact that 
both the chemical potential of the first phase p, (7, P) and the chem- 
ical potential of the second phase u, (T, P) are determined on both 
allos of the phase-transition point, and at a fixed temperature we 
tan find the pressure corresponding to the minimum value of p, 
and, on the contrary, at a fixed pressure find the temperature cor- 
roxponding to the minimum value of p; for each phase. Such pres- 
wires and temperatures correspond to the equilibrium state of each 
phare on both sides of the phase-transition point. This follows from 
the fact that on the p-P and p-7 diagrams (see Figs. 40, 41) the curves 
wpresenting pu, and p, exist on both sides of the intersection point, 
hut one of them corresponds to the absolute minimum p, i.e. to the 
alsolutely equilibrium state—the curve with the smaller value of 
p. and the other curve—the curve with the larger value of ji—cor- 
waponds to the minimum value for the given phase, i.e. to the meta- 
«nble state of a substance. Accordingly, during first-order phase 
iransitions superheating and supercooling phenomena are possible. 

When a substance passes from the paramagnetic state to the fer- 
imagnetic one at H = 0, i.e. upon a second-order phase transition, 
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the paramagnetic state M = 0 is absolutely unstable at a < ||, 
T < Tor, and the ferromagnetic state M = V — alp is absolu! 
unstable at a — 0, T — T,,. The thermodynamic potential ~ 


5 ; aa F 
sumes in these cases a maximum value, m< 0. This means !!:! 


the chemical potential of the paramagnetic phase is not determineco at 
all at T < Ter, just as the chemical potential of the ferromagii li 
state at T œ> T«r. For this reason metastable states (superheatiny 
and supercooling) are impossible with second-order phase transition 

This peculiarity of second-order phase transitions can also be un 
derstood proceeding from other, more graphical physical consid. 
tions. Since the chemical potential varies continuously at !he pli « 
transition point, there is a possibility of the appearance of a ra! 
small quantity of a new phase whose properties differ strongly ino 
the properties of the old phase, or of the appearance of a new phase ': 
the entire volume of the substance, but with properties differing !^! 
little from the properties of the old phase. 

The first case takes place during first-order phase transitions, when 
the new phase originates in small nuclei and has molar volume ~ 
molar entropy differing from the corresponding quantities of the «I: 
phase. In this case, as was shown in Sec. 27, the phase transition in 
be "delayed" due to the existence of surface energy, and motas lile 
States appear. 

The second case takes place during second-order phase transitiow 
when a new phase, the phase with symmetry differing from that ol 
the initial phase, appears at once in the entire volume and not i 
small "nuclei". Therefore no phase interface appears then between |! 
phases and "delay" of phase transition is impossible. 

With a second-order phase transition the dependence of the clic ni 
cal potential on temperature and pressure is represented by a sinele 
smooth curve, and not by the intersection of two curves, as is |i 
case with first-order phase transitions. It is clear, however, '!.' 
the thermodynamic functions have some singularity on the piho v 
transition line, if only because the second derivatives of the chemical 
potential undergo a discontinuity jump on that line. The nature :! 
the singularity of the chemical potential on the line of second... 
phase transitions is thus far not known. In this connection, the po. 
sibility of expanding the chemical potential into a power seri v 
M? [formula (79.3)] is as a matter of fact problematic. Therefor- al 
reasonings of this section are based on a so far non-verified hypothe 
sis stating that the singularities of the chemical potential at plis: 
transition points do not tell on the terms of the expansion of p s! 
in our mathematical computations. This fact was insistently em: 
sized by L.D. Landau—the author of the theory of second. oclo 
phase transitions. 


Problem 


Find the critical index 6 in the Landau theory and check the 
Rushbrooke-Coopersmith and Griffith inequalities. 
Answer. 6 = 3. 


M0, Review of Results. Comparison with Experiment. 
Models with Exact Solutions 


We considered in Secs. 77 and 78 some approximate theories per- 
mitting the construction of thermodynamics in the vicinity of the 
yhase-transition points: the van der Waals theory, the Bragg-Wil- 
jams approximation, the Landau theory, all said to be classical. 

All these theories lead to results disagreeing greatly with experi- 
montal results. It should be noted that as far as tho predicted values 
of the critical exponents are concerned, these theories coincide in 
most cases. The exponent p, for instance, equal to 1/2 according to 
ull theories considered, has been shown by experimental investiga- 
tlons to be closer to 1/3 (from 0.33 to 0.42) both for gas-liquid and 
magnetic systems. The classical theories set the exponents y and 
y equal to 1, while, according to experimental data, they usually 
li» between 1.2 and 1.35. The exponent 6, that should be equal to 3 
according to the classical theories, was shown experimentally to range 
letween 4.2 and 4.4. Finally, although the exponents a and @’ are 
shown by measurements to be rather small and possibly equal to zero 
in individual cases, experimental studies, however, are usually in- 
dicative not of a finite discontinuity jump in heat capacity at T = 
~ Ter, but of a logarithmic divergence. A finite discontinuity jump 
in observed only when the heat capacity of each phase is determined 
avor a finite, although small, distance from the Curie point on the 
(nmperature scale. 

‘These contradictions are indicative of the fact that the classical 
thoories are invalid exactly in the region for which they were ela- 
horated. There is no wonder in this, however, since the prerequi- 
altos of the classical theories are rather rough idealizations of reality. 

The probable reasons for the insufficiency of the Landau theory were 
di»cussed at the end of the preceding section. As regards the Bragg- 
Williams approximation, its basic assumption, the absence of close- 
inge correlations, is undoubtedly even more rough. The insufficien- 
vy of this theory is confirmed additionally by the fact that in the 
liragg-Williams theory a phase transition originates in any lattice 
Irrespective of its spatial dimension and only the value of transition 
\umperature 7, depends on the coordination number n. It will be 
aliuwn below that more exact methods reveal that no phase transi- 
lions take place in a unidimensional magnetic chain at any finite 
(omperature. 
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It is, therefore, expedient to consider some models admit! ins 
exact solutions, i.e. such models for which the partition function o! 
the Gibbs canonical or grand canonical distributions can be foii 
without any approximation. Let us consider as an example of >! 
a model the Ising unidimensional magnetic model, i.e. a unidim. 
sional “crystal” with equidistantly spaced “fixed sites" (the to!.! 
number of sites N >> 1). Magnetic dipoles with a magnetice mor cit 
Up are arranged at the fixed sites of the lattice. The projection of il. 
magnetic moment on the direction of the applied magnetic field // 
which is assumed to be permanent and homogeneous, can take iwe 
values, + pg. Only neighbouring dipoles will be assumed int 
acting with each other, and the energies of interaction of two dipol- 
with the parallel and antiparallel magnetic moments will be deno'::! 
by e and e' respectively. Inthecase when e < e’ the parallel ori 
tation of the moments is energetically more advantageous at H 
= 0, and when e > e’ the antiparallel orientation of adjacent «|: 
poles is more beneficial. 

The model described is known as the Ising model and it can, «:: 
turally, be specified for two- and three-dimensional cases. 

Let us try to find the thermodynamic functions of a one-dimensi 
al crystal. The partition function Z is expressed by 


Zz-e-EOr, (80.1: 
KO) 

where summation is performed over all configurations C, i.e. «^: 
all possible arrangements of dipoles of the first kind with a munit 
projection pp, and dipoles of the second kind with a moment jie 
jection — pp over the lattice fixed sites. Evidently, the total n: 
her of configurations is equal to 2N. Let us introduce for each ! «=! 
site the variable o,, taking the value of 1 if the ith fixed site is « 1 
pied by a dipole of the first kind, and —1 if a second-kind dipole :« 
cupies this fixed site. The configuration is then determined by e 
setting all the numbers o;, assuming the lattice to be closed, :« 
the last fixed site is identified with the first: oy 4, = o,. The en: ij. 
of configurations E (C) is expressed by the formula 








N 
, ee , H 
E (C) X [ 5-5 o — BE tones) ]- (80. 
iei 
Introducing the notation 


e(r)e SE, e(r-J—5 c T)—*BA (80 


we can present the expression for Z in the form 
Z= e-no > exp (60,0, + T (c, 4- 0;)] exp |80,03-+4+ 1 (02+ 0 || 


Ou, Og, - 20, ON 








X... x exp [Soyo, -+ x (oy + 9,)]. (it 
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lot us introduce a two-row matrix P with matrix elements 


P, «d» = exp [000' + tha 4- 0*)], (80.5) 
æa e8t2t e- |” 
P= "a (80.6) 








I! can readily be seen that the sum in formula (80.4) is a spur of the 
Vih power of this matrix 

Z = e-NeTr (Dh). (80.7) 
‘ince the trace (spur) of a matrix is invariant in respect to unitary 
almilarity transformations, then reducing the matrix P to the dia- 
timal form by ul we obtain from formula (80.7) 


Z = e* NP [AN + AN] = e@ NOAN [1 i (x) ] mer PAY, (89.8) 


whore A, is the largest of the eigenvalues of matrix P. The secular 
«nation specifying the eigenvalues A, and A, is of the form 

eg9*29 4 e-e 
= A2—2e® cosh 21), -- 2 sinh 20 — 0, 








whonce we find 
^, e cosh 2t + V e?? cosh? 21 — 2 sinh 20 


= ¢9 [cosh 2r + V sinh22x 4-e- 59]. — (80.9) 
I! follows that the partition function is equal to 
Z =a eN(8-P) [cosh 2x + V sinh? 2r 4-e-*e]".1 — 1(80.10) 
"nee the radicand in formula (80.10) is positive at any real t and 
i, (hio partition function Z and, consequently, all the thermodynamic 
functions are continuous at any temperature 7 and intensity H 
uf the magnetic field. Therefore phase transitions are impossible in 
a unidimensional Ising model. 


Using the formula U = T0 ln Z/óT (see Sec. 63), we find the 
internal energy of the chain 


£ [cosh 21+ V sinh* 274+ e-48] 
U N {er arf inne fent ie Y ate e 71 . (80.14 
[cosh 2x -- V sinh* 2:-pe 9 1 V sinb*2: e *9] ( ) 


lli» expression for the heat capacity can be obtained from (80.11) 
hy differentiating with respect to 7; the computation is not present- 
wl here for it is rather involved. In the absence of a magnetic field 
(1 0) the expression (80.11) simplifies considerably, 


-0 
U|n-o — N [e+ 2a ]- (80.12) 
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whence we find 
6 2 N e—e’ 2 . 
Cim 2N (us) —á {rampart}: 0045 

The heat capacity tends to zero both as T — 0 and as T — oo and 
reaches its maximum value at the temperature 7, = | e — e'| /20,, 
where 0, is the root of equation 0, = coth 0,. It should be noted that 
these results are true irrespective of the sign of e — e’. 

Let us find the magnetization of the chain M. Substituting into 
the formula 


m=O! => Ho Z (InZ) (80.14) 
the value of Z from (80.10), we find 
M = M,sinh 2z/ V sinh? 2x + e- 5, (80.15) 


where M, = Ny, is the maximum magnetization. 

Let us consider the limiting cases of high (0 « 1, t « 1) and low 
(0 > 1) temperatures. 

I. The case when T — œ or H — 0. Then, 1 — 0, 0 — 0 and, 
according to (80.15), M also tends to zero. Since this corollary is 
true at any temperature, when H = 0, then in a unidimensional 
Ising chain ferromagnetism is impossible. From the physical view- 
point this is explained by the fact that with a small number of neigh- 
bours in a unidimensional chain (two nearest neighbours instead of 
four in a plane lattice) the tendency toward correlation in the position 
of adjacent magnetic moments is insufficient for the appearance of 
Spontaneous magnetization. 

II. The case when 7 — 0. At this limit two cases must be exam- 
ined separately: when 07 0 (there is a tendency toward al!ferromagnet- 
ic ordering in the system) and 0 < 0 (there is a tendency toward 
antiparallel ordering). 

0 — 0. At T — 0 we have 0 — oo, t — oo and M —- M». 

We have obtained a natural result: the most probable distribution 
of magnetic moments in a chain as 7 — 0 is completely ordered anil 
parallel to the field, and the magnetization is equal to its maximum 
value Mo- 

0 < 0. In this case to investigate the low-temperature region it 
is convenient, accounting for sinh 2* ~ cosh 2x = 1/2e?*, to ro- 
write formula (80.15) to read 

Mo A 

M VA’ (80.16) 

from which it follows that the behaviour of the chain with 0 < 0 

at T — 0 depends essentially on whether the inequality | 0 | — 1 
or the reverse inequality | 0 | < x is satisfied. 
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Let |0|— «v, e < t — pH. This means that the magnetic 
fold is so weak [H < H,, = (e — £')/ngl that the antiparallel 
orlentation of adjacent magnetic moments, that is more beneficial 
energetically in the absence of a field (e' < e), remains unchanged 
in the presence of a field as well. Then, as 7 —- 0 we have e*lei- 9? — oo 
and we obtain from (80.16) that M — 0. The most probable arrange- 
ment of magnetic dipoles is completely disordered. 

Let now |0 |< Tt, e— pp < &' < e. This means that the 
magnetic field is so strong (H > Her = e — &'/pp) that the anti- 
mrallel orientation of adjacent magnetic moments, which is more 
woneficial energetically in the absence of the field, becomes energet- 
leally less advantageous in the presence of the field. Then, as T — 0, 
we have e*8!-9 -» O and formula (80.16) yields M — M,. The most 
probable arrangement of magnetic moments is completely ordered 
and parallel to the field. 

Thus, although no phase transition occurs in a one-dimensional 
ining model, in the case of a chain with 0 < 0 there exists a critical 
magnetic field intensity Her = (e — e’)/up in the vicinity of which 
a transition takes place from a state with alternating dipoles of the 
first and of the second kind (at H< H,,) to a completely ordered 
alato (at H `> Ha), with the transition becoming abrupt at 7 — 0. 

The Ising model permits, in addition to the magnetic, other phys- 
(cal interpretations. Let us assume that each fixed site of a lattice 
san be occupied either by an atom of the A kind (c; = 1) or by an 
atom of the B kind (o; = —1), with only adjacent atoms interacting 
with each other. The one-dimensional chain is also assumed to be 
arranged in a solution containing a great number of atoms of the A 
and B kinds that can be adsorbed by the fixed sites of the chain, so 
that the numbers of atoms at the lattice sites, V, and Np, are not 
fixed and given is only their sum Na + Na = N. Following this 
Interpretation we turn now to the already known binary alloy (one- 
dimensional). Let us denote by &44, esp, Gan the energy of inter- 
action between two adjacent atoms of the A kind, two adjacent atoms 
wf the B kind and the energy of interaction between an atom of the 
À kind and an atom of the B kind, respectively. Then, the energy of 
wmfüguration E (C) is expressed by 


N 
K (C) m > [sateen ?tap + Paat epn — 2ean 8,044 
ici 
++ SAAT ABB (64+ 0441) | (80.17) 
Introducing the notations 
pU) ERE. E f 


0 (7) = Jan SAA tp. , v (T) = FBR aA, (80.18) 


we see that the problem concerning the properties of a binary ow 

dimensional chain is completely equivalent to the problem on (I 

behaviour of a one-dimensional chain in a magnetic field, with |! 

correspondance between the quantities characterizing the binary a: 

magnetic chain being as follows: 

EAA t "Bn 
2 , 


e —> e’ > £AB, tp > 


EBB— EAA 

4 
(without loss of generality we can assume egg > £44, SO that iiv 
parameter t, defined by formula (80.18), is positive, just as in ‘lv 
magnetic chain). 

Let us assume that each of the N fixed sites of the lattice can ir 
either occupied by one atom (a, = 1) or the fixed site can be varant 
(a; = —1), and denote by (— J) the energy of interaction betwen 
the atom occupying an arbitrary fixed site and its neighbour. We 
obtain, then, the already mentioned model of a lattice gas (one-t: 
mensional). The energy of the configuration is expressed by the f» 
mula 


N 
E (C) = -75 [1 4-0, + 91, + 040144]. (80.1. 


i-1 
Introducing the notation p (7)— -7 , we obtain the expressi». 


for the partition function Z completely equivalent to formula (80.1! 
obtained above for a magnetic chain, if we denote anew e = --J/"' 
e' = 0, uaH = J/2 (cf. (80.2) and (80.19)]. 

All the results pertaining to the distribution of A and B atoms i 
the binary chain and to the distribution of the atoms of a lattice ù». 
can be obtained from the corresponding formulae for the Ising n” 
netic chain by means of simple transformations (see problem to |!) 
section). 

Let us now carry out a simple qualitative reasoning showing !!.' 
in a lattice with a number of spatial dimensions equal to or great 
than two there exists a temperature below which spin ordering (c' 
> e) is thermodynamically beneficial, and that in a one-dimension 
al chain this temperature equals zero. 

First let us consider a one-dimensional chain of spins (s = 1/2) In 
the absence of a magnetic field and compare its two states: the firal 
state in which all spins have the same direction, and the second stus 
in which all spins, beginning with a certain one, changed the dirm 
tion to an opposite one [Fig. 106 (a)]. The energy of the second cun 
figuration is greater than that of the first by AU = e’ — e (thms 
appeared one pair of adjacent oppositely directed moments). Alluw 
ing for the fact that, according to the Boltzmann equation, !l» 
boundary between the oppositely directed spins can be choson in 
N ways, the entropy of the second configuration exceeds that. of thr 
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tint hy In N. It follows from this that the change in the free energy 
W e —e—TlnN, so that at any T 0 and macroscopic 
alues of N, AF is negative and spin disordering is expedient Lhermo- 
dynamically. 

lat. us now consider a two-dimensional lattice and compare again 
inv configurations—one with completely ordered moments and the 
«ther in which in the macroscopic subregion, shown in Fig. 106 (5) 
by the dotted line, the direction of the moments is reversed. Let us 
lenote by N the number of links in the boundary between the two 
yriens. Upon transition from the first configuration to the second 


errem e e D PR TS TT | 





(b) 
FIG. 106 


‘hoe change in energy is equal to N (e’ — c). The number of ways in 
“Meh the boundary of N links can be drawn is approximately equal 
1.1%, since as long as we are positioned at a sufficiently large di- 
tuwe from the initial point A of the boundary, three possible direc- 
(i exist for the next link, as shown in Fig. 106 (b). Consequently, 
‘he change in the free energy is expressed by AF = N [e' — e — 


[NA 
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— T 1n 3], showing that at T > Tar = (e’ — e)/In 3 the quantity 
AF is positive and ordering of magnetic moments is beneficial ther 
modynamically. It is clear that this reasoning is also valid quili 
tatively for a three-dimensional lattice, and this explains the rea. 
son for the existence of phase transitions in ferromagnetic materials. 

The Ising two-dimensional problem has an exact analytical solu 
tion at H = O, although, rather complex and cumbersome. We shall 
limit ourselves to citing the main results and referring readers tak 
ing interest in the solution to the literature [18], [30], [31]. In a 
two-dimensional Ising model the phase transition temperature is 
determined by the relationship 


Inn(y3—1 04 


The heat capacity in the vicinity of the critical point (both abo 
and below it) diverges logarithmically, C OC In | t | , so that tlw 
critical exponents « and a’ are equal Lo zero. Close to the critical ten 
perature T.r the spontaneous magnetization M changes following the 
law M OC 1/9, so that the exponent B —1/8. The magneticsuscep 
tibility diverges at the critical point, obeying the law xy4€X | « |77“, 
so that the exponent y = y' = 7/4. It is readily seen that in th» 
case the Rushbrooke-Coopersmith inequality also degenerates inl» 
the equality « + 2B + y' — 2. Finally, depending on M Œ //^, 
the exponent ô can be estimated only approximately with the ai! 
of numerical methods, and it is close to 15. Therefore in the Griflith 
inequality for the Ising two-dimensional model the equality a’ i 
+ B (8 + 1) = 2 is satisfied with a good accuracy. 

The Ising three-dimensional problem has not been solved analytic- 
ally so far. Approximate estimates give the following values ol 
the critical exponents: a and œ’ ~ 1/8; B ~ 5/16, y and yo wii 
and 6 ~ 5; substitution of these exponents into the RHushbrooke 
Coopersmith and Griffith inequalities transforms them into equa 
lities. 


Problems 


1. Calculate the short-range order parameter Y 


= MAT = E Yis:0:41 in the Ising one-dimon 
1 


sional model and estimate its deviation from the valun 
Y — X? in the Bragg-Williams approximation. 
22-48 


Answer. Y = 1 — mcr m 
(cosh 21+ V sinha 2r- e- 99) V sinht2x4-e- 4") 
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2. Find the internal energy. heat capacity and the long- and 
short-range order parameters for (a) a one-dimensional bina- 
ry alloy and (b) a one-dimensional lattice gas. 

3. The energy gap of a semiconductor depends on the electron 
density in the conduction band, obeying the law A = A, — 
— an. Show that in such a material a first-order phase tran- 
sition is possible and determine the phase transition tem- 
perature T.r and the heat of phase transition (assume the 
effective masses of the electrons and holes to be the same and 
the valence band top to be fixed). 

Ag y^ A 3Ao/4 


Answer. To — (us = ia Ol ae OS 


c zl? dz 74 
where f (2) = f orca ’ 7 (0) = Liz = 0.673, A= án(2m;h?)3/2. 


0 


The model is applicable provided A,a? < ( 2 y KO) 


IE 0] at * 
4. Find the arrangement of the Q-sum zeros for a one-dimension- 

al lattice gas. Investigate the thermodynamic limit. 
Answer. On the complex plane of the variable z = e"/7 the 
Q-sum zeroes are determined by relationship 


z,— e P {—1+2(1—e-) cos? (&) 


x3: / d —e-9) cost ($) [1—0 6795 cost ($) |} 


where e?» (n = 0, 1, ..., [N/2]) are the values of the Vth degree 
root of —1, 0, = n (2n + 1)/N. The zeros lie on a circle of ra- 
dius e-9/ and do not get on the positive semi-axis even at the 
thermodynamic limit. 


ni. Fluctuations and Phase Transitions. 
The Ornstein-Zernike Theory. Similarity Hypothesis 


Calculating the fluctuations in volume and density in Sec. 71, 
« found them to be proportional to compressibility (0V/OP); and, 
("wequently, the fluctuations increase infinitely as the critical 
voint ((GV/3P) 7 — oo] is approached. It can be shown in the same 
any that the fluctuations in magnetization in a magnetic system, 


alhich are proportional to the magnetic susceptibility xq, also in- 
‘ase infinitely as the Curie point is approached. The reason for the 
anomalous increase in fluctuations in the vicinity of the phase-tran- 


Jinn point is the weakened elastic properties of the system, the mea- 
we of which is the quantity (@P/0V), in the case of a fluid and 
ull /0M)4 in the case of a magnetic system. For this reason the fluc- 
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tuations in fluid density or the fluctuations in the density of magno- 
tization in a magnetic material in the vicinity of the phase-transi 
tion point correlate with each other at a large distances and embrace 
greater regions than far from the critical point. In experiments, thin 
manifests itself in the anomalously strong scattering of electromag 
netic waves—critical opalescence—and of the neutron flux by tlw 
fluid or a system of spins in a state close to the critical. 

Let us consider the fluctuations in fluid density at a fixed toll 
volume V and constant temperature. According to (72.1), the pre 
bability of fluctuation can be presented in the form 


W QCje-^5 ~ em AFIT (81.0) 


(AU = 0 at fixed V and T). Assuming density fluctuations to lw 
small, AF is presented in the form 


ARS f | far dr'f (r — r')An (r')An(r). (81.2 


There are no terms of the first order in Anj(r) in this expansion, since, 
if fluctuations are ignored, the free energy must assume the min 
imum value. The second-order terms in (81.2) are assumed to lw 
bilinear in An (r) and not quadratic, meaning an allowance for (hw 
correlations between density fluctuations at different points. ln 
a homogeneous isotropic liquid the function f (r — r') depends oul) 
on | r — r' | and differs markedly from zero only at distances simul 
ler than the radius of action of molecular forces. Passing in (81. 
to integration over p = r — r' and R = (r + r')/2, we obtuln 


AF= | [aR api (P) An (R+$-) An (R—$). Si 


Taking into account the effective smallness of the term T in (he 
arguments of the functions An (R + £), let us expand these func 
tions into a Taylor series 

An (R + $) 2 An (R) + £ V, (An) p +4 


whence we find for AF accurate to the second-order infinitesinul» 
in p; the expression 


AF = V [dR dp 1 (p) {lAn ü — 7 Vi lAn ()1 V, [An (R)] pipa 


ViVa (An) pipa, (81.1) 


+4 An (R) V, V, [An (R)] en). s 


Transforming the integral taken over d°R beginning with the thi 
term on the right-hand side of (81.5) with the aid of the Gauss Ihm 
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rem and ignoring the surface term that is of no interest to us, we get 
AF = Van d f (0) (In qup — $ V. lAn (R9) V. [An (R)] pipa} 


and integrating over p with the account of the isotropy of the func- 
lion f (p), we finally find 


AF = [en [ $ (Any 4-5 V? (An) = jar AF (R), (81.6) 
whore 


a =: alr (p)d'o, bôi = — ff (p) Pipa d?p. (81.7) 


l'ho constant b in the above expressions is known to be positive, 
sinco the free energy assumes a minimum value at n = const, 
V (An) = 0. Thus, for the free energy of unit volume A.F we have the 
representation 


AF = $ (An)? 4-5 V? (An). 


I! should be noted that the coefficient a in (81.6) has a simple phy- 
(ril meaning. Accounting for equality (22.9), du = — Š dT + 


| n7! dP and the relationship F = Fn, dF > = (= +F ) dn = udn, 


we have xz 
Mn T (o a 
oP 


£ 
n 
‘nce at the critical point (Z) = Ay v)r vanishes, the coef- 


helont a at the critical point aises: too. 

Let us find the equilibrium value of An (R), using the fact that 
lunctional (81.6) must have a minimum value. For this problem 
lulor'Ss equation acquires the form 


V? (An) — $ An — 0. (81.8) 


It us find a spherically symmetrical solution of this equation, as- 
aming the centre of fluctuation to be located at the point r = 0. 
We have (by analogy with Debye's equation in Sec. 66) 


e "Irc 


(81.9) 





An (r) = const 
lhe quantity Fe, referred to as the PEE radius, is equal to 


n-(1)". (81.10) 


lius, far from the critical point density fluctuations decrease expo- 
nntially. As the critical point is approached, a — 0, and the cor- 
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relation radius increases infinitely, with the density fluctuations 
decreasing much slower (ccr-1). The theory discussed above was suy 
gested in a somewhat different form by Ornstein and Zernike anil i! 
is named after them. 

In concluding this section let us examine briefly one more import 
ant trend in the theory of phase transitions, that found lately 
wide development and is based on the so-called similarity hypothe 
sis, or scaling (for greater detail see [26], [32], [33]). 

Let us set forth the most visual introduction of the similarity hy: 
pothesis, considering a lattice of the Ising spins with an arbitrary «I 
mension d (for a linear chain d = 1, for a plane chain d = 2, fora 
spatial chain d = 3). The Hamiltonian of this system is equal to 


&--—IN 0,0, — up 1 0,, (81.11) 
|J i 


where summation in the first term is performed only over the closvw 
neighbours. Close to the Curie point, Ter, the correlation radius lw 
comes rather large compared with the lattice constant or, in oll 
words, large groups of mague!lt 
moments are correlated wilh 
each other. This allows the ful 
lowing construction (Fig. 10 
shows such construction for » 
plane lattice with d = 2). Iu 
us combine groups of spins inl» 
“cells” having a linear dimen 
sion Zl, where £>>1, but 4l- 

< Te- Each such cell contains 7" 
spins, and the number of cells in 
the lattice is equal to N/£4. Sineu 
a large group of cells is lora 
ted in the region of correlat«d 
moments, it is natural to assum 
that inside a cell all moments are oriented in the same way, and mu 
ments of the cells behave as the moments of individual particlon, 
i.e. they can point "up" or "down". Therefore, to each cell we can ts 
sign a variable 6, (a = 1, 2, ..., N/£?) taking, just as oj, the vul 
ues 4-1 and assume that the Hamiltonian E can be expressed In 
terms of 0, by a formula similar to (81.11), but with other parame 


ters J and pf: 
d = —F > 6,05 — pp >) 0,. (81.1: 
a,b a 





FIG. 107 


Sinco the quantity J specifies the transition temperature Ter, Ihe 
transition from J to J is equivalent to a change of the quanlily 
t = (Ter — TyT.., which in the cell formalism becomes equal to 1 
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The similarity hypothesis consists of two assumptions. According 
10 the first assumption, the thermodynamic functions in the model of 
‘wily and in the initial fixed-site model are similar to each other. 
Vir instance, for the Gibbs potential with natural variables t and 
ll wo have the following relationship: 


0 , H) = £*o (x, H), (81.13) 


whero © (x, H) = Gibbs potential per one cell; 
Q (t, H) = Gibbs potential per one fixed site. B 
‘le second part of the hypothesis relates the parameters x and c 


nid Hf and H, which must be proportional to each other. This follows 
liom the fact that the cell model is concerned with the same physi- 
vil system, only in another mathematical formulation, and it must 
wmnin linear over the field and possess the same singularities as the 
‘tical point is approached. In these relationships the proportional- 
ity factors must depend on the similarity parameter £. The simplest 
^aumption made in the similarity hypothesis consists in that this 
«lependence. is assumed to be exponential with exponents z and y: 


t= £t, H = LH. (81.14) 
‘Vombining (81.13) and (81.14), we obtain 
© (L£*t, LYH) = £t O(c, H). (81.15) 


tai us show now that from Eq. (81.15) it follows that all the critical 
miner are expressed in terms of z and y, and make sure, in parti- 
‘ular, that the Rushbrooke-Coopersmith and Griffith inequalities 
dvyonerate into equalities. Differentiating Eq. (81.15) with respect 
in II and using the fact that (0D/OH), = — M, we find 


LYM (£7, L'H) = £M (x, H). (81.16) 


Ju find the critical parameter B, we assume H = 0. Formula (81.16) 

vivlds M (v, 0) = Xv-4M (Z*«, 0). Since the parameter £ is ar- 

hirary within a wide range (1 «« £ «— rj/l), we can take £ = 
vox; then we find 


M (x, 0) = t4-/=M (4, 0) 


aml, consequently, in the relationship M (v, 0) CX t? the exponent 
| is equal to 


Bp = (d — yz. (81.17) 
Iniforontiating (81.16) with respect to H and assuming then H = 0, 
we lind the expression for susceptibility Xm = (@M/dH), |n-o: 


AX (L*t, 0) = £x (T, 0). 
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Choosing £ = c-!/* (x > 0), we obtain x4 (T, 0) = 1(477WY/ x. (1, tJ), 
while assuming £ = (— 1)-!/* (x < 0), the result is [see (76.0)I 
2y—d 


y=y= z . (81.14) 





Assuming in (81.16) t = 0, we find 
M (0, H)  £"*M (0, ZVH) 


and, taking £ = H-!/v, we obtain M (0, H) = HX-vYv M (0, 1), and, 
consequently, the exponent 6 is equal to 
E YT 
ô= dy (81.10 
Since the exponents P, y, y’ and ô are expressed in terms of two sim 


larity parameters z and y, they must be interrelated. It can be rel 
ily verified that for any d the relating formula has the form 


Y — p (6 — 1). (81.21 


This relationship is called the Widom equation. 
Using the formula 


Cy = T (0Sl0T), = —T (9*0/0T?), 


and assuming H = 0, we obtain from (81.15) £2°C,,(Z£*t, O) 
= £°C,, (x, 0), whence, taking £ = (2-1-!/*), we find for the expo 
nent a and @ the expression 


otg ai. (Sth 
rI 


It is readily seen from (81.17), (81.18), (81.19), (81.21) that in th 
theory of similarity Rushbrooke-Coopersmith and Griffith inequnli 
ties degenerate into equalities irrespective of the lattice dimension J 

We have investigated the physical content of the similarity h 
pothesis and some of its corrolaries considering by way of exam. 
a magnetic system. However, the most important characteristic ul 
the present-day development of this theory is its universality- !lw 
theory is applicable to a rather wide class of physical systems. In 
addition to fluid and magnetic systems, it is applicable to phim 
transitions in ferroelectric materials, ordering alloys, liquid hellium 
and superconductors. The common feature of all these systems is tln 
possible introduction of the local order parameter « (r). Such a juin 
meter can be the difference in the densities of a liquid and a vapom 
magnetization density and density of polarization in magnetic uud 
ferroelectric materials, the local value of the parameter NA, — V 
in alloys, etc. This parameter can be regarded as some classical lili 
an ordering field, similar to the sound or electromagnetic field, with 
this field fluctuating at any space point. 
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(lose to the critical point, when the correlation radius increases 
infinitely, the peculiarities in the behaviour of the intra-atomic forces. 
m the region with dimension £, small compared with re, become 
immaterial. On the other hand, the fact that the only essential, from 
ihe phenomenological viewpoint, parameler with the dimension of 
wngth re vanishes in the system becomes very important. So, for 
almilarity transformations r — Ar with a similarity parameter A 
Ihe strongly fluctuating physical quantities A, (r) must also change 
in n similar manner with some similarity parameter Aj, A;(r) > 
: A ^A, (r). In particular, the order parameter of ọ (r) must trans- 
leri obeying the same law. The parameters z and y introduced above 
mo particular cases of the parameters A;. The most important object 
wf the theory under consideration is the general calculation of the pa- 
smelters A; from microscopic equations. This problem is, however, 
Iar from being solved, and there exist only individual approxi- 
male methods for the solution of the problem (see [32], [34]). 


Problems 


1. Prove within the framework of the similarity hypothesis for 
a magnetic system the equalities y (ô + 1) = (2 — a) x 
x (6 —1) and (2—a—3)6—2-—a- y. 

2. The energy gap exponents A, for a magnetic material are 
determined by the formula 


(°@/0H"), ~ x7^n (9^1(D/0H"-!),. 


Show that in the theory based on the similarity hypothesis. 
the energy gap exponents A, are independent of n. 


Answer. A, = y/z. 

3. Introduce the exponent ¢ specified by the relationship S (M)OC 
e Mt+! (T = Ter, M — 0). Find the exponent 5 within 
the framework of the similarity hypothesis and prove the 
equality 

(2 — a’) + 1 = (1 — a’) ô. 


Answer. {= = 





PART THREE 


ELEMENTS OF KINETICS 
AND NON-EQUILIBRIUM 
THERMODYNAMICS 


So far we have considered equilibrium states and processes pro 
ceeding in macroscopic systems. This part of the book is devoted tu 
a considerably more complicated problem—the investigation ol 
non-equilibrium states and processes. The solution of this problem 
also permits two basically different approaches: the phenomenoloyir 
al and the microscopic. 

In the first case the problem consists in establishing the relations 
between macroscopic parameters without the use of atomic anl 
molecular representations in the implicit form. In distinction to 
thermodynamics of equilibrium processes, however, the main pari 
in non-equilibrium thermodynamics is played by the fluxes of differ 
ent thermodynamic quantities—mass, energy, momentum, enlro 
py, charge, etc., that are absent in equilibrium states. The establish 
ment of relations between the fluxes of different quantities aml 
between the coefficients pertinent in these ralationships is the mnin 
object of non-equilibrium thermodynamics. 

Along with this there also exists the second method of studying 
non-equilibrium processes, involving a further development ani 
generalization of the methods of statistical physics. This method. 
the kinetic one, is based on atomic and molecular representations ind 
it makes use of the description of a state with the aid of distribution 
functions introduced in statistical physics. In a non-equilibrium 
state the distribution functions by no means coincide with the equi 
librium distribution functions defined in statistical physics, and in 
the general case of non-equilibrium states they depend on time. In 
addition, the non-equilibrium distribution functions depend on vv 
ordinates even in the absence of applied fields, whereas in equill 
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lrium states the distribution is uniform in space in the absence of 
applied fields. 

The main objects of kinetics consists, firstly, in finding the equa- 
tions specifying the change of the distribution function in space and 
in time, and, secondly, in relating the micro- and macroscopic quan- 
(ities, namely, in relating the distribution functions with the fluxes 
of quantities. 

The problem of finding the distribution function for non-equili- 
lirlum states is more complicated than that of finding the distribu- 
(lon function in an equilibrium state. 

For equilibrium states there exists a universal solution of the 
problem, the Gibbs distribution, while in non-equilibrium states 
the individual features of any system and the variety of the external 
factors acting upon the system have so strong effect, that the attempts 
\o derive a universal formula for the distribution function proved 
fruitless. Moreover, even the kinetic equation describing the change 
uf the distribution function in time and space can be obtained only 
in some limit cases, by making some more or less serious assumptions. 

The range of concrete problems in kinetics and non-equilibrium 
(hermodynamics is rather wide. These problems include, firstly, the 
tlazation problems concerning the transition from a presel initial 
non-equilibrium state to equilibrium; secondly. problems concerning 
the behaviour of macroscopic systems in rapidly varying fields, 
the characteristic Lime of which is small compared with the relaxation 
times of system's parameters, so that there is no time for the ther- 
modynamic equilibrium to set in; thirdly, non-equilibrium, but 
«eady-state processes in the course of which the gradients of system's 
pırameters are maintained constant artificially by transferring heat, 
aubstance, charge, etc., to the boundaries of the sample. Processes of 
Ihis kind include, for instance, transport phcnomena—diflusion, 
liat. conduction, viscosity, electric conductivity. 

Until recently kinetics and  non-equilibrium thermodynamics 
were used to investigate mainly weakly non-equilibrium states. ln 
ihe last few years, however, rapid development has been found in the 
thermodynamics of living organisms— heavily non-equilibrium states 
m open systems, exchanging substance and energy with the sur- 
(mnündings, which is of paramount importance for biophysics. 

The kinetic approach to the study of non-equilibrium phenomena 
la more profound and it must substantiate the formal methods of 
w equilibrium thermodynamics. In the following sections, 82 
through 96, we shall consider the main methods of classical kinetics, 
n brief description of some methods of quantum kinetics will be given 
in Sec. 97, and the fundamentals of phenomenological non-equili- 
twium thermodynamics will be outlined in Chap X 


CHAPTER IX 
KINETICS 


82. The Smoluchowski Equation. 
The Principle of Detailed Balancing 


Let us consider a monoatomic gas in a non-equilibrium state, Å 
turning to the concept of the p-space (see Sec. 33), whose coordina! 
are three projections of the radius-vector r and three projections o! 
the vector of momentum p, the state of the gas is characterized «1 
the whole by the set of N representative points in a xix-dimensional 
p-space, moving along their phase trajectories. 

Let us introduce the representative point density, or the dis! 
bution function f (r, p, ¢), that in the general case of a non-equilil 
rium system depends both on coordinates and momenta, r and y 
and on the time t. 

The space density of particles n = n (r, t) is related with the 
distribution function f by the expression 


n (r, t) — ac p, t) d?p. (bh 


The particle density in the momentum space n (p, ¢) is analogo 
ly expressed by 


n (p, t) = È f (r, p, nar. wn 
The distribution function f (r, p, t) is normalized by the conditi» 
BELA? t) d?r d?p =N, (>? yy 


where N is the total number of gas particles. 

One of the most important objects of physical kinetics consists i» 
finding the distribution function f (r, p, t). The knowledge of th 
distribution function makes it possible to solve a wide class of piot 
lems associated with non-equilibrium states of a system. Theo 
problems include the calculation of kinetic coefficients for irai pit 
phenomena, such as heat conduction, diffusion, etc. 

Let, for instance, p be some additive physical quantity, e.g. 1I» 
molecular kinetic energy reduced to one molecule, the momentum «I 
the molecule. Then, the expressions 


— rade — jf(pilm) dtp 

{403 ! all a 

\ fap | fd%p 

represent the space density and the flux density for the mac» ss 
pic quantity w. 


(04 
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In classical kinetics the investigation method for non-equilibrium 
processes essentially depends on whether the gas under consideration 
i» "dense" or rarefied. Let us set a criterion permitting a moreexact 
ilentification of these notions. 

In Secs. 82 through 88 we shall limit ourselves to the consideration 
ul gases consisting of neutral particles. For such gases the molecular 
iwleraction forces decrease rapidly with increasing intermolecular 
scing, and there exists a sufficiently definite range of molecular 
interaction, denoted by ro. The quantity ry depends on temperature, 
hui for not very high temperatures this dependence is rather weak 
«tid rg can be assumed to be constant of the order 107? to 107? cm. 
In fact, ro must be defined as the distance between molecules at 
which the potential energy of molecular interaction becomes of the 
«une order of magnitude as their mean kinetic energy ~ T. The di- 
mvlion-averaged potential energy of the intramolecular attractive 
laces is inversely proportional to r$, therefore, rọ oc 7^. Until 
iw distance between two molecules is greater than rọ, molecular 
motion is due only to the action of an applied field (if such is pre- 
wni) and only at intermolecular distances smaller than r, the mole- 
wular interaction changes essentially the nature of their motion. 

let us assume the gas to be so rarefied that the mean free path 
! of n molecule is much larger than the range af action of intermolec- 
slur forces and, correspondingly, the mean free time t is much great- 
w than the molecular interaction time Tọ. Since the order of mag- 
nitude of the free path is 1/nr?, where n is the molecular density, 
the validity criterion for this approximation has the form 1/nri > 

ry Or n «n. 

In accordance with the estimate assumed, ry ^ 107? to 107? cm, 
whence n « (10?! to 1074) cm~. We can, then, introduce the concept 
uf molecular "collision" by which is meant the change in the motion 
nl cach molecule occurring during the time one of the molecules spends 
within the sphere of action of the other molecule. By virtue of the 
inequality t >> To, the process of collision can be assumed to bein- 


atuntauneous. Since molecular velocities are finite, the change in mo- 
luvnlar coordinates during the collision time, Az, = vjt,, can be 
Inken ns zero, but the change in the velocity projection or in the mo- 
t ulur momentum Av; = wet, and Ap; = F;v, has a finite value. 


We must assume that as ty — 0 the acceleration w; and the intermo- 
I ular force F, increase infinitely, so that the products w;t, and 
lı, tend to a finite limit. 

Ihus, in this approximation [Fig. 108 (a)) molecular collision is 
»vumpanied only by a discontinuity jump in the momentum of the 
two molecules. At the moment of collision the phase point represent- 
‘me n molecule in the p-space passes abruptly from one position into 
ihe other, due to the jumpwise change in momentum, and by virtue 
4 this the continuity equation for the distribution function in the 
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p-space becomes invalid in the assumed approximation. This means 
that in the p-space there exist sources and sinks of the distribution 
function, the intensity of which is determined by the molecular col 
lisions. The approximation described above will be examined in 
greater detail in Secs. 85 through 87. 

In the opposite limiting case of dense gases (nr? 1) [Fw 
108 (b) à x; rg, T x To. In this case, evidently, the concep 
of collision loses its meaning at all, since a molecule constan!lv 
finds itself in the range of action of neighbouring molecules. Ihis 
limiting case will be considered below. 

Since each particle interacts simultaneously with a very large num 
ber of adjacent particles, its effect on the distribution of the ollie 
particles is insignificant. For this reason the determination of th» 
distribution functions for a system of particles is reduced to the prol 
lem concerning the motion of a single particle in the field created hy 


© e) 
FIG. 108 


other particles. Due to the motion of the particles this field llic!" 
ates, and the motion of a selected particle is a stochastic randon 
process. For such random processes we can introduce the concept «f 
probability of the particle's passing from point z into the elementis 
volume dy around point y in time t. The symbols z and y are usal 
to denote points, the symbol dy—clementary volume in the u-spare 
Denoting by W (y, z | 1, t) the probability density of the transition 
from point x to point y in time t, we obtain for the probability of 
transition 

dw = W (y, z | x, t) dy, (52.0) 


where £ is the time when the representative point leaves z. 

It should be noted thal formula (82.5) already describes some lis 
pothesis on the course of the process. The fact is that in thegeneiril 
case the probability of transition from z to y can depend not onh 
on the arguments indicated in (82.5), but also on the prehistory ol 
the particle—coordinates and momenta in moments of lime pi 
ceding t. If only two successive events are correlated, such pum 
esses are referred to as Markov chains. In other words, in Maris 
processes the"possibility of transition from one point to the othoi i» 
independent of the prehistory of the process, i.e. the particle has nu 
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‘memory”. The Markov model describes with a good degree of ac- 
(urucy the kinetic processes in very dense gases. 

It us consider a successive transition of a particle from z to 
i through point z in time t — c, where t is the time of transition from 
|! lo 2, and t — from z to y. 

Since the processes of transition from z to z and from z to y are 
imlependent, the probability of transition from z into the interval 
Jy through an intermediate point accurate to dz can be expressed by 


W (y, z | v, to + t) W (z, z | t, to) dz dy. 


lo find W (y, z | t+ t, to), it is sufficient to integrate this prod- 
wt over all positions of the intermediate point z. As is seen from 
iy. 109, at any choice of the in- 
wemediate time ty + £ we exam- W 
iin all phase trajectories originat- 
uw nt point z at the moment 
af time t and running to y at 
tho moment of time t — £ 4-1 
We obtain for the function W the 
win linear integral equation 


W (y, z|t- 1, ty) 
= f dz W (y, z |T, 
la | A) W (z2, z |t, to), (82.6) 


: alled the Smoluchowski equation. 

I! should be emphasized that FIG. 109 
in deriving this equation we only 
«^l the definition of the probability of transition for a Markov proc- 
^ nnd the probability multiplication and summation theorems. 
in this connection the Smoluchowski equation is of a rather general 
wire and its field of application is very wide. 

let us introduce now an important physical law. called the prin- 
‘nly of detailed balancing. The laws determining the change in the 
"lh rostates of a system in time are either the laws of classical 
wochunies or the laws of quantum mechanics. For a closed system the 
aimer and the latter laws are symmetrical with respect to the change 
4 ihe sign of time, i.e. to the replacement of t by --t. 

In einssical mechanics the above statement follows from the fact 
‘hat the basic equation of classical mechanics, 





to to*t foelet 


dr, 
m, Ja =F,, 





'« uf (he second order with respect to Lime. For this reason when re- 
vining £ by —é the left-hand side of this equation is invariant, and 
lw aiyht-hand side does not contain ¢ explicitly at all. 
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In the quantum mechanics of spinless particles this follows from 
the fact that the replacement of t by —t converts Schródinger'a 
equation for the wave function : (gi, t) of a system, 


po = 
ih rm Bp, 
into the equation for a complex conjugate function: 
— ih ©“ = Hy 

at E 
(for a system of spinless particles the Hamiltonian o¥ is real). The 
complex conjugate wave function sp* (q;, t) describes the same state 
as tp (gj, t), but with a changed sign of the vector of the probability 
density flux j. On the other hand, when time ¢ is replaced by |. 
the initial and final states of the system change places. Therefore, 
the probabilities of a direct and reverse transitions z — y and y : 


—-r must be the same, and the function W (y, z | v, t) must be sym 
metric with respect to the first pair of arguments: 

W (y, z | t,t) =W (z, y |T, t). (82.7) 
"This assertion is called the principle of detailed balancing. 

This principle is derived in this form for a closed system of spin 
less particles; it also remains valid in the case when the system | 
in a time-independent applied field—all the preceding reasoninp 
also hold in this case. In the case of a system with particles havin 
spin moments, relationship (82.7) does not hold. The principle «I 
detailed balancing can, however, be shown to be true for all spin 
averaged initial and final state probabilities (see, for example 
[351, [36]). 

It should be noted finally that the name "principle of detailed 
balancing" is associated with the fact that equation (82.7) holds fw 
any pair of points z, y and that the dynamic equilibrium of the « 
cupation numbers is maintained by the direct z = y transitions nml 
not by the transitions of the z — y kind by means of intermeilint: 


NN Z 


Z 
states z. 


83. The Fokker-Planck Equation. 
Brownian Motion 


The Smoluchowski integral equation (82.6) derived in the pm 
ceding section can be transformed into a linear differential equal iu» 
following the method due to Pontryagin. 

We write down Eq. (82.6) in the form 


W (y,z|t +r, 0)= jde Wy, 2] 1, t)W(z,2/t, 0), (x! 


assuming tọ = 0. 
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let us introduce the function g (z). integrable in the p-space and 
atisfying the boundary conditions: the function g (z) and all its 
divivatives of any order vanish as | z | — oo: 


2 
g(z) +0, 3E 0, = —-0,....  — (833) 


Oz; 


We multiply Eq. (83.1) by g (y) dy and integrate it over all val- 
uen of y: 


| H (y, zit 7, O) g (y) dy 


=: | | W (y, ZIT, YW (z, z|t, 0) g(y)dydz. — (83.3) 


We expand g (y) on the right-hand side of the equation into a 
Flor series in (y; — 2;): 


, ô d ate 
K(y) = g (2) + 2x (—2;) 3 x 


(hy repeating indices is meant summation from | to 6). Substitut- 
un this expansion into the right-hand side of Eq. (83.3), we obtain 


| Wy, zl t, ey) dy 


[o+ xx Wt “t+ =e (y (— 2) (x — 29) + -.. | 
x W (y, zit, t) W (z, z|t, O) dydz. (83.4) 
lutegrating the first term on the right-hand side of Eq. (83.4) over 
y and accounting for the normalization condition \ W (y, z | v, t) dy= 
|, we can rewrite Eq. (83.4) to read 








(Yi — 30 (Yr — Zr) +. 


UZj Uz); 


| uU) W (y, z|t+t, 9 z|t, 0) dy 
me D E W (z, z|t, 0) dz 
-4f X (z, t) X owe. z|40)dz—...—0, (83.5) 


tere the following notations are introduced: 
af? (z, Ue cae st, t) dy, 


oR 2, p=- | (i20 (& — 29 WKY, zl, t) dy, 


Ihe six-dimensional vector a$"(z, t) is the mean velocity of a rep- 
 nintive point in the p-space during time qt at point z and at the 


ory 
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instant of time t. The six-dimensional tensor ^, (z. t} is the function 
of the correlation between the ith and kth projections of the die 
placement of a representative point during lime t, reduced to unu 
time, and the spur of this tensor gives the mean square of the ‘|: 
placement of the representative point during time t reduced to uu 
time: 


1 re 
D = j (yı— z)* W (y, z|T, t) dy. 


It is clear that the higher-order expansion coefficients in (83 
represent the correlations and the mean degrees of displacement Ñl 
the representative point of a higher order. It will be assumed below 
that for small values of 1 the higher-order terms of the expansion :1; 
small compared with the first two, and they will be ignored, ~in 
for small t the probability of large displacements (yj — zi) is small 
and the higher the power n of the difference (y, — z;) in the int: 
grand, the smaller the corresponding correlation coefficient. 

Let us pass now in Eq. (83.5) to the limit as t — 0 and deut 


a; (z, t) = lim aS (z, t), by (2, t) = lim b$ (z, t). 
The second and third terms will, then, be Vaudforgid as follows 
fa (z, t) W (z, z|t, 0-2 
=| {$ ii t) W (z, z|t, 0) g (2)] 
nic Z [W (2, z|t, 0) a, (z, i} dz, (8. 





ri t) W (z, zit, 0) --— i e dz 
za) (a [on 6 t) W (z, z|t, 0) 2- x 


ie i bu (2, t) W (z, alt, 0) | 


Oty, 

+g C) zo [bin (2. 0 W (2, aft, 0)] 1} dz. (83.4) 
The first term on the Ne side of Eq. (83.6) and the firs! i» 
terms in (83.7) can he transformed by means of the Gauss thee. 
into an integral over an inlinilely remote boundary surface. th 
they will vanish, due to the boundary conditions (83.2). Denet 


in the remaining terms the integration variable by y, we obin 
from Eq. (83.5) 


j| euo (ee "2 z|t, 0) a, (y, 2)] 
Sor yi A [W (y, zt, 0) ba (y, 21) dy 


Ch. IX. Kinetics 451 


whence, due to the arbitrariness of function g (y), at any finite y 
w have the peo 


Ms tO a IW, Ji 0) a, (y. t) 


~ Tam A. 3A [W (y, z|t, 0) bi, (y, t)) 0. (83.8) 


Kquation (83.8) is called the Fokker-Planck or the monomolecu- 
lar kinetic equation. This name reflects the fact that the problem on 
lin collective motion of system's particles was reduced to the prob- 
hii about wandering of one particle with an averaging over the ar- 
wngement of the remaining particles. 

Let us find the relation between the transition probability density 
H (y, z|v, f), and the distribution function f (r, p, t) = f (z, t). 
lel ut £ = Q the distribution function at point z in the p-space be 
«ual to f (z, 0). The change in the number of particles in volume 
h in time £, i.e. the difference between the number of particles 
leaving the volume dz and the number of particles entering volume 
^ in the same time, is expressed by 


il cr, t) — f (z, 0)] dz 


— dz | IW (z, zit, 0) f(z, 0) — W (z, alt, 0) f (z, 0) dz. 


'aneelling out dr and allowing for the normalization condition 
| (2, 2 | ¢,0) = 1, we obtain the equation 


f (z, t) = Í W (z, z | t, 0) f (z, 0) dz, (83.9) 


towing that the multiplication by W (z, z | t, 0) and integration 
ww 2 is equivalent to a simultaneous displacement in the p-space 
‘hough vector (z — z) and in time through segment t. 
Multiplying Eq. (83.8) by f (z, 0) and integrating over z, we obtain 
he Fokker- ads equation for p pod function f (y, t): 


un S wp A [/ (y. t) ai(y. t))— E CAIN s Uf (y, t) bi (y, 0) — 0. 


iis nbove equation can be presented in the form of the continuity 
yuation in the p-space: 


of Sik ne 
"er Dyr 0, 


Wiw the components of the six-dimensional flux density vector are 


imas (U, 0 f (s D — 3 r lb Qs HAY, 21. (83.10) 


this mathematical statement of the Fokker-Planck equation 
youn the way to some generalizations The symbols z, y, ... will 
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be used to denote points not in the p-space but in a three-dimension 
al space. The reasonings leading us to the Fokker-Planck equalion 
are also valid in this case, and we shall obtain Eq. (83.9) with a 
flux density expressed by (83.10), but in a three-dimensional spare 
Vector a, represents, then, the ordinary particle's velocity v, and 
tensor b,, the function of the correlation between the displacement» 
of the particle in the directions of the coordinate axes. 

Let us consider a gas in the absence of an applied field. In this 
case, due to the homogeneity of time and space the transition probna 
bility density can depend only on the distance between the poini» 
and is independent of time: 


Wy, z|t, t) = W( ly—z |, T). 
Therefore for a, (y, t), bj, (y, t) we have 
- 4 
a (y, )=lim > | W ly— zl. t) Wiz) dz 
:2 1 
= iim = | W (|z|, 13) zu dz 
by virtue of the fact that the integrand is odd and 
: 1 
bin (y, t) cum = f W (|y —z|. T) (yu — zi) (Yr — Ta) dz = 5645. 


where 
b= lim + ( W (|z|, 1) zi dz — const. 


1.0 T 


The Fokker-Planck equation then acquires the form 
of. 1 
aV 
and accurate to the notation it coincides with the diffusion equal: 
of — 2 
TEE DV?f. 
From this we have the Einstein relation for the coefficient ^ .. 
the diffusion coefficient D: 
b = 2D. 
By the symbol z will now be meant the coordinate not ol n 
molecule but of a Brownian particle suspended in a gas or liq 


It is readily seen that the Fokker-Planck equation describes apy 
imately the wandering of a particle in this case as well. Then, ©» 


the formula for the coefficient b§?, which is valid for the th: : 


Ch. IX. Kinetics 493 


mensional case, we obtain the expression, 
Az? = 3bt = 6Drt, 


according to which the mean square displacement of the Brownian 
particle is proportional to time. 

When Brownian particles are placed in an applied field, the first 
terin in the expression for flux, (83.10), also differs from zero. Ignor- 
ing the dependence of the coefficient b on the coordinates, which is 
‘yorously valid for homogeneous fields and approximately true for 
inhomogeneous fields on small segments, we obtain for the flux j the 
na pression 


j-af — 5-bvf. 


In un equilibrium state particle's distribution is described by Boltz- 
maun’s formula 


f= foe 2% y, 2)T 
«nd the flux j is equal to zero, and, consequently, we have 


I fo (a+ > EC Y.) g^ Me vs nIT 


= (a=) g MO v m _ gy 


bF DF 
a= op =p ae, 
aleve q = D/T is mobility, 
F = — VU is force. 

We have received the Stokes law for the resistance offered by a 
slecous liquid to the motion of a particle, according to which this 
sistance is proportional to velocity to the first power. For spherical 
(articles [37] we have 


q = 1/6xyr 


store 1 = dynamic viscosity, 
= radius of the particle. 
Ile formula for the mean square of displacement reduces to 


Az? -kTinwr. 
thin formula was used at one time to measure the constant k and 


the Avogadro number N, = R/k, and it confirmed the existence of 
nou, 
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Problem 


Derive the Fokker-Planck equation for a three-dimension:| 
density of Brownian particles f (r, ¢), assuming that'the Brows 
ian particles are acted upon by a friction force proportio! 
to velocity, —yv, and that the density of the friction force on 
external force is balanced at each point by the pressure gradien! 
—f (yv + V U) = VP = v (IT). 


Answer. 2E 4 + v (fF) — E v? (fT) — 0. 


84. Kinetic Balance Equation. 
Einstein's Derivation of Planck's Formula 


Let us return to the equation relating the function f (z, t) will! 
the transition probability density W (y, z | v. t). 

We expand the transition probability density W (y, z | v. 1 
for small t into a power series in t. Limiting ourselves to the li: ! 
terms of the expansion, we obtain 


W (y, z |q, t) = D(y, z, t) + qP (y, x, t), (84.1) 


where P (y, z, t) is the probability of transition from point z |: 
point y at the instant of time ¢ per unit time, and QD (y, z, t) represent 
the probability of "instantaneous" transition from z to y. 

Since in a zero time interval the particle cannot leave poin! : 
the zero-power term in t can be presented in the form 


® (y, z, t) = A (y, £) ô (y — 2). (84. 
From the normalization condition 
f W (y, z | v t) dy =1 (84. . 


we find, using Eq. (84.1), that 
A (z, t) = 1— 3| P (y, z, t) dy. (B4. 


Using Eq.(84.4), we find the expression for the transition probabili 
ty density 


W (yz iT, t) = {1—1 \ P (e, y, t) dz } 8 w — a) 
+ TP (y, z, t). (84.0) 
Let us rewrite the previously derived relation (83.9) to read 


fi, t-g- f W U, z |T, 8) f (z, nas. 
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Mubstituting Eq. (84.5) into the above expression and passing to the 
limit t — 0, we obtain upon simple computations the following 
equation: 


HEt = (P(x, z, t)f(2, )—P(z. r, t) f(z, t)dz — (840) 


‘The left-hand side of Eq. (84 6) represents the change in the particle 
density at point z at the instant of time / per unit time. This change 
is due to the arrival of particles to point z from all other points z 
(the first term on the right-hand side) and the departure of particles 
from point z (the second term). For this reason Eq. (84.6) is referred 
to as the kinetic balance equation. 

In this equation we can pass from the classical description of 
uates in the p-space to the quantum-mechanical discrete states. We 
must, then, replace the distribution function f (zr. t) by the number 
wf particles in the ith state, JV; (t). and the probability P (z. z. t) 
uf transition per unit time from point z lo point z by the probabili- 
ties Pig of transition from the kth to the ith state. Equation (84.6) 
nequires, then, the form 





“Tt = D au. — Paid’). (84.7) 
hii 


If the system is closed. then the principle of detailed balancing is 
valid, which for the probabilities of transition per unit time can 
iw presented in the form 


P (x, y, t) = P (y, z, t), (84.8) 


ar 
Py (t) = Pri (t). (84.9) 


Ax has been already mentioned above, for particles with spin by 
l' (r. y, t) or Pip (t) are to be meant the probabilities averaged over 
ile spins of the initial and final states. 

I! should be noted that in the general case the probabilities of 
hansition P (z, z, t) or Pj, (t) are functions of the occupation num- 
luvs f (x, t) or N, (t). Therefore Eqs. (84.6), (84.7) only seem to be 
“imple; actually in the general case they are non-linear integro- 
lfferential equations, an approximate solution of which is possible 
«only in the simplest cases with more or less serious assumptions. 

Let us consider by way of a simple example an ideal gas consisting 
ul atoms with two nondegenerate energy levels e; and e,. We as- 
aumo the gas to bein contact with a tliermostat whose action on the gas 
iuluces the transitions of atoms from one slate to another. Due to 
the fnct that the transitions are provoked not by atomic collisions 
Iit by an external action, the transition probabilities P,, and P,, 
will be assumed independent of the occupation ‘numbers and of 
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time. It should be noted that since the gas is an open system, the prin 
ciple of detailed balancing is invalid, i.e. P,, 4 P4. 
The kinetic balance equations have the form 


SY LPQN,—PQN, SEP = Py Ni — PN (84.10 


We look for the solution of the system in the form N; = C ,e™; then 
(a+ P4) C1 — PC, 50, —PoCy+ (a+ Py2)C,=0. (84.10 


The condition of the existence of a non-trivial solution of this sys 
tem is the equality to zero of the determinant 


a [a +- Pi + P,,)=9, 


whence we have two roots 
a,=0, a= — Py— Py. (84.17) 
The first solution gives the equilibrium state 


NP=Cy NPTOG-C RB, 


and by virtue of the condition N, + N, = N, we have 


eth Prot Pa ! * Prot Pay g 


The second solution yields the exponentially decreasing deviations 
from the stationary state: 


NP = pne lPrtPL 
and, consequently, the general solution describes a relaxation procom 
of approach to steady-state conditions: 


N Pis 
Piat Pa 
where n is determined by the initial conditions (n = N, — N\"' 
— N" — N, at 1—0), and the relaxation time t = =———. |! 


(Piat Pa)” 
should be noted that P,,/P,, = N,U/N?". 
If the gas is not degenerate, then, using the Maxwell-Boltzmann 
distribution, we find 


Nw uw NPr NO op Pn 
1 


NP 


ion 2 Pat Pa 


+ne-t, N — ne-i, — (84.14 


Pu 
Pa 
If e; < e, and (e, — ej)/T >> 1, then Pa < Py, and t = 1/l*,, 


Let us consider now a more complicated case of a system of atome 
in equilibrium with electromagnetic radiation. This problem ww 


= e(€2—-81)/T, 
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treated by A. Einstein in 1916, and he produced a kinetic proof of 
l'lanck's formula for the energy of luminous radiation. 

Lel us consider atoms in states wilh energies e; and e, (we do not 
limit ourselves any longer to the case of a two-level system) and, in 
accordance with the principle of detailed balancing, equate the num- 
ler of transitions per unit time i — k and k — i. We shall assume 
tı 2» €4, SO that the transitions i — k occur with radiation of ener- 
uy Ff, — En, and the transitions k — i with the absorption of the 
^ne. amount of energy. 

he number of transitions with energy absorption is proportional 
ii p (v. T), which is the density of radiant energy with frequency 
| corresponding to the transition i € k and to the number of atoms 
m the Ath state, V,. Denoting the proportionality factor by Bpi, 
wt obtain for Lhe number of k — i transitions, n4,, the expression 


Rki = Bpi N ap (v, T). (84.14) 


The reverse transitions i — k, i.e. the transitions with radiation, 
‘ai occur spontaneously (spontaneous radiation) The number of 
«ih transitions is proportional to the number of atoms with 
raPrEy Bj: 


nik = AuNi, (84.15) 


were A, is the coefficient of spontaneous radiation. 

l'he hypothesis introduced by Einstein consists in that, in addi- 
n to processes of spontaneous radiation, there exist radiation 
processes induced by the already existing radiation with frequency 
| For these induced transitions the radiation with frequency v 
plays the part of a trigger mechanism, and such processes do not 
(til when the density of radiation with frequency v is equal to zero. 
I1 ix clear that the number of induced transitions ni? is proportion- 
al to the density of radiation p (v) and to the number of atoms with 
energy. Ej. 


nin = Bap (Y) Nis (84.16) 


shere Bi, is the coefficient of induced radiation. In a steady state 
we have 


Nay = nik + nA, (84.17) 


BriNap (Y, T) = AnNi t+ Ba Nip (Y, T). (84.18) 


Iu equilibrium the numbers N; and N, must satisfy the Maxwell- 
Nultzmann distribution, since the gas of atoms is nondegenerate at. 
uny temperatures practically attainable (see Sec. 37): 


Ne Lo th Qe YT 
m : (84.19) 
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From Eq. (84.19) we find 


p(y, T)= Aix — — Aine! Brier (34.20) 
Bri ah Bin dent T Du 
i high 


For expression (84.20) to increase infinitely as 7 — oo, we mu! 
assume that the principle of detailed balancing, Birgi = Brin. i* 
valid for the induced radiation and absorption with frequency v. 
Then we have 
Aih! Bin 
e (v. T)= ei eat _ T 

According to the Wien thermodynamic law (Sec. 17), the function 
p (v, T) must have the form v?f (v/T), by virtue of which we must is 
sume that 

8; — £y = hv, Air! Bin = AV; 
then 

Av? 


piv =a: 


(85.21) 
The constant A in (84.21) can be found, for instance. by the limil 
transition Av/7 « 1 and comparing the result with the Rayleigh 


8nT o 


Jeans equation (Sec. 17). p (v, T) =a. Now we find A 


= Sahi. and formula (84.21) becomes identical with Planck’s ra 
dialion formula given in Sec. 17 

The reader’s attention should be drawn to the essential role played 
by induced radiation in the theory of quantum radiation amplilion 
and oscillators. Let us assume that a monochromatic or almost mo 
nochromatic beam of light with frequency v = (e; — e,)/k gets intu 
a medium containing atoms with energy levels e;. This radiation 
will be partly absorbed by the atoms occupying the level e,, with tl 
absorbed energy 7, being proportional to the number of transit ium 
d and energy hv = €; — e,. According to formula (84.14). we 
ave 


I, = ny, hv = By Np (v, T) hv. 


On the other hand, atoms in (he state with energy e; emit waym 
with frequency v both spontaneously and on compulsion. 

Spontaneous radialion differs from incident, however, in tlie di 
rection of propagation and polarization. For this reason when com 
posing the energy balance for coherent and incident waves, only in 
duced radiation should be taken into account. According to hy 
(84.16). induced radiant energy is equal to 


IQ Bip (v, T) Nhy. 
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'l'he difference between the emitted and absorbed energy is 
f= I. me I; =p (v. T) (BN, = By, Nx) hv. 


It is seen from the above formula that the surroundings can serve 
as a radiation amplifier, or possess negative absorption. if Bi Ni — 

B,iN, 790. i.e. if the population inversion is created 

EIE TR 

NA Bin kk 
lv. the number of atoms with energy e,. calculated for one state 
n, = Njlg,, is greater than the same number n, = N4/g, for the 
lower level e,. 

As was shown in Sec. 67, such inversion can formally be described 
as n slate with negative temperature T < 0. This state must 
be created and maintained by means of a continuousor pulsed "pump- 
Ing" of particles to the upper level. The methods of effecting such 
pimping will not be treated here. The described effect forms the 
oundation of quantum amplifiers and oscillators of electromagnetic 
waves, lasers and masers. 


Problem 


Solve the kinetic balance equation (84.7) for a radioactive fami- 
ly of n elements, assuming that only the probabilities P; ; +1 = 
= À; (A, = 0, 4, 2-0) differ from zero. The initial conditions 
are VN, = N,N; —0(i >1) att = 0. 


Mb. The Boltzmann Kinetic Equation 


Let us turn to the study of rarefied gases, assuming in this section 
jmrticle’s coordinates z,. Z3. za and velocity projections Vi., Ve. vs 
\u be the arguments of the distribution function and not momentum 
‘ordinates and projections. The kinetic equation to be derived here 
acquires, then, a more convenient form. The coordinates of the 
ji space will respectively be the quantities z,, v, (i = 1, 2, 3). The 
representative points are distributed over the p-space with a density 


f (r, v, t) = f (21s Lay zs, Vay Voy V3). 


‘The motion of the representative points along the phase trajecto- 
iii» can be regarded formally as the flow of some fluid. If no colli- 
sitis between particles existed, the change in the density of repre- 
umtalive points would be described by the continuity equation for 
a aix-dimensional space: 


tt Vil — 0. (85.1) 
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The components of the current density vector in the p-space are 
equal to fv, and fw, (i = 1, 2, 3), where w,;= dv;/dt are the projec- 
tions of particle's acceleration. The more detailed form of Eq. 
(85.1) is 


à ð 
Ste o +E uy) = 0. (85.2) 


In the second and third terms the factors v, and w, can be taken out 
of the derivative sign, since according to the Hamilton equations 


93€ D id 
Oz, " mV, = QU. 








mw, = — 


we have 
QUA Ow, — 
Or, Wm avn, =o 








The projections w, differ from zero only if the gas is placed in in 
applied field. 

As has been already stated in Sec. 82, intermolecular collisions 
lead to a jumpwise change in the velocity projections at constant 
coordinates and, consequently, to a jumpwise displacement of (lw 
representative points in the p-space. In this approximation the rep 
resentalive points "vanish" in some parts of the p-space and ire 
“born” in other parts without inlersecting the boundaries of the vol 
ume separated in the j-space. This means that the “instantaneous” 
collision approximation makes us to introduce on the right-hand side 
of the continuity equation sources and sinks for molecules with 4 
given velocity at the given space point. Equation (85.2), therefore. 
is replaced by the equation 


0f . à à Por 
Eu. 2 +w, -FL =J = deor — Maini (85.1) 


where J is called the collision integral, and the quantities qo, aut 
sink represent the strength of the sources and sinks, i.e. the numb 
of molecules with velocity v at point r, appearing or vanishing pe! 
unit time in unit volume and reduced to unit velocity interval 
In this case the gas will be assumed to be sufficiently rarified and 
only binary collisions will be taken into account, ignoring the pos 
sibility of simultaneous drawing together for complexes consi=tiny 
of three, four, etc. molecules. Let us find ggour and qii. 

Let us consider the collisions of molecules, the velocity of one ol 
which lies within the interval v, v + dv, and of the other within thr 
interval v', v' + dv’. Upon collision these molecules acquire tlw 
velocities falling within the ranges v, v + dv and v’, v’ + dv! re 
pectively. The number of such collisions per unit time in unit vol 
ume is proportional to the number of colliding molecules with velou 
ties within the intervals (v, v + dv), (v', v+ dv')and velocity ran 
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ues of dv and d?v' after collision. This number can be represented 
in the form 


P (v, v'|v, v) ff’ de div’ dv div", (85.4) 
where for the sake of brevity we denote f f(r, v, £), f — f (r, v’, t), 
P (v.v | v, v) —the probability density of collision v, v' + v, v 
depending on the velocities of the colliding molecules before and after 
vullision. The total number of collisions experienced by molecules 
with velocities falling within (v, v +.dv) per unit timeinunil vol- 
umne is found by integrating over all values of v‘, v, v’. Due to the 
smallness of the interval dv, this expression represents simulta- 
neously the decrease in the number of molecules of this kind. 
Thus the strength of the sinks pertinent in Eq. (85.3) is equal to 


fasc M) f P (S, why, v) ff de dE. (85.5) 


Alongside with the processes v. v' — v, v'. leading to a decrease 
in (he number of molecules with velocities v, the reverse processes 
take place in the gas, v, v’ — v, v', leading to an increase in the 
number of molecules with velocity v. These processes create sources 
«f a strength 


dw = V È P. v']v, VFF a! dod, (85.6) 


where P (v, v’ | v, v') is the transition probability density for 
vv — v, v’; f= f (r.v,t f —f(r. v’. t). It should be empha- 
"ized once morethat the first argument r of the distribution function 
In the same in the expressions for f, f', f, /', since in the instantaneous 
rollision approximation the coordinates are assumed to be invariable 
during impact, and the difference in the position of the centres of 
relliding molecules is ignored. 
‘Thus, we obtain for the collision integral 


J  Qsour— Yeink = n (P (v. v'|v, v)f F 
— P (v, v'|v, v^) ff dv d3v d*v'. — (85.7) 
It should be noted that the assumption about the number of colli- 
^uis being proportional to the product //', or FF, is based on the as- 
»implion that there is no correlation between molecular velocities 
ad it is actually not completely true. In a more rigorous theory the 
product ff’ of ff’ must be replaced by the so-called pair (or two-body) 
distribution function (see the next section). 
Lot us stipulate some important properties of the function P. 


We assume that the principle of detailed balancing is valid, meaning 
Irom the quantum-mechanical viewpoint that either we consider a 
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gas of spinless particles, or perform the averaging over the spins id 
the initial and final states. From the viewpoint of classical mechan 
ics this involves an assumption about the spherical symmetry ol 
gas particles. Even Boltzmann himself indicated that the principle 
of detailed balancing was not true for particles of non-sphierical form 
It can readily be seen that, if only one of the colliding particle- i 
not spherical, then a collision with inversion velocities before the 
impact does not lead in the general case to velocity inversion altes 
the collision. 

The principle of detailed balancing is valid with the restriction 
indicated in the Boltzmann limiting case even in the presence of « 
time-dependent applied field, since in a "spontaneous" collision ap 
proximation the force of interaction during collision must be « 
sumed to be infinitely large, F —oo, compared with which the action 
exerted by the applied field being negligibly small. Thus, the fune 
tion P is taken to be symmetrical with respect to the permutation 
of the initial and final state arguments 


P (v, v'|v, v')2P(v, v'[v, v), (85.5) 
by virtue of which Eq. (85.3) can be reduced to 
of , ô à 
AL ger (vi) go fu) 
m MEI viiv, v) Gf — ff) dv’ dv dv’, (86 


Equation (85.9) is called the Boltzmann transport equation. 
Further, from the very determination of the function P follow 
its symmetry in the arguments of the first pair, v and v’, and in Ihe 


arguments of the second pair, v and v’, separately: 


P (v', viv, v') 2P(v, v'|v, v) 


MINER ZU Cis (85.10 
P (v, v']v', v) 2P(v, v'|v, v’). 
As can be seen from (85.9), Boltzmann's equation is a complica: 
non-linear integro-differential equation, an approximate soluti. 
of which is possible only in some particular cases. However, as xoll 
be shown in the following sections, the Boltzmann equation permi! 
us to obtain a number of important corollaries of a rather general i. 
ture. Limiting ourselves to the consideration of only elastic coll 
sions and assuming the molecular masses to be the same, let us wii!) 
down the laws of conservation of momenta and energy during ©! 
lision in the form 


vuv — VV. gh (P) — ve (y. (85.11. 
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These equations show the function P (v/v' | v, v') to contain Di- 
rac's singular multipliers 
M, + v; — V, — v;) 6 (v, + v — 05 — v;) Ô (v + v4 — v3— v) 
—6(v--v'—v— Y) 
and 
6 (v? -- v'2 — v? — v'?), (85.12): 


ensuring the fulfilment of the conservation laws (85.41) during col- 
linion. The collision integral can, therefore, be expressed by the for- 
mula 


Jus f j \ Il (v, v'|v, v)G7 —/f)6(v + v'— v— v) 
x 6 (v2-+ v'2 — v? — v'?) d*v' d*U dsv/, — (85.13) 
where II (v, v^ | v. v’) is the non-singular multiplier in P[(v, v’ lv, v’). 
It is obvious that H (v, v' | v, v^) possesses the same symmetry 
properties (85.8) and (85.10) as P (v, v' | v, v^): 
IL(v, v'|v, v) 2 v, v'|v, v^). 
IL (v', viv, v) 2Il (v, v'|v, v^), (85.14) 
I (v, v'|v', v)-Il(v, v'|v, v). 
lli» presence of four 6-functions in formula'(85.13) allows an import- 
aul transformation of the collision integral; four integrations can 
lw performed, reducing, thereby. the nine-fold multiple integral 
(8,13) to a five-fold one. 
Let us denote by q the relative velocity of particles before col- 
linlon: 
q—v — v. (85.15) 
Formula (85.11) yields v — v = v’ — v'. Introducing the notation 
+ v — a8 for particles’ velocities after collision, we obtain 


v—v-ra, vi =v'—a. (85.16) 
Nulatituting formula (85.16) into (85.11), we get 
g^ = qa. (85.17) 


lat us present a in the form ea, where e is a unit vector parallel to 


+ v. Then, for the modulus of a we obtain from (85.17) a = (qe), 
whence a = (gqe)e and the velocity of particles after collision can 
Mnally be expressed by 


V= v + (qe)je, V = v' — (geje (85.18) 
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Since expressions (85.18) satisfy the laws of conservation of momen 
tum and energy, their substitution into the collision integral cou 
verts into zero the arguments of all 6-functions. 

The collision integral can be simplified in the following manner. 


Let us integrate the right-hand side of (85.13) over ` v’, making use uf 


the fact that the integrand contains ô (v + v’ — v — v). We ob- 
tain, then, the integral 


J= " D (v, v'|v, v') Gf. — ff) 8 (v? v2 — v2 —v'2) div’ div, 


where vin integrand must be expressed in terms of v, v'; v, i. 
v! = v + v' — v. To carry out one more integration using the [acl 
that there is one more 6-function in the integrand, let us pass from 


the variable v to the variable vector Re, by the formula 
v= Vv + Re (v, e). (85.11) 


It should be noted, comparing (85.19) with (85.18), that actually in 
the space of vectors Re only the sphere R = 1 contribute to the in 
tegral due to the presence of the 6-function. In fact, substituting 


the values of v and v' from formula (85.19), we find for the argumen 
of the 6-function the expression 
v? + v'2 — v? — v? = v? + v'? — [v + Re (qe — (v' — Re (qe)? 
= 2R (qe)? (1— 1t). 
The collision integral acquires now the form 
= J me, viv. F) 6122 (ge)? (— 1 G7 — ff^) 
ô * , A Si 
x Aln eo) R2dRdQdsv', (85.2 


where dO = sin 0 d0 dy is the element of the solid angle for vector 
e. We could calculate the Jacobian in (85.20) in a simple way, 
however, as it will be shown below, there is no need in it. Lei us 
integrate over R in Eq. (85.20), using formula (VIII.9): 


| F(R) 61e (A) 4R = 2 I. 


where A, are simple roots of equation q (Hj) = 0 in the integra 
tion region. The collision integral is expressed by the formula 
J= S) E (v, v, 0) GP — ff) dv dQ, (85.21) 
J 


where È (v, v', e) = = (v, v', 0, q) denotes the product of the qunm 
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tity Tl (v. v’ | v, v') and of all factors appearing when integrating 
over R, including the Jacobian ô (vi, v,, v)/ó (R,0,q). It should 
he recalled once more that in all the factors of the integrand 
v und v’ must be expressed in term of v, v' and e in accordance with 
formulae (85.18). 

It follows from the collision theory that the multiplier = (v, v’, e)dQ 
is related with the differential scattering cross section do (q, e), 
depending, as is known [6], on the interaction potential, relative 
velocity g and vector e, i.e. on the scattering angle. This relation is 
expressed by the formula 


x (v, v’, e)dQ = q do (q, e). (85.22) 


The determination of the effective cross section is a problem of the 
theory of collision based on the laws of either classical or quantum 
mechanics. To solve the problem, a concrete particle interaction law 
must be given. Therefore no explicit universal form of the functions 
Il and È can be given. It is precisely because of this that we gave up 
enlculation of the Jacobian in formula (85.20). Many problems in ki- 
netics can, however, be examined without knowing the explicit 
form of È (v, v', e). Thus, alongside with Boltzmann's transport 
mjuation (85.9), which is more convenient in deriving theorems of a 
“eral nature, we have another mathematical description, follow- 
mg from the expression for the collision integral (85.21): 


Irem |) OPH) gdo lg, e) div. (85.23) 





Problems 


1. Write the explicit form of Boltzmann's equation (85.23) 
for a gas of hard spheres with radius Rọ. 

2. Show that for molecules interacting according to the law 
14 = a/r* (Maxwellian molecules) the product g do is inde- 
pendent of q. 

R$ 


Answer. do =—~ dQ = A sin 0 dð dq. 


Mit. The Bogoliubov Equations 


The derivation of Boltzmann's equation outlined in Sec. 85, 
the idea of which belongs to Boltzmann himself, cannot be assumed 
tu be rigorous. In fact, the presentation of this equation as the con- 
linuity equation in the p-space with sources (collision integral) on 
Wie right-hand side presumes, firstly, that the time variation of the 
dialribution function f (r, v, t) is additive with respect to two pro- 
«wes that are of different origin. The terms v,0f/0z; and w,0f/ov, 


a 0799 
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on the left-hand side of Eq. (85.9) or (85.2) characterize the fluxo» 
of gas originating due to the existence of a pressure gradient and ul 
applied fields, whereas theright-hand sides appear due to the allow 
ance for. molecular collisions. Thus, it is assumed that the fluxes 
and collisions do not effect on each other. Secondly, the values of tli 
functions f, f', f, f in the collision integral are taken at the samu 
point of space r, whereas, with the account taken of the finite mole 
ular dimensions, different coordinates must be chosen in functions 
f, f and f, f'. 

Further, as was already mentioned, the classical derivation ul 
Boltzmann's equation presumes the absence of correlation between 
molecular velocities. Finally, which is most essential, Boltzmann's 
equation accounts only for binary molecular collisions, and no mora 
or less clear recipe exists that would account for the collisions uf 
groups consisting of three, four and more molecules. It is meanwhile 
clear that an allowance for such processes is essential for denan 
gases. 

In a binary collision approximation the mean free path is in 
versely proportional to gas density: 


Ay = 1l/on = o/o 


where 3 is the effective cross section of binary collisions. 

As is known, this leads to that the transport coefficients x (thermal 
conductivity) and « (viscosity) are independent of density m ani, 
consequently, of pressure. Allowing for many-particle collisions, 
the expression for A must be of the form 

1 A B 
= on+an?+pne+... ~ o[ 4 kao Tue : +]. 
where the coefficients a, A and B. B appear due to the account ul 
triple and quadraple collisions respectively, etc. As a result ther 
must appear for the mean free path and for the transport coefficient 
the virial expansions of the type appearing in statistical physics lu 
the equation of state of a non-ideal gas (see Sec. 58). 

In connection with the foregoing a more strict approach is «4 
pedient to the problem concerning the derivation of the transpot 
equation and to its possible generalizations. This can be accum 
plished with the aid of the very general and rigorous method due tu 
N.N. Bogoliubov [38], [39], which will outlined briefly below 

Let us consider a system of N identical particles, the stale «J 
which will be given in classical mechanics with the aid of 2N vectors 
r;, Vi. For the sake of brevity the totality of r; and v; will be denoted 
by the symbol z;, and the product d?r;d?v; by the symbol dz;. Wo 
introduce the distribution function FP (z,, ..., zy, t) in the I'-spaee 
assuming that the coordinates of the 6N-dimensional [-space me 
the velocity coordinates and projections for all particles. The « 
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pression 
F (ti, Zo, ics Zn, dz, dz, ... dry 


in the probability of finding a T-space representative point in volume 
dr, dz, ... dzy, and that the function FY’ is normalized to unity: 


| FO (zooms .-., Iy, Ddz dr, ... dry = 1. (86.1) 


I! will be assumed below that applied fields are absent and that par- 
‘icles interact with an interaction potential ?/ (rjj) = mu (rin), the 
woperties of which have been discussed in Sec. 65. To eliminate 
wundary effects, a thermodynamic limit will be considered when 
*— œ, V— oo, and o = V/N remains finite. 

l'urther reasonings are based on the Liouville equation derived in 
Swe. 60 and presented here in the form 


(N) 
V T LUFT - 0, (86.2) 





where the operator ÂU’, called Liouville's operator, is determined by 
the formula 


ð : 
eos tay x AT got 23 wiago — (86.3) 
1, hel 
wlth wy, = — du(r;,)/dr; SN the acceleration imparted to the 


ah particle due to interaction with the Ath particle. The distribu- 
tim functions p (p. g) examined in Sec. 60 and the functions 
Pv (rj, va t)inthissection arein essence identical and, therefore, 
the function FC (z;, t) obeys Eq. (60.10). The reader's attention 
lawn to the following fundamental properties of Liouville's equa- 
Hon 

|. The function FP(z,, z,, ..., zy. t) was only “forcibly” associa- 
il by us with probability notions. We could consider the function 
woi as the probability density for a unit system with coordinates 
1. vi. but as the distribution function arbitrarily given at the ini- 
‘wl instant of time for an ensemble of systems—the Gibbs ensemble. 

In other words, we can imagine that at t = O we are "preparing" 
an ensemble, i.e. “pour” in an arbitrary manner lhe representative 
mints into the phase space, setting, thereby, F'" (zi, ..., zy, 0). 
alor on these “poured out” points “float” along their phase trajec- 
uiios obeying only the laws of mechanics Thus. Eq. (86.2) has 
uo statistical probabilistic content and carries only purely me- 
‘honical information. 

^, Liouville's equation, being a first-order equation in time. de- 
wtibes the causal change in the function P (z,. .... ry, t). If we 
havo the initial value of the function FP (z,,.. . x, 0), (86.2) pre- 
diets unambiguously all future values of F'"(z;, t). 
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on the left-hand side of Eq. (85.9) or (85.2) characterize the luxe 
of gas originating due to the existence of a pressure gradient an ul 
applied fields, whereas theright-hand sides appear due to the alluw 
ance for. molecular collisions. Thus, it is assumed that the fuxen 
and collisions do not effect on each other. Secondly, the values of Ihe 
functions f, f’, f, f in the collision integral are taken at the sim" 
point of space r, whereas, with the account taken of the finite molw 
ular dimensions, different coordinates must be chosen in functions 
f, f and f, f. 

Further, as was already mentioned, the classical derivation wl 
Boltzmann's equation presumes the absence of correlation between 
molecular velocities. Finally, which is most essential, Boltzmann's 
equation accounts only for binary molecular collisions, and no moru 
or less clear recipe exists that would account for the collisions of 
groups consisting of three, four and more molecules. It is meanwhile 
clear that an allowance for such processes is essential for denan 
gases. 

In a binary collision approximation the mean free path is in 
versely proportional to gas density: 


Ay = 1/on = w/o 


where g is the effective cross section of binary collisions. 

As is known, this leads to that the transport coefficients x (thermal 
conductivity) and « (viscosity) are independent of density n anil, 
consequently, of pressure. Allowing for many-particle collision», 
the expression for 4 must be of the form 


1 A B 
\= ontani Bn}... —— A [1 Tu cbe . |, 


where the coefficients œ, A and B. B appear due to the accoun! ol 
triple and quadraple collisions respectively, etc. As a result tli» 
must appear for the mean free path and for the transport coefficient: 
the virial expansions of the type appearing in statistical physics lui 
the equation of state of a non-ideal gas (see Sec. 58). 

In connection with the foregoing a more strict approach is e 
pedient to the problem concerning the derivation of the transponi 
equation and to its possible generalizations. This can be accom 
plished with the aid of the very general and rigorous method due tu 
N.N. Bogoliubov [38], [39], which will outlined briefly below 

Let us consider a system of N identical particles, the stale «! 
which will be given in classical mechanics with the aid of 2N vecli 
Tı, V;. For the sake of brevity the totality of r; and v; will be denote 
by the symbol z,, and the product d?r;d?v; by the symbol dz;. \\» 
introduce the distribution function FP(z,, ..., zy, t) in the P-space 
assuming that the coordinates of the 6N-dimensional I'-space ui» 
the velocity coordinates and projections for all particles. The ut 
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pression 
FO? (z,, Zas, ---, Zy, dr dr, ... dz 


ix the probability of finding a T-space representative point in volume 
dr, dz; ...dzy, and that the function F° is normalized to unity: 


[po Fa. mns ty, D)dz doa... dzy — 1. (86.1) 


lı will be assumed below that applied liclds are absent and that par- 
licles interact with an interaction potential ?/ (rj,) = mu (rin), the 
woperties of which have been discussed in Sec. 65. To eliminate 
wundary effects, a thermodynamic limit will be considered when 
Y — œ, V — oo, and o = V/N remains finite. 

Further reasonings are based on the Liouville equation derived in 
Xi. 60 and presented here in the form 


(N) " 
a 4c LFU =0, (86.2) 





where the operator LU, called Liouville's operator, is determined by 
the formula 


tee Dat DY Weg es iat Wik Gor (86.3) 


i, Asi 





with wi, = — du(rj,)/dr; es the acceleration imparted to the 
ih particle due to interaction with the Ath particle. The distribu- 
thim functions p (p, q) examined in Sec. 60 and the functions 
PY (rj, vj, t) in this section arein essence identical and, therefore, 
the function FP (z;, t) obeys Eq. (60.10). The reader's attention 
iawn to the following fundamental properties of Liouville's equa- 
Mot 

1. The function FN (z,, z,, ..., zy. t) was only “forcibly” associa- 
i by us with probability notions. We could consider the function 
unt as the probability density for a unit system with coordinates 
t". vı, but as the distribution function arbitrarily given at the ini- 
‘al instant of time for an ensemble of systems—the Gibbs ensemble. 

In other words, we can imagine that at ? = 0 we are "preparing" 
an ensemble, i.e. “pour” in an arbitrary manner the representative 
mints into the phase space, setting, thereby, F®© (z,, ..., ZN. 0). 
nlor on these “poured out" points "float" along their phase trajec- 
‘ties obeying only the laws of mechanics. Thus, Eq. (86.2) has 
nu ^LaListical probabilistic content and carries only purely me- 
‘hanical information. 

^. Liouville's equation, being a first-order equation in time. de- 
‘tithes the causal change in the function F®’ (zi. .... xy, 0). If we 
have the initial value of the function FP (r,..., zy, 0), (86.2) pre- 
liets unambiguously all future values of F'*)(z;. t). 
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3. Just as any other equation of classical mechanics, Liouvelle's 
equation is reversible in time, meaning that when ¢ is replaced hy 
—t, the equation does not change. Hence, along with "direct" mo 
tion of copies of the emsemble, "reverse" motion is equaliy possible 
upon a corresponding change in the initial conditions. 

4. In the light of what was said in item 1, no wonder that a su 
lution of Liouville's equation is equivalent to that of a problem in 
dynamics, i.e. to finding all dynamic trajectories. Formally this in 


clear from that the characteristics of Eq. (86.2) have the form T 


= t = w, from which follow the equations of dynamics in New 
ton's form: 
dir; — dv; /— = ðu (Fik) 
ms 7 ui =mw;= —m > or 
hi 


Physically, it follows from the fact that we can "prepare" an ini 
tial ensemble in the form F‘™(z;, 0) = [là (zr; — zi") i.e. “pom 


1 

out” all representative points into one point of the phase spara 
By virtue of the fact that the solution of Liouville's equation is 
unambiguous for the given initial conditions, the motion of the rep 
resentative point describes the evolution of only one dynamic sys 
tem. Thus, along with the methods of solution for problems in dy 
namics based on the integration of the Newton, Lagrange, Hamil 
ton and Hamilton-Jacoby equations, there exists one more methuil 
the method of integrating Liouville's equation. For a system with an 
enormous number of particles this method is, however, as unsuitalile 
and unnecessary as all the other methods, and problems in macro 
scopic non-equilibrium physics must be solved applying probability 
methods. 

For this purpose let us introduce the n-particle distribution funr 
tions 


y ro (Z4, Zo, o sis En, €) 


= f FH? (ay, Zz, .... £y, t)dzns, ... dzy. (SU 


These functions obey the normalization conditions stemming [rom 
Eq. (86.1); 


y^ | FM (24, I5, FELD In, t) dz, dz, eee dz,=1 (Sh MT 


and, if we impart a probability meaning to the function F(z, . 
zy, Í) the functions V-"F,(z,. ..., Zn, t) also acquire a statistic 
interpretation. For the sake of brevity the superscript (N) is oil 
ted in the notation of FC? here and below. The expression | " 
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X Falzi, ..., Zn, £) is the probability that the first n particles of a system 
(and not of an ensemble of systems) have coordinates and velocities 
falling within (r,, r; + dri). (vi, v; + dvj). 

Let us derive a system of differentialequations governing the func- 
lions F, (z,, ..., Zn, t), multiplying for this purpose Eq. (86.2) 
hy V"dz, 4, ... dzy and integrating the equality obtained, using 
(40.3): 


a, ss.. Zn» = ð 
Wn (zi = T 945) Us (24-209 £n. f) Vil 
il 
1 2 ð 
ty > Fea Ge <.. In, Tq D) Vi] dz, 
i=n+1 


n 


+5 >) E [Fn (zi, -- -s Zn, Ü Wi] 


Ov, 
k=1 





- 


n N 
1 à 
+7 2i b? Aur | Fani (es, eos Eg, Zh, D) Wig QT. 
i=1 hen š 


N n 
+> b > \ (Fast (zi e, En, Zis D) Win) dz, 


Ov; 
i=n+1 k=l 


N 


N 
1 y 9 
Tyr by 2j | E oo Ens Ti, Zas f) Win] 
i=n+1 hal E 


x dz, dz, = 0. (86.6) 


It should be noted now that in Eq. (86.6) the third, sixth and se- 
vnih terms are equal to zero identically. In fact, each of these terms 
i^ un integral of a three-dimensional divergence: the third term— 
m the coordinate space of the ith molecule, the sixth and seventh— 
m the velocity space of the ith molecule. According to the Gauss 
‘theorem, they can be transformed into an integral over the boundary 
«faco. The function Fa, however, vanishes when the coordinates of 
any gas particle correspond to points lying on the absolutely imper- 
mealle wall of a vessel and, on theother hand, the distribution func- 
tun Fa tends to zero as v, — oo. For this reason the integral of the 
'Iergence is equal to zero both in the coordinate space and in the ve- 
I il y space. On the other hand, the fifth term in Eq. (86.5) can be 
tansformed in the following way. The individual terms in the sum 
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over A differ only in the notation of the integration variable: 


n N 

1 ð 

2j » Au | Fani (2 sees Tns Thy D Win dry 
i=l kRo=n+1 


n 
N—n à 
= 5 EIN f Fns (2y, -oes Znas D Wi saam, i 


i=1 


Thus, we finally obtain a system of equations 





OF n (21, Tel Zn, t) + LF; (24, Toy 2006, Ens t) 
n 
N—n OF Zyy e Tnaty D . 
= — T > | Wi. n+ Jaguar D qs, (86.1 


i=l 


In the literature this system is usually referred to as the BBKGI 
(Born, Bogoliubov, Kirkwood, Green, Ivon) kierarkhy. Below, |" 
the sake of brevity, we shall call it the Bogoliubov system of equat: 
because the most detailed analysis of this system of equations s» 


given by Bogoliubov. The factor L, in formula (86.7) is the Liow 
ville operator for a subsystem of n particles. The Bogoliubov system 
of equations is of the "linked" kind, since the equations for the fun 
tion F, contain on the right-hand side the function F,,4,. From the 
physical viewpoint it reflects the fact that any group of m mule 
cules (n < N), interacting with the other N—n molecules, is open 
As is clear from (86.7), Liouville's operator determines unamln 
guously the time evolution of function Fn (Zi, ..., Zn, t) for a clowl 
system of particles, whereas the right-hand side of this formula de 
scribes its open nature. 

It should be noted that the last equation in system (86.7) for the 
function Fy is closed and identical to Liouville's equation (860.2) 
From the mathematical viewpoint, integration of thesystem of equa 
tions (86.7) should be initiated by integration this equation. In 
doing so, naturally, it would not be necessary to integrate the remain 
ing N — 1 equations of the system, since all n-particle distribution 
functions can be found by formulae (86.4) after the function 
Fy(2,, ..., zy. t)isidentified, and the system would become unnecessui 
at all. However, as has been already mentioned, integration of lion 
ville's equation is practically impossible. 

Thus, the physically reasonable method of solving the Bogoliuli: 
system of equations consists in initiating this procedure not from thw 
last equation for the function F y, but from the first for the function 
F,, and in trying to "break" system (86.7) in some way. If it happen: 
to be possible to express some function F, + as a functional of fum 
tions F, (Lx n), then it becomes possible to "break" system (56.7) 
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and we arrive to a system with a finite number of equations. In 
particular, if it proves possible to express in some way the function 
F, (zı, Za, t) as a functional of F, (z,, t), we obtain the equation for 
ilie one-particle function F,(z,, t), generally called the kinetic equa- 
lion. The Boltzmann equation and the Fokker-Planck equation are 
particular cases of kinetic equations. 

We pay much attention to the one-particle and two-particle func- 
tons. F, (z;, t) and F, (2, Ze, t) for the following reasons. The one- 
particle function can be used to express the quantities that are im- 
priant in gas dynamics, such as the mean particle densi- 
ty n (r, t), the mean particle flux velocity u (r, t), and the mean ki- 
wlic energy 3/2 T (r, t), which are determined by the formulae 


n(r, )= 5- f dw F, (r, v, t), (86.8) 
n(r, t) u(r, t - f d3v vF, (r, v, t), (86.9) 


ntr, QU (r, t) 9 nlr, 2T (ri 2) 





mu Fi(r, v, t). — (86.10) 


N 
=7 j d3v 
tt will be shown below that other important quantities in gas dynam- 
hx, such as the viscous force tensor and heat flux, are also expressed 
in terms of one-particle distribution functions. The two-particle dis- 
"ulbution function is of paramount importance for the equilibrium 
‘ule of a system. In the equilibrium state it describes the correla- 
‘uns between the position of particles, which were shown in Sec. 
^l lo be of great importance in the theory of fluctuations and in the 
‘theory of phase transitions. 
It should be noted, finally, that the probability meaning was 
lurcibly” attributed to the definition of the n-particle functions 
H(t, s Zn, 0) and FOP(z, ..., ry. t) and we obtained, in 
"iwiple, the system of equations (86.7) fully equivalent to 
miville’s equation without associating in any way the func- 
tons Fa with the probability characteristics of a unit system. 
It lollows from this that the system of equations (86.7) is a system of 
mechanical and not statistical equations. No wonder, therefore, 
that this system, just as Liouville's equation, is invariant in respect 
tu time reflection, i.e. to the replacement of t by —t, and it cannot 
Awwribe irreversible macroscopic processes. Irreversibility will be 
town in Secs. 87,96 to be introduced into the formalism of the theo- 
(y only by certain hypotheses of a particularly probability nature. 
lot us write in the explicit form the equations for F, and F}, 
which will be dealt with in greater detail below, neglecting the term 
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n = 1, 2 in the factor (N — n)/V pertinent in system (86.7): 


OF * t Fi 1 ôF ’ u 
3h» p, (zi, )=—— | wo Fe da, (86.41) 
Ets da. 0. ee $n. + L,F, (24, Ze, f) 
1 oF s * ’ t OF. + KJ s t al 
=-i) [wio eae Fer Hae + Woy ee Ere i9 | dy, (86.17) 


where 
L =v i, (86.1:1 


7 ô ô à ô ; 
L= gn t Xa + Wi Gy + We Gy, (86.11) 


Problem 


Introduce a radial distribution function connected with fun 
tion F,(z,, 2, t) by the relationship g (|r, — rq |) 


= (VINE | F, dv, d*v, and show that in the equilibrium slat 
the equation of state is expressed by the formula 





SEE ieu 


oo 
PV 2nN (s, íi 980) 

polar eee 
0 


where u (r) is a two-particle potential. 


87*. Evolution Stages for a Non-Equilibrium System. 
Bogoliubov's Derivation of Boltzmann's Equation 


Let us now show how the Boltzmann equation can be derived from 
the system of equations (86.7) (this derivation is due to N.N. Ho 
goliubov). A gas is assumed to be so rarified that 


rs To 


where r, is the range of interaction, and A is the mean free path 
The right-hand side of Eqs. (86.7) contains terms of the order ot 
magnitude of r3/w, since owing to the factor Wi.n4,; 
=—ĝu(ri. n41)/Or,; the integration with respect to coordinates is eni 
tied out over the volume approximately equal to r$. 

The method of solving system (86.7) by expanding in the small 
parameter rj/c turns out to be all the same insufficient. To explain 
the reason for such insufficiency, let us introduce three characteris 


times: effective duration of collisions Tọ ~ ry/v, mean interval lw 


{ween collisions +, 

À o r 
T~ => ~ > To, 
v v 


rå 


and the macroscopic relaxation time 7*, which differs for various 
physical problems, but is, as a rule, much greater than t. The last 
condition assumes that the gas is sufficiently rarified, for the condi- 
tion À >> r, to be fulfilled, but at the same time so dense that A < 
-7 L (L is the size of the vessel). Otherwise, we are dealing with a 
Knudsen gas (flow) in which the molecules collide only with the walls 
of the vessel and not with each other. This case will not be treated 
here. Thus, we have the inequalities 


ro «AL, KITT". (87.2) 


As is sean from Eq. (86.11), describing the time variation of the 
function F,, in the zeroth approximation with respect to parameter 
m/w this equation does not contain the intramolecular force poten- 
tial u (rij). This means that in time intervals of the order of t, 
Iho function F, experiences no essential changes due to molecular 
Interactions (collisions) and it can be approximately assumed to be 
vonstant. However, the analysis of the correction term on the right- 
hand side of Eq. (86.11) shows (see [38]) that in a time interval of 
tho order of t the changes in the function F, become already consider- 
able, and the expansion in r3/w ceases to he sufficient. 

In contrast to this, Eq. (86.12), describing the time evolution of 
tho function F, [and, in general, Eqs. (86.7) at n >> 2] contains the 
intormolecular force potential even in the zeroth approximation 
with respect to parameter r3/m. It is present in the terms 
w,,(0F,/0v;) of the Liouville operator L,, which leads to "rapid" 
‘hinges of the functions F,, F,, ... in a time interval of the order of 
1,. On a "rough" time scale, accounting only for the changes during 
limo intervals t > q, these rapid changes in function F, are averaged 
aul only a smooth evolution of these functions remains. It seems to 
Iw rather plausible to assume that the slow evolution of many-par- 
tielo distribution functions, following the initial stage of rapid ran- 
domization in time t,, is fully determined by the slow evolution of 
Iho one-particle function F, (x, t). In fact, after several collisions 
havo occurred in the system, the behaviour of molecules becomes 
"unified" and the one-particle function gives sufficiently complete 
information on the system. 

Thus, the initial non-equilibrium state of the system changes in 
time, passing through a succession of stages. 

1. t ~ t$. The stage of initial randomization. In this stage the state 
van he adequately described in the general case only by a complete 
Y particle distribution function Fy (Tı, ..., zy, t). In fact, the 
Hansition to a one-particle, two-particle and, in general, n-particle 
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distribution function, implying an averaging (integration in (86.4)) 
over molecular coordinates and velocities, eliminates the information 
on tlie nature of the state. If the initial state originated, for instance, 
as a result of a delivery of a beam of fast molecules into a cold ga« 
with the Maxwellian velocity distribution, then integration over 
velocities and coordinates should "erase" the only important infor 
mation on the presence of two groups of "hot" and "cold" molecules. 

2. To « t < 1. Bogoliubov called this stage kinetic and in this 
stage the knowledge of the one-particle distribution function is suf- 
ficient to characterize the state of a gas. As we have seen, however, 
in the problem for Sec. 86, the solution of some more delicate prob- 
lems, finding the equation of state, for instance, requires the know- 
ledge of the two-particle function of state as well. 

3. v < t. This stage, called hydrodynamic, is characterized by the 
fact that after several collisions occur, local equilibrium sets in in small 
volumes of the gas (see Sec. 92). We shall see below (Sec. 94) tha! 
in such quasi-equilibrium states, to describe the system it is even 
not necessary to know the one-particle distribution function; tlie 
knowledge of the several first momenta of function f(r, v, t) is 
sufficient for the purpose. 

By the momenta of the function f will be meant the integrals of 
function f (r, v, t) over the velocity space with the weights that are 
products of velocity projections. The zero momentum, for instance, 


few (r, v, t) 
is the spatial particle density n (r, t); the first momentum 
[dw (r, v, n (ui (r, 2) 


defines the mean macroscopic velocity, etc. 

Let us examine in greater detail the kinetic stage of evolution. Thv 
method of interpreting the system of equations (86.7) for this stagu, 
suggested by Bogoliubov, consists in the following. 

Firstly, all many-particle distribution functions are assumed tu 
depend on time only through the function F, (y, t): 


Fn (tq. so ms =F alt, eer Tal Fi (Ys Ol nm2. (8150 


It should be noted that the function F, (z,, ..., £n | F1) does not dv 
pend on the argument y of the function F, (y, t) (we denote on pur 
pose the first argument of the function F, by the symbol y to avoiil 
the danger of confusing it with one of the arguments z,, ..., Zn). 
Each function F, (y, t) is associated with the numerical function 
Fn (zy, ..., Zn, t), depending parametrically on z,, ..., Zn and t and 
independent of y. Such dependence is said to be functional, and tho 
function F, itself is referred to as the functional of F,. In formula 
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(87.3) and in all the following formulae the functional argument 
F, is separated from the ordinary arguments z,, ..., Zn by a vertical 
line and for the sake of brevity the arguments of the function F, 
will often be omitted. 

It can be demonstrated that the most general form of the function- 
ul dependence of an arbitrary function y (z,, ..., 2, | F)) on F, 
is given by the formula 


v Ge sss AF = f A (En cene DLF, Qs Ody, (87.4) 


where A (z,, ..., Zn, y) and D (F,) are some arbitrary functions of 
tlieir arguments, such that the integral in Eq. (87.4) exists. 

Secondly, at n >> 2 the function Fn (Zi, ..., z, | F,) [and not the 
function F, (y,: t)? are represented by virial power expansions in 
l/w. These expansions are actually carried out in powers of the di- 
mensionless parameter rj/o, but it is formally more convenient to 
write them as expansions in 1/o: 


Fn ...} In| Fy) = FP (24, wey Zn [| F1) 
HEFP (2n es tu Fit... s (87.5) 


We pass now to deriving the equation describing the slow evolu- 
Hon of the function F, (z, t)—the kinetic equation. Substituting the 
virial expansion (87.5) for the function F, (z,, z, | F,) into the right- 
hand side of Eq. (86.11), we obtain 


(rn) p? JF 2 
D "» t) TLF, (n O= -+ { Wiz SH ir) dz, 

1 OFS) (z,. F 

MUN INT 


ln this way we shall obtain the kinetic equation to the first order 
In (2/9, if we find the functional dependence of F on F,; to the sec- 
ud order in r2/o if we find the functional dependence of F;" on 
lF and, in general, to the Ath order in r3/w if we find the functional 
dependence of F-D on F,. Let us derive the kinetic equation to the 
wal order in z/w, outlining the way of linding the next terms as 
well. We refer the readers who are interested in a more detailed 
tiit ment of the subject to the monographs 138], 139] and to the 
iopers (a rather complete list of such papers is given in [39]). 

Substituting into Eq. (86.12) expansion (87.5), we obtain for the 
junction F2"(z,, Ta | Fy) the equation 


(x La) FP (z1. zF) =0. (87.7) 


lquaklion (87.7) can be only formally taken for a differential equa- 
In; actually it is a functional equation. In fact, in accordance 


416 Part Three. Kinetics and Non-Equilibrium Thermodynamics 


with the main hypothesis (87.3) and the definition (87.4), we munt 
substitute into Eq. (87.7) the expression (87.4) for FP, 


FP (2 zn|F)-|AG. te, OLF, (y, D)dy, — (875 
and for the derivative 0F;°/dt the expression 


“= | A (zi, I», ydo [Fi (y, )]-x- n. dy, (87.4) 





where the symbol ©’ denotes the derivative of the function ® with 
respect to its argument F,. Using Eq. (87.6) written in the zeroth 
approximation in 1/o, 


25 EF =0, 
we rewrite Eq. (87.9) also in the form 


m — È A (2n ta y) 9 (F, Qs D) EF (v, t) dy. (87.10 





ðt 


Let us show, following the Bogoliubov method, how the functional 
equation (87.7) can be converted into a differential one. For thi» 
purpose we introduce the dynamic displacement operator for linw 


1 in a closed system of n particles, Sn (xi; Base): 
Sn (Tis - + +4 Zn, T) = etPnGns ee 20), (87.14) 


In this case by the exponential function of operator be is menn 
a Maclaurin series for this en 


ein — 4 4 iL, +5 ADM 


It should be noted that since the seni terms L, do not com 
mute with each other, for instance, v;O/Or; and wa,,0/0v, at h 
= ior m = i, the exponential et“. cannot be presented as the prod 
uct of exponentials corresponding to the terms Ln- 

The operators S, (1) possess the property consisting in that, wl 
acting on the coordinates and velocities r; and v, (i = 1, 2, .... 
of a system of n particles at the instant of time f, they transform Iw 
into coordinates and velocities at the instant of time ¢ + 1 provided 


that the system is closed. In fact, for instance, for the operator S, (+1 
we have 


j ô s ô x 
Lo, — y g Ni Lir, o viu v0, É,v,— 0, 
whence 
$, (x) r, = efir, = (14 tL) r, =r, + vut, 


Sy (1) vy = ety, = vy. 
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l'or one isolated particle the velocity is the integral of motion and 


Hie motion of this particle is uniform, so that 


$, (T) p(y, vo = p (TVT, Vao 40. 
For i» operator S, (x) with an arbitrary n > 1 we have 


dr dv ô 
ba 3d » "x-XÓ rl ae 


i=k=1 





iM 
a 
S5 
| 


1 


anil, consequently, for the small time interval 6r we obtain 


1+ 612,4) v (24, eea Tns =p lay Ôt, ocr Pn Ora, D). 


In the above relation öz; is the increment of the quantity z; in time 
Ar, occurring due to the laws of dynamics in a closed system of n 
articles Subdividing the time qt into time intervals ôt we find 


ony (E ll En, Ê) 


= lim (4 2-6cf,) Y (z,, ..., In, O= (Ky, Xn t). 
61-0 


Thus, if there exists some function of the dynamic variables of a 
fused. system of n particles, p (z,, ..., Zn. t), then 


Na (0) w (zy <. -s Bay t) = p[S, (1) z,, XS (1) an, t] 
=# (Xis s... Xu 4), (87.12) 


lere X, is the totality of the quantities R;, V;—coordinates and 
volocities that the particles of the system would have in time t 
Il the system of n particles were closed. The quantities X;, except 
1, evidently, depend on all z;. 

Thus, the operators S, (1) describe the evolution in time of any 
lunctions of the coordinates and velocities of a closed system. It 
m clear that they possess the following properties: 


$5 (1) $n (1) = Ên (T1 +2), Sn (1) Ên (— 1) = $, (0) — 1. 


lat us return now to Eq. (87.7) and note that since the functional 

h"(z,, Zal F4 (y, t)) does not depend on the argument y of function 

Fi W t), we can replace in this equation F, (y, t) by S, (T) F, (y. 0 = 
F,(Y, t). 


Then, ‘let us make use of relationship 


£18, (0) Fi (2, D) m A lei (z, 017 L$, (1) Fy (et) (8743) 
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and replace the factor £,8, (t) F, (y, t) in (87.10) with the aid ul 

formula (87.13): 

FO 
ot 
Equation (87.7) now reduces to 


d po s f op d -y 
if [zi Tz | S1 (1) Fi = EFI 2, 23| $,0) Fy), (87.14 


and its formal solution can be written at once with the aid of Il» 

operator S, (T): 
FP (x5, 22| Ê, (1) Fils eb FY (2, | Fy) 

=$, (1) FP (z, z| F). (87.1 

To find the integration "constant" Fi? (x,, z, | F,), the initial con 

dition for F?'(z,, z, | Sı (1) F,) must be given as a function of : 

According to Bogoliubov, this initial condition is chosen in the ful 

lowing way. If we ignore the possibility of the molecules "stickiny 

together" and forming more intricate complexes, i.e. assume tlw 

potential u (ri) to be monotonically decreasing with increasing 


rj, and practically equal to zero at rj, > rg, then in a closed system 
of two particles the condition 


lim S, (+ T) | r; — r, | = oo (87.14 


is satisfied. According to this condition, whatever the mutual dist 
ance r,, between two particles at the given instant of time, in the 
infinite past and in the infinite future they will be arranged at a «un 
siderable distance from one another and will in no case intera 
It is, therefore, natural to assume that as t — +o the states wl 
the two particles are statistically independent of each other. This 
permits us to impose on F??'(z,, z,, t) an initial condition of one ul 
the two types: 


lim $,(— T) [FO (ay, Zo, t)—Fy (x, t) FA(z t))=0, (87.14) 
or 7 
m $, (1) [FP (zi, T», t).—F, (21, t) Fy (ze, t)] =0. 


It should be noted that these conditions are not of a dynam 
nature and represent purely statistical, probability postulates. I! 
turns out that the first condition (87.17) leads to a correct kinetin 
equation, ensuring the required irreversibility of a macroscoph 
process—increase in entropy with time. This condition, referred !« 
as the correlation weakening condition, will be used below. The s 
ond condition leads to a kinetic equation with a changed sign n 
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the collision integral, which would mean a wrong irreversibility, 
namely, a decrease of entropy with time. 

It should be noted that the function F;"(z,, z | F,) depends in a 
functional way on F,(y, t) and the condition (87.17) must be satis- 
li! at any selection of the arguments y, t. We can, therefore, re- 
place F, (y, t) by S, (1) F, (y, t) and finally present the initial condi- 
lion for Eq. (87.14) in the form 


lim $,(— 9 (FO (24, 2| S, (0) Fi (y, 2) 


— $, (1) Fi (21, t) Fio, 01-0. (87.18) 
Acting on both sides of Eq. (87.15) with the operator S, (—‘), 
we find 
FY (24, 22 | FQ) = $,(—1) FY (21, 22 | $, (t) Fy). 
Since the left-hand side of this equation does not contain T, it is 


valid at any x. Passing to the limit t — oo and using Eq. (87.18), 
we find 


FP (t1, 2,| Fi) = lim $p (— 1) $, (1) Fi (s, 2) Fi (22, 1). (87.19) 
thus, to terms of the order of r Jo, rene equation (87.6) reduces to 
g Cun 9 TLÀFQns)-—— zi Waa, (F, (X4, t) Fi (X2, t)| dzs, 

(87.20) 
whero 


X, — lim $,(— x) $, (x) Ty. 
T-o0 


lilore passing to a more detailed consideration of Eq. (87.20), 
I! will be shown that the above method also permits finding the next 
Inrins in the kinetic equation, i.e. the terms of the second, third, 
Cr. orderin ryo. 

In fact, to fnd in the kinetic equation (87.6) terms, for instance, 
af the second order in r?/o, we must find the functional dependence 
wl FP on F,. This can be done by using the equation for the function 
t" stemming from Eq. (86.12), turning it into a differential equa- 
Hon just as it was done with Eq. (87.7). The function F$” on the right- 
hand side of Eq. (87.7) can be found from the equation 


= +F” = 0, 
«»uning for the initial iia 
Um Sy (— T) (FS? (z,, 25, £3, t) — Fi (z1, t) Fi (z2, t) Fi (z3, t) = 0. 
Ilis, it becomes possible to find the kinetic equation with account 


lakon of terms of the (k — 1)th order in r3/w, where k is an integral, 
i" with account taken of k-particle collisions. 
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Let us return now to Eq. (87.20) and show that in the special 
case of a spatially uniform system, when F, is independent of coordi 
nates r,, this equation coincides with the Boltzmann kinetic (tran 
sport) equation. It should be noted in the first place that in the case 
of a spatially homogeneous system 


i 0 
F,=F, (v4, t), L,F,— vL (Fi) =0 


Further the operator $, (1) for spatially homogeneous functions le 
comes an identity transformation operator and can be omillul. 
Equation (87.20) reduces to 


oF ; 1 à 7. 
ô ie Ü) -— | Wie a rlFi (Vi, t) Fy (Vo, t)) gr, d*v,, (87.21) 
where 


= lim $,(— 0v. 
T= 


The integrand in Eq. (87.21) can be further transformed in the fol 
lowing manner. The quantities V, represent, at t — —oo, the lii! 
values of the velocities of particles having at t = O velocities v, 
spaced by r,, and forming a closed system. Consequently, the quan 
tities V, are independent of time, and the functions F, (Vi, t) du 
pend on time only through the argument t. This means that the tu 
tal derivative of the function F, (V,, t) with respect to time coincido 
with the partial derivative. On the other hand, due to the dynamu 
equations of motion, V, and V, are single-valued functions of (lw 
initial conditions, i.e. of the quantites v,, v, and r,,. With Ihis 
in mind, assuming the arguments V, and V, to be expressed in terma 
of v,, Vs, rio, the difference between the total and partial derivatives 
of the product F, (V,, t) F, (Va, t) with respect to time is represent 
by the expression 


dv dv ó dr ð 
mun T Je t) Fy (Vas 1) 


=[Wa get Wa ae ave +q =— Oris 2] F, (Vas t) Fy (Vo, 0. 


where q = v, — v, is the relative velocity of particles. 
Thus, we can replace the integrand in Eq. (87.21) by the expri 
sion 








ô 
-[s t Ye g] Vn DF (Va 0. 


In this case, due to the Gauss theorem, the integral of the second torm 
vanishes as the integral of divergence in the velocity space, and wo 
obtain 


FQ D i a 
Stn) j q2t- im LE, (Va, t) Fy (Vo, 0] Pr,,49,.. (87.2 
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Iloro we passed from integration over d?r, to integration over d'ra. 
(he Jacobian of this transformation is equal to unity. 

Let us integrate in Eq. (87.22) over d?r,,, passing to the cylindri- 
sal coordinates with the axis directed along the relative velocity. 
Donoting the coordinate along this axis by ¢, the coordinate along 
tho axis perpendicular to the latter by p and the polar angle by q, 
wo obtain 


[tage LP (Va, 2) FL S, 2) Pris 
= Í Í apdp dp E gg Fa (Va 0 Fa (Vas ae 


= (fatis 0 F S 8) [poe 
— F, (Va t) Fi (Va, D)|i-s1opdodg. — (87.23) 


I! should be noted now that as  ——— oo the distance between the 
particles 1 and 2 isconsiderably greater than rg and they do not inter- 
wl with each other. The action of the operator $,(—1), i.e. a 
"lift into the past by time —t, does not result in the particles’ col- 
‘inion, since tho direction of the relative velocity q is chosen along 
Ihe c-axis; with a shift into the past the relative motion of particles 
(anil 2 leads to an increase in the absolute value of ©. It follows that 
4^ & — —oo the limit values of V, and V, must be identified with 
‘he velocities of the particles 1 and 2 "before collision", v, and vz. 
A^ | —- oo the molecules 1 and 2 do not interact with each other as 
well, But the shift into the past by a sufficiently large time t due 
iv the action of the operator $,(—3) will lead to a molecular col- 
taion without fail, since with a shift into the past the relative motion 
af the particles diminishes the absolute value of ¢. Therefore, as 
| » oo, the limit values of V, and V, must be identified with the 
velocities of molecules 1 and 2 "after collision", Yo Ys. , It should 
alan he noted that the velocities "after collision", v, and V are the 
Iunetions of velocities "before collision", v, and v,, and of the impact 
parameter p. The integration over pin Eq. (87.23) is practically lim- 
il by the quantity of the order of ro, since at p > r, no "impact" 
w Iunlly takes place, the particles failed to interact and the differ- 
meo Fy (vy, £) Fi (v5, t) — F, (vi, t) F, (Ya, t) vanishes, so that the 
mtogral over p converges. 

In order to compare the kinetic equation derived in this section 
with Boltzmann's equation presented in the form (85.23), account 
munt. be taken of the fact that the function F, (r, v, t) and the func- 
uon. f(r, v, t), pertinent in Eq. (85.23), obey different normaliza- 
u 799 
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tion conditions: for the function F, (r, v, t) we have 
|7, (r, v, t) dr dw = V, 
while for the function f (r, v, t) it is 


fre, v, t) dr d'v =N, 


whence it follows that F, = JV/N = fo. 
Taking into account the foregoing, we obtain in the spatially he 
mogeneous case for function f (r, v, t) the kinetic equation 


Hv =f aval atti DIG D 
— f (Va t) f (Ya Hl pdpdp. (87.2) 


In Eq. (87.24) we can pass from the integration over the impari 
parameter p and angle q to the integration with respect tothe dirw 
tions of the unit vector e collinear to the change of velocity v, 
— v, by using the fact for the given values of v,, v, and p there cm 
responds a direction of vector e unambiguously determined b: y 
namics of impact. Since 


p dp dp = do (q, 8) 


^N. 
(0 is the scattering angle, 0 = v,, vj), we obtain from Eq. (87.91 
the equation 


9 0 M f j d*v,g da (Fy fo — fala) 


for a spatially homogeneous system in the absence of an appli 
field, which precisely coincides with Boltzmann's equation. 

If we discard the condition of spatial homogeneity and assum 
that the function f depends also on coordinates, the appearing cun 
tion was shown by Bogoliubov to differ somewhat from Boltzmann's 
equation. 


Problems 


1. Find the result of the action of the operator $, (t) on r; uu 
v, to the third-order terms in 1? for $, (x) r, and to tho sn 
ond-order terms in t for 3, (T) vi. 

2. Verify with the aid of the operator $, (x) the theorem alu 
the motion of the centre of inertia for an isolated systom «i 
two particles. 
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WN, Dimensionless Form of Bogoliubov's Equations. 
Factorization and the Correlation Functions. 
Free-Molecule Flow 


This and the following section will be devoted to some methods 
«| approximate integration of Bogoliubov's system of equations. 
lese methods are based on the fact that in two cases of a consider- 
ably rarefied gas and weak interaction'between gas particles, the effect 
wt one particle on the state of other particles must become weak, 
aid a tentative assumption can be made that in a zeroth approxima- 
Won the n-particle distribution function is factorized, i.e. can he 
fepresented as the product of one-particle functions: 


FO (24, 00+) Ons )= ll F, (zi, t). (88.1) 


lle deviation of an exact n-particle function from the factorized 
wroth approximation is usually characterized by the so-called 
rurrelation functions Gn (xj, ..., Zn, t) which can be found in the fol- 
lowing way. 

l'or a two-particle function we have 


FP (z,, T3, t) =F; (21, t) Fy (22, t), (88.2) 


F: (zi, Ze, t) =F (zs Tz, t) +G (24, Z2, t). (88.3) 
l'ur a three-particle function, 
Fo (Z4 Zg I5 t)-F, (zi, t) F, (Tz, t) F, (Zs, t). (88.4) 
Kiley, Ze x 0) = FS (zr, T2, Zs, t) + Fy (21, t) Ge (ze, T3, t) 
+ Fy (zo, t) Ga (zs, 24, t)-+ Fy (Za, t) Go (a4, Zo, t) 
+G; (zi. Ta, Tj, t), etc. (88.5) 
Lot us now formulate quantitatively the condition for gas rare- 
lartion and the condition for weak interaction. Let r, denote the 
tngo of molecular interaction and ?/, the characteristic value of 
ihu potential energy of interaction. The case of a rarefied gas is real- 
tml when ry is much less than the mean particles separation œ! 
and, consequently, in this case the smal] parameter of the problem 
i^ Iho quantity œ = r3/o = nr}. The case of weak interaction is real- 
‘sol when the potential energy is small compared with the kinetic 
nuntgy which is proportional to 7. It follows that in this case the 
small parameter of the problem is the quantity B = 7,/T. 
Wo assume that in the two cases particles’ coordinates and veloc- 
iun are weakly correlated and the correlation functions G, (z,, 
4 Tn, t) are small with respect to parameters «a or p respectively. 
lu derive the methods of solution for Bogoliubov's system of 
wuntions on these assumptions, we write the system (86.7) in a 
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more detailed form, 
Fn A E N—n 5 
àt +(Kat+Vn) Fr = y AnF nasty (88.0) 


singling out in the operator L, = X, + V, the terms including 
and not containing the interaction potential: 








n 

x à , 
K,= >| vi are (88.1) 

i=1 

i=i 
^ is ð 
A,=— by | dz, Wi, nai wi’ (83.1) 

i=l 


Let us pass in Eqs. (88.6) to dimensionless variables, choosing na 
the unit of length r,, unit of velocity V T/m, unit of acceleration 
4Ly/mr, and unit of time r,/ m/T. For the sake of simplicity wo iu 
not introduce new notations for the dimensionless variables and 
make the substitutions in Eqs. (88.6): 


T 
Ti 7 Tilo» Vi c VA Tm’ 


— (88. 14) 
4. m 
Win Wik Targ ’ t— try ys. 


In addition, allowing for the normalization condition (86.5) for tha 
functions F, (z,,..., Zp, t), from which it follows that the’ dimension 
ality of F, is v^ =(m/T)®"/?, we introduce a new dimensionlim 


distribution function by replacing 


"m \8n/2 
F,+F,(+)” . (88.11) 
Then, for n < N Bogoliubov's equations (88.6) take the form 
F 2 PS » 
+ (Ks 4- BP.) Fn = aBÁ Pass. (88.17 





. It should be noted that assuming the factorization of the function 
Fa in a zeroth approximation, Fi? = F) (z,, t) Fy (Za, t)... Fy (tn. N. 
we obtain N equations for the same function F, (z,, t). It is clu 
that the necessary condition for the factorization is the compu! 
bility of these equations in a zeroth approximation. 

Let us make sure that the case of a rarefied gas (a = rj/w <. |! 
fi UJT > 1 leads in a zeroth approximation to a non-self-cun 
sistent system. In fact, in azeroth approximation the system of oyun 
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Mons (88.12) takes the following form: 
M4 Kur” =0, 


(ZHR) FP (er 1) FO Gs. 0) + BAFI (21, NFP (za, 1) =0, 


lt is readily seen that the equations of this system are compatible 
only if there is no interaction between particles, i.e. wi, = 0. Con- 
quently, in the case of a rarefied gas, correlations must not be ig- 
wored even in a zeroth approximation. Strictly speaking, this was 
to be expected, since for a rarefied gas with a < 1 a "good" kinetic 
equation is the Boltzmann equation which is incompatible with the 
lactorization requirement. It was shown above that Bogoliubov's 
derivation of the Boltzmann equation presupposes only the factori- 
sation of the function F, in the "infinite past". 

Let us consider the case of B = 4/,//T «& 1, a = rjo < 1, cor- 
waponding to a hot gas with a weak interaction between particles, 
which may, however, be sufficiently dense. Actually, with a poten- 
Hal well of a typical depth, 7/, ~ (1071-107?) eV, the condition 
1T <1 is already satisfied at room temperature. Then in a ze- 
wth approximation this yields separable equations: 


Fe RF? =0, (88.13) 





in which the variables z,, ..., z, are separable. This means that the 


ihe one-particle function F{ (r, v, t) satisfies the equation 


amumption that FP (z,,..., Zn, t) = [Fe (zi, t) is self-consistent and 
1 


ary? ar 
2P y T. so. (88.14) 
Integrating the equation of characteristics 
dt _ dz dy [ds 
T0 Goto) 


wo find the solution of Eq. (88.14) in the form 
Fi? (r, v, t) - 5 (r— vt, v), (88.16) 


wharo wp (r, v, t) is an arbitrary function of its arguments, compati- 
hle with the initial and boundary conditions. It follows from (88.16) 
that PY? (r, v, t) remains constant along the dynamic trajectory of 
articles in the p-space, which was to be expected for a system of 
weakly interacting particles in a zeroth approximation. 
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The following approximations for the functions F, can be found 
successively from the equations 


(3E) F,—apÁ,F, (Tis t) F, (zo; t), 


(a Es [Fy (z1, t) Fy (72, t) +G; (21, T3, t)] (88.15 
E BP,F, (x4, t) Fy (tq, t) à. AQF, (zy, t) Fi (zz, t) Fi (zs, t), 


208 oh >. 9 $9 $2 c$ s 9? P0» € 9 9 e * € € 8» à € * » * € 8 * » v * * ^ 


Solving the first of these equations, one can find in principle ~, 
then solving the second equation, find G, and, consequently, Fa, «t 
We shall limit ourselves to the zeroth approximation (88. {tl 
and examine by way of illustration the problem of free expansion 
of a gas into a vacuum, following the treatment given in [40]. Iai 
at the initial instant of time t = 0 a gas with a Maxwellian veloci 
distribution be confined in a one-dimensional case within a halí 
space x < 0. The wall z = 0 is then removed, and the gas begim 
to expand. 
The initial distribution f (r, v, 0) is given by the formula 
f (z, v, 0) —n (=r) er merzro ( — 2), (88.111 
where ø (z) is a step function lit should be recalled that the functio: 
f(r, v, t) is connected with F, (r, v, ¢) by the relationship / 
= Fin — F,/o). 
According to (88.16), the time development of the functi 
f (z, v, 0) is given by the formula 
f(z, v, t) =n ( aar ) 7 eumeitro ( — z+ vat). (88 IV 
The spatial particles’ density at point z at the instant of timo ' 
is equal to 





n(z, y= J dwj (z, v, =n (r) [emi dv, 


xft 
n z /m pne 
-[t-et (+1 x) | » (58% 
and the mean velocity of the gas u (z, t) is equal to 


u (z, t) — d3svv.f (z, v, t) 


se 


oa 
= n m X2 -mil/ST 
=ke, 1) (zz | avevee 
£z 


CINE. T qme NU 
-—ua V ouem. Sont 
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Mince n (x, t) and u (z, t) depend only on z/t, both the spatial gas 
density distribution and spatial velocity distribution remain sim- 
ilur and the locus of equal densities and equal velocities of flow 
moves uniformly along the z-axis. 

The following observation should be made in concluding this sec- 
(lun. Since the equation of a free-molecule flow (88.14) is a Liou- 
ville's single-particle equation, it represents a mechanical and not 
a statistical statement, and the statistical meaning is "forced" into 
it. This manifests itself, in particular, in the invertible solutions of 
lq. (88.14). If, for instance, at t = t, the solution of (88.19) is as- 
aumed to be the initial condition and is continued in time by re- 
placing z by z + v,t, which reverses the direction of velocities of 
all particles,|then, after a time interval t, we shall come to the initial 
atate, Eq. (88.18). In the motion reversed in this way the gasissponta- 
noou sly compressed instead of undergoing expansion, and irreversi- 
hility is absent. 


Problems 


1. In the above problem study the behaviour of n (z, t) and 
u (z, t) as [x |/t— oo and z/t — 0 (x > 0 and z < 0). 

2. Consider the layer of a gas placed at the initial instant of 
time between the planes r = —£ and z = £ and find the 
subsequent change in n (z, t) and u (z, t). 


M), Equation of a Self-Consistent Field. 
Collisionless Plasma 


Let us investigate Eqs. (88.12) in the case of sufficiently high tem- 
peratures, so that the parameter B is small, B = ?/,/T < 1 but the 
interaction forces are long-range, and a = r?/o >> 1. The product 
uÑ = 2o is also assumed to be of the order of unity. This case 
i» of considerable practical importance, since it permits a descrip- 
‘lon of the behaviour of a high-temperature plasma in which the 
tollisions of particles can be ignored, but the long-range nature of 
(oulomb's interaction forces should, however, be taken into account. 
lt is readily seen that the parameter r, acquires then the meaning 
vf. Debye's screening radius. In fact, assuming 7/9~ e?/r, and equa- 
‘ing «B to unity, ag = e?rin/T ~ 1, we obtain ry ~ V Tine? ~ 

Fi 

Lot us use the intuitively plausible although not rigorously proved 
wamumption (for greater detail see [41]) that the order of smallness 
uf the correlation functions Gn (z,,...,2,, f) in parameter B « 1 is 
iho higher the greater n. Then, in the zeroth order in f Bogoliubov's 
muntions (88.12) can be presented in the form 
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(+ TÉ)FG. t) - aBA,F, (z,, t) F, (25, t), 


(4+ 2) F, (zi t) F; (25, t) S aBA,F, (zy, t) Fy (25; t) Fs (2s, t), 
(89.1) 


ati 


(x É ») IL F, (zy, t)=aBA, il Fi (a, $). 


Itis aiia seen that due to ilios additivity of the operators K, ai 
An, the system of equations (89.1) is self-consistent: the separati»: 
of variables in any equation of this system yields the same equa! i 
for the function F,, namely, to the first equation, and, on the con!:. 
ry, the function F, satisfying the first equation of system (89.1) 
satisfies automatically any equation of this system. 

Thus, returning again to the dimensionless variables and pos: 
to the functions f (r, v, : we come to the equation 


SET Day, TO. t) Serd NETS A 2 | dzwaf (Tis f(z, t)=0. (89.2) 


Equation Du can be written in a somewhat different form hy 
introducing .7 (r,)—the force of interaction between particles 1 
and 2, averaged over the positions of the second particle: 


F (r) =m] Prawn 69 = mf farr, d*vywif (tq, t). (893 


Equation (89.2) now reduces to 
, ô E —— @ ; E 
Aes t) pv OLD p qe Her) o. (Son 


This equation coincides in form with the Liouville's one-particle 
equation for a particle set in motion by a preset external lore 
F (rj), or, which is the same, wilh Boltzmann's equation wilhow 
the term due to collision. The principal difference consists, howeve 
in that in Eq. (89.4) the “external force” F (rj) is not given and i! 
is a functional of f (r, v, () specified by Eq. (89.3). Theron 
Eq. (89.4), named after A.A. Vlasov, describes the self-consistent 
motion of a particle in t he n-space The self-consistency of the soli 
tions of the Vlasov equa tion must manifest itself in the followin: 
if F (r,) is given arbitrarily and Eq. (89.4) is solved, the function 
f (r, v, t) must lead in formula (89.3) to the same value of .9 (rj) 
On the contrary, if a definite function f (r, v, £) is given and the 
orco F (r,) is found by formula (89.3), then by solving Eq. (89.4) 
we must get the initial function f (r, v, t) 
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Problems 


4. Show that in the equilibrium state the equation of a self- 
consistent field can be reduced to the form 

4L(r) =A V u(|r,—r,] )e^ 4 7 dr, yo e 
( 1) f ( | 1 2 | ) 2 f e UOT dr 


where 2% (rj) is a two-particle interaction potential u (| r, — 
—r, |) averaged over the positions of the second particle: 


Ite) | u (1 r1— n Df694z— J u(r — nn (ra) d'ra. 


2. Find a spatially homogeneous solution ?/ (r) = U, = const, 
n (r) = NIV. 


Answer. dy j u (p) d*p. 
3. Introducing 9 (r) = U (r) — U, obtain the equation 
q (rj) A f u (| r4 — ra |) (e *tT—4) d'ra, A = Ae BOT 


and find the condition on which the equation has periodic so- 
lutions of the form ọ = e!** correct to the first-order in- 
finitesimals | o | /T « 1. Examine the result, including the 
limit as k — 0. 
Answer. The origination of a crystalline structure with a period 
(wavelength) of 2x/k is possible on condition that 


4nN Ç., {Ç sink 
Sy ] u (p) | TP pdp = —1, (89.5) 


which determines the period of the structure as a function of 7. 
The maximum temperature at which crystallization is possible 
is determined by the condition k — 0 (A —- co) and is equal to 
Ta = - = J u (p)p? dp. The condition for possible crys- 
ò 

lulization is that the integral in Eq. (89.5) must be negative, 
i.e. the attractive forces between particles must prevail over 
the repulsive forces. 


'"*, Oscillations of Electron Plasma 


! v application of Eq. (89.4) will be illustrated by examining the 
^im on oscillations of an electron plasma in the absence of an 
inal field, first solved by L.D. Landau in his work [42]. These 
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oscillations originate due to local violations of plasma neutrality i» 
a result of random motion of particles; in this case, due to the far! 
that the ionic masses are rather large compared with the mass of an 
electron, in a zeroth approximation only the motion of electrons can 
be taken into account. 

In addition, the magnetic field is ignored, since the relative rol. 
-of the magnetic effects is of the order of v/c, and a purely electrosta!i 
field will be considered. Then, Eq. (89.4) takes the form 


of of e op Of _ ( 
rx cur x eum 


.and the role of the equation that makes the system "consistent" wil! 
be played by the Poisson equation 


VQ = 4ne f fdv. (90.2 
We linearize Eq. (90.1) by representing the function f in the form 
f =f. (v) + F (r, v, t), (9001 


where f(v) = equilibrium (Maxwellian) distribution funclion 
F (r, v, t) = small, compared with fa, correction. 
The equation for F has the form 


avy —— —2=90, (90 m 


and, accounting for s fact that the equilibrium charge —elf, ds 


is compensated for by a positive charge of the ions, Poisson's oqu 
tion (90.2) can be written to read 


Vy = 4ne f Fdw. (90 ^ 


Let there be given at the initial instant of time some non-equilll 
rium electron distribution, F (r, v, 0). We are interested in the fw 
ther evolution of the state. Due to the linearity of Eqs. (90.4) uw 
(90.5), the function F (r, v, t) can be expanded into a Fourier into 
ral in exponentials af, meaning that it is sufficient to consider m 
lution of the form 


F (r, v, t) 2 F(q, v, the", o(r, = p(q, ett 
(the Fourier components of the functions F and q are denoted hy tl- 
same symbols). Equations (90.4) and (90.5) take the form (tho x nv: 
is directed along ue bs q) 
DE + iquek tig E 9» h =0, (9 I. 


M F d*y. (90,1 
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Landau solved the system of equations (90.6), (90.7) with the aid 
of the Laplace transform [42]. Let us introduce new functions 


Fy(q, v)— f F (q, v, t) e-t dt, (90.8) 
0 

e» (Q)— | ola, t errat. (90.9) 
0 


‘he inverse transformations (see Mathematical Appendix, XT) 
have the following form: 


O+ico 
1 
F(q, v, t) | Fp(g, v) etdp, (90.10) 
a 
e =z | Pdp, (90.11) 
a—ics 


whore o — 0. We multiply both sides of Eqs. (90.6) and (90.7) by 
e't and integrate over t. The first term in Eq. (90.6) is then trans- 
formed in the following way: 


í (ðF/ðt) e-»! dt = Fe-?! | +p \ Fe-?! dt=dF, (q, v) — F (q, v, 0), 
l 0 9 


and the system of equations (90.6), (90.7) takes the form 
(p 4- ig) Fp + iq 7 9, Zep (q, v, 0) 20, — (90.12) 


qo, = Ane { F,, d'y. (90.13) 
Fquation (90.12) yields 
F (q, v, 0—19 + o, Se 
F,— — rM (90.14) 


aud, substituting this into Eq. (90.13), we obtain 


fo d3v -1 
_ Ane F (q, v, 0) e 4nie* Ox | 
95773 f p+ iqvx tF qm f Piga AOA) 


lutograting in Eq. (90.15) over v, and v, and introducing the notation 
| F (q, v, 0) dv, dv, = g (vz), we find 


_ Ane f g (ox) dv... c f fo ^ dex zi 
pa yog [1 + Ii vg sti | » (90.16) 
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where 
m \1/2 a 
foUa) =n (zr) emi (90.41) 
is Maxwell's one-dimensional distribution function. 

Let us assume the initial distribution g (v,), given at real vali 
of vz, to be sufficiently "smooth", so that its analytical continua! iùn 
into the region of complex values of v, has no singularities at finite 
vz, more exactly, that it is an integral function of the complex v: 
riable v,. The same can, evidently, be said about the func!i 
6/,/8v,. So, the integrals in the numerator and the denominator :! 
(90.16) are analytical functions of the complex variable p cvery where, 
except at the points on the imaginary axis Re p = 0. In the re 
gions Re p > 0 and Re p < 0, however, each of these integrals :'« 
termines two different analytical functions. Formulae (90.8) : 
(90.9) have a meaning only on condition Re p > 0. 

As will be shown below, expression (90.16) must be investigated in i! 
region Re p < 0 as well, for which purpose the corresponding int: 
rals with He p > 0 must be continued analytically into the revion 
Re p < 0. To do this, still remaining with Re p 20, we iuc 
the integration contour over vx, shifting it from the real axis i! 
the lower half-plane, so as to bypass from below all'essential for |! 
problem poles v, = ip/g, that can appear in the analytical continua 
tion into the region Re p <0. On condition Re p > 0 such a shift of 
the integration contour does not change the magnitude of the intu 
grals, since we have not crossed the poles of the integrand, and nt 
Re p < 0 we obtain an analytical continuation of Eq. (90.16) intu 
this region. Thus, qp turns out to be the quotient of two integral 
functions in p, and the only singularities of this expression are tho 
zeros of the denominator: 


eme sue o mam 


(T is the contour that passes below the essential poles v, = ip/y). 
Let p, be the root of Eq. (90.18) having the smallest real part hy 
the absolute value (Re p, < 0). Then, in inversion formula (90.11) 
of the Laplace transform we can shift the integration contour from 
the straight line Re p = o so that it would bypass point po, and thw 
other vertical segments would pass along the straight line Re p - 
= —A,A> Re p, (Fig. 110). Then, the integrals over the horizon 
tal segments cancell out, at large time the integrals over the vert! 
cal segments are exponentially small (~ e-4t), and the main contri 
bution in the integral is made by the residue at the pole pọ. Thus, at 
large values of time the potential q (f) is proportional to e? . 
= et Re pogit Im Po, and the imaginary part of pg gives the frequency ul 
the plasma wave o,, while its real part, the damping coefficient y. 
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Let us solve Eq. (90.18) for the limiting case of long waves, g — 0. 
l'oint v, = ip/q that must be bypassed in integrating in the vz- 
plane [Fig. 111 (a)] gets into the region of very large | v, | . Since 
in this region the function 6f,/dv, tends to zero, and the integrals 


Rev, 
Imp 





FIG. 110 FIG, 111 


avor the vertical segments cancell out, the integration can actually 
ho carried out along the real axis. Let us evaluate the integral in 
(00.18), expanding the integrand in powers of g. We obtain 


[ Of dv 
d 8v. p+iguy 


Bot igus 4 ( tare)? __ ( fave? 
Tp J asters [1— p *( p ) ( p ) te] 
In this expression all the integrals containing odd powers of v, 
aro equal to zero and the integrals containing even powers of Vy, 
according to formula (90.17), are expressed in terms of J,, Ji, ... 
(Mathematical Appendix, IV). Equation (90.18) takes the form 
14222 (1— 37. A)- — 0, (90.19) 


mp* "m pi 


from which we find in a zeroth approximation 


pi Am. (90.20) 


It follows that longitudinal waves with a frequency o, = V 4nne*/m 
«an propagate in plasma. In the next approximation, substituting 
in the small term 37g*/mp? the quantity p, for p, we obtain, 
accounting for p = io, 


Q = Wo [14 d e]-o [1 2.275]. (90.21) 
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where rp = V Tánne? is the Debye electron radius. The condition 
for the validity of the applied approximation is, evidently, the in- 
equality gro <1, i.e. the wavelength 2n/g must considerably exceod 
the Debye radius. In this approximation the second term in Eq. 
(90.21) is small, but essential, however, since it describes the dis- 
persion of longitudinal oscillations and permits finding the group 
do  3Tq 

velocity of longitudinal plasma waves, ud wu 

A more exact solution of Eq. (90.18) leads to the conclusion that 
there exists damping of longitudinal waves. Let us assume that ux 
q — 0, the real part of p, also tends to zero at a rate greater than q. 
This assumption will be confirmed by calculation below, and Re p, 
will be shown to decrease exponentially as q —0. Then at small val- 
ues of g, the pole in the complex plane v,, v, = ip/g, will be rather 
close to the real axis. We shall bypass the pole in integral (90.1H) 
along the small semicircle [Fig. 111 (5b)]. In the limit Re p —O tho 
integral along the straight segments will be real and approximatoly 
equal, as in the previous calculation, to —4nne?/mp*. The integral 
along the semicircle C is equal to the product of mi by the residuc af 
the integrand at the pole v, — ip/q. Therefore, we have the equation 


Anne? | lánie fo 


+ 
14 mp? + gm 8v, 








(90.22) 





ipq — 


Let us put p = io — y (0 < y < o) and calculate y in the first 
not vanishing approximation. A simple calculation yields 


ve Vs Sb ( 2.) ereere, (90.23) 
This expression can also be written in the form 
= ! i 
y=V S ov (aro)? exp [ —4 (aro)?]. (90.24) 


The decrement of damping turns out to be exponentially small nt 
qrp«1, just as it was assumed in the calculation. At grpz 1, y 
proves to be comparable with w, and, consequently, the longitudi 
nal waves of a wavelength of the order of rp and below are dampuil 
very rapidly and cannot practically propagate in plasma. The damp 
ing described by formulae (90.23) and (90.24) is called the Land«u 
damping. 

The physical origin of the Landau damping can be understood from 
the following reasoning (we follow here the treatment outlined In 
[43]). Let us consider in plasma the electrons for which the velocity 
projection on the direction of wave propagation is close to the wavu 
phase velocity, v, ~ w,/g. "Colliding "with the wave hump, tha 
electrons are reflected from it and change their energy. Upon such 
reflection the relative velocity of an electron and of the wave v, 
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— w/q changes the sign and becomes w/g — Vz, and the projection 
of the absolute velocity becomes equal to 2w/g — v,. For this rea- 
mon the change in the electron energy due to "collision" with the 
hump of the wave is equal to 


Ag =- > [(22—5)'—-4]- 2m 2 (2—vz). 


It is clear from this that at v, >> w/q electron “overtakes” the 
wave and Ae«0—the electron loses a fraction of the energy, trans- 
lerring it to the wave; at v, < w/g the wave “overtakes” the electron 
and Ae > 0—in the case of such collisions the electrons acquire ener- 
uy, taking it from the wave. 

If electron velocity distribution follows the Maxwell velocity 
distribution, n (v,) oc e- "2/27, then in equal velocity ranges the 
number of slow electrons that take the energy from the waveis greater 
than the number of fast electrons that impart the energy to the wave. 
Consequently, processes in the course of which the wave losses ener- 
uy prevail on the whole, and this explains qualitatively the Landau 
damping. It should benoted that if the velocity distribution of elec- 
(rons differs from the Maxwell velocity distribution and there are 
actions on the curve representing the distribution function on which 
dn/dv, — 0, processes of "build up" of oscillation prevail, in the 
veurse of which energy will be transferred from electrons to the wave. 

We have limited ourselves so far to the consideration of single 
(ullisions between electrons and a wave. Actually, in a sine wave 
P sin (gr — wt) electrons of a suitable velocity interval can 
wwillate between two humps of the wave, and if the shape of the 
wave does notchange during one oscillation, there will be no damp- 
Ing, since the electrons will now transfer, now acquire energy, being 
wflected from two opposite humps. The frequency of electron's oscil- 


lutions between two humps is Q ~ y 2~ y s. The condi- 


\lon for the damping to exist consists in that the damping coefficient 
must exceed Q, y > V e&og/m. Since, according to formula (90.24), 
ilainping becomes material at q ~ rj} ~ oo miT and at the same 
limo y ^ Oo, we obtain the inequality T >> e&,/q, from which it 
lullows that Landau's damping exists only in sufficiently weak fields; 
thw onergy gained by an electron along a distance of the order of the 
wavelength must be small compared with the mean thermal energy. 


"i. The Laws of Conservation and the 
Entropy Increase Law 


In this and in the following sections we shall return to the analysis 
wf tho Boltzmann kinetic (transport) equation, which permits the 
derivation of a number of important corollaries concerning the change 
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in the mean values of physical quantities in space and in timo. 
Let there exist some physicalfquantity p associated with a moleculo, 
assumed by us to be a function of a point in the p-space and timo, 
p op (r, v, 2). Let us find the value of p averaged over velocitios, 
By definition, 


—— Ír v oft, v, ndv 
t) = I——————————. 
v (r, £) IE dv ; 
or 


n(r, )wn2- f| ye, v, t) f(r, v, t) d'v, (91.1) 
where n (r, t) = IU (r, v, t) &v is the spatial particle density. 
"s us use the Boltzmann equation in the form 

URL Zh = [Pl Pw, VIV v) GT — 1f) sav. 
We multiply both sides of this equation by :p (r, v, t) and inte 


grate over v, transforming the left-hand side of the equation obtainwl 
in the following manner: 


fv M vy ai AL. OVE ot] av 
— [EU mz UO +n Uv) 
—I[ Sen, a |} a. ( (91.21 


The third term on the right-hand side of expression (91.2) can lw 
transformed by means of Gauss’ theorem into a surface integral 


P fiw, do, 


(do is an oriented surface element in the v-space), which vanishes 
when integrating over the entire velocity space, since f (r, v, t) > 
—- 0 as v — co. 

In the first two terms the derivative symbols ó/0t and O/óz, cnn 
be taken out of the integral, and the entire left-hand side of Eq. (91.4) 
can be presented in the form 


3r 09 ow) E Hos 29 Lu, im H jaw. (91h 

Let us transform now the right-hand side, denoting by 
r= f (T Pw, vv OPI oe, v, t) dw do’ as ai, 
(91.4 
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In formula (91.4) let us change the notation of integration variables 
by three methods: 
vorv, viv. vv, vo 
væv, yev, vio, voy, 
vv’, Y—v voy, vov. 
Accounting for the symmetry properties of Pj(v, v'| v, v’), 
formulae (85.8) and (85.10), we obtain 


l= (p= I = —I(P) 
=L (91.5) 

where 

pmr vi, Veg v’ t), 

F= y(r, V, 0, Fyr, v’, t). 
ce aka (91.3) and (91.1) e 
i rh) + se (pn) | [Pen E eR | d 

=f Be vis OIP) 


x (pt w' — $— y^) d'v d*v' dévdfv'. (91.6) 
Equation (91.6), and also the equation with the non-symmetrized 
ilght-hand side 


M (n) - (ner) — | [+n Tak T ee x | d'v 
= j j f | P (v, v |V, V) GT — ff) wdivdww' dio d? — (91.7) 


M called the Mazwell transport equation. 

letus consider now particular cases: —m, sp-—mv;, p = mv*/2. 
In all these cases the right-hand side of Eq. (91.6) vanishes during 
ilie impact by virtue of the laws of conservation of mass, momentum 
and energy. On the left-hand side of Eq. (91.6) we have: 





for zm, l 
Set sey (OR) = 0; (91.8) 
fur p= mv, 
FH (70 4- a. (PUMA) = Fi (91.9) 
for bum mv?/2, 
EC ) +a Oz, a (25 Pr 377 ) = UF, (91.10) 


TNO 
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where p - nm — gas density; 
F; = force related to unit volume. 
The physical meaning of the above relationships can readily i« 


established. The quantities pv,, pv;v,, pv?/2, pv*v,/2 are respectivel: 
the mean momentum, the mean arojection of momentum flux, :!: 
mean kinetic energy, the mean projection of the flux of kinetic «i. 
(all the quantities are related to unit volume). Equation (91. 
is the continuity equation for density and expresses the law of on 
servation of mass. Integrating Eq. (91.8) over some volume V ui! 
using the Gauss theorem, we find 


x (fff f eer)=-—§ pv, doy, (91.11; 


Equation (91.11) shows that the change in the quantity of substi. 
in volume V per unit time is equa tothe quantity of substance lc 
ing or entering this volume per unit time. 

Equation (91.9) is the momentum variation law. Integrating il 
over the volume V and using the Gauss theorem, we find the equation 


+ (| H pvi d'r) = )=— pom pU,Y, do, + MEZ dir, (91.12) 


which shows that within the volume V momentum changes at tlw 
expense of momentum entering or leaving the volume V togelli 
with the gas flux. and also due to the action exerted on gas particlu 
by an external force. Thus, Eq. (91.12) is the mathematical state 
ment of Newton's second law of motion. 

Finally, Eq. (91.10) represents the law of variation of the kinetin 
energy of a gas. Integrating this equation over the volume and usiny 
the Gauss theorem, we have 


a O5 S dr r)=—- pen do, + VA È Fror dr. (91.1 


Kinetic energy changes in volume V at the expense of its flowing inl» 
and out of the boundary of volume V (together with the gas flux) 
and at the expense of the work done by external forces. 

Let us also derive the law of variation of the potential energy 
density pọ (r), where ọ (r) is the potential energy per unit man, 
assuming the forces acting on gas particles to be potential and con 
servative, so that pF, = —óq/óz, and Oq/0t = 0. Assuming In 
formula (91.6) p = ọ (r), we obtain 





à à = = : 
ar (PF) + az, (PWr) = — Fw. Qn.tru 


The reader's attention should be drawn to the fact that the strenpth 
of the source of potential energy on the right-hand side of Eq. (91.11) 
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in equal and opposite in sign to strength of the source of kinetic energy 
in Eq. (91.10), which expresses the law of energy conservation: the 


total energy density p (7 + e) has no sources. 


Let us now use the kinetic equation to prove the theorem of in- 
trense in entropy upon the transition from a non-equilibrium state to. 
an equilibrium one. This theorem, proved by L. Boltzmann, is 
called the H-theorem, since Boltzmann introduced instead of entropy 
the quantity H differing from entropy only in sign. 

The proof of this theorem is also based on formula (91.6), but in 
this case the quantity (r, v, t)ischosen ina different way. For each 
yas particle the quantity p (r, v, ¢) can be assumed to be one of its 
individual characteristics mass m, momentum mv, and kinetic 
energy mv?/2 of the particle, independent of the state of other par- 
ticles, When we pass to the description of the gas as a whole, these 
quantities are juxtaposed with macroscopic characteristics that change 
in time and from point to point, such as mass density p (r, t), 
momentum density pv and kinetic energy density pv*/2. 

It is, however, very important that for each particle the quantity 
V (r, v, t) can be chosen to be a function depending not only on the 
velocity of this particle, but also on its position in space r and in- 
stant of time £. Moreover, the quantity :p (r, v, t) may contain in- 
lormation not only on the state of a given particle but, indirectly, 
also on the state of the gas as a whole, if it depends on coordinates, 
velocities and time through the distribution function f (r, v, t), 
le. p (r, v, t) = F [f (r, v, t)). As we have seen, in this more gener- 
al case the variation of the function py (r, v, t) and of its flux 
pvi'(r, v, t) in space and in time is also described by Eq. (91.6). 

Let us now show that if each particle is juxtaposed with function 

-lIn f (£, v, t) in the capacity of tbe quantity sp (r, v, £), then this 
function represents the "entropy" of the particle correct to a con- 
atant factor. This immediately follow from formula (63.12): 


n n 
S= — ` IPT: 
N.V, i 


Assuming in the above formula N and V to be fixed, replacing the 
probabilities n/L by the distribution function f (r, v, t) and pas- 
aing from summation over i to integration over the u-space, we obtain 


$— — A | fInfd'd'r 


where A is a constant. 
From this it follows that for entropy density we have 


ns(r, t) - — A f jln fdv= — Ann f, (91.45) 
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and for the entropy flux density 
nos (r, ) = — A È vf In fdv = — Anvinf. (91.16) 


Formulae (91.15) and (91.16) show that the expression —A ln / 
can be assumed to represent the entropy of a single particle. 

Let us now return to Eq. (91.6) and assume p = —1n f (r, v, t). 
Then, the second term on the left-hand side of this equation vanishes. 
In fact, we have 


Uem emere 
— | E at d Ua pet vy ox | dua (nv,) = 0 


by virtue of continuity equation (91.8). Therefore, the above equa- 
tion can be written in the form 


dpm, 8 unm 
Fy (ns) + gc. nso) 
- fff ew viv. WGP yin te ava’ da. quim 


Equation (91.17) has the form of the continuity equation for entro- 
py density with sources on the e side, 


Jr (n5) + ges (ns) =Q, (94.18) 


in this case, by virtue of the evident inequality (x — y) In (z/y) > 0 
the strength of the sources is non-negative, i.e. Q > 0. Integrating 
Eq. (91.18) over some fixed volume V and applying the Gauss thou 
rem, we obtain 


(fff aser) = — noo, do, + fff Qar. eum 


According to Eq. (91.19), the entropy of a gas confined within volume 
V can change at the expense of entropy entering orleaving the consi 
ered volume with the gas molecules and increase at the expense ol 
the entropy produced within the volume by SRM Sources, 


Q=+ r SS ff ew. v 177 OF — ff) nh P qas dD dev. 
(91.20) 


In particular, for a closed system the entropy can only increase or 
remain constant, if the equality //' = ff’ is satisfied. 
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Thus, we obtain the thermodynamic law of increase in entropy, 
with the kinetic derivation of this law giving us the expression for 
the sources of entropy, Eq. (91.20). For greater detail see Sec. %94. 


92. Local Equilibrium 


Let us find now the condition on which ihe entropy sources cease 


to produce entropy and equilibrium distribution sets in. It is clear 
from Eq. (91.20) that this condition is expressed by 
Wf =f. (92.1) 


In this en in Boltzmann's equation (see Sec. 55) 


UA LN 7 m — 
EMILE 
the irirbt-hand side vanishes and, consequently, the left-hand side 
vanishes too: 


af af A 
LR QUE =O. (2.3) 


Condition (92.1) can be written in the form 


In f -- Inf 2 Inf 4- Inf, 
indicating that in respect to collisions the quantity In f is an additive 
integral of motion. In the case of binary elastic collisions only five 
such integrals exist: three velocity components v,, vy, v,, energy 
e = mv*/2 and the quantity independent of velocity. It can be shown 
(see, for instance, [1]) that no more additive integrals exist and that 
In / can only be a linear combination of these quantities: 


f —exp[a 4- bw, t cvi] 


(repeating indices imply summation). For our purpose it is conve- 
nient to write this expression in the following form: 


f=exp [a-p 5 (v, — ug . (92.3) 


In this form Eq. (92.3) can be interpreted as Maxwell's distribution 


with mean velocity components v, — u,. The quantities a, B and u, 
in Eq. (92.3) are generally functions of coordinates and time, since 
in the case of "instantaneous" collisions the coordinates undergo no 
discontinuity jumps, in distinction to velocity and energy. Therefore, 
at each point of space there exists a local mean velocity—the velocity 
of a gas flow, varying generally in time. 

The function (92.3) will be denoted below by the symbol fọ to em- 
phasize thatit characterizes a locally equilibrium state, and p will 
he shown to actually represent a distribution modulus connected with 


502 Part Three. Kinetics and Non-Equilibrium Thermodynamics 


temperature by the relation f —1/7, the quantities u; have the mean- 
ing of components of local velocity of the gas flow. We shall also 
elucidate the meaning of the normalization factor e^. It should he 
noted for this purpose that the function fy must satisfy the following 
three conditions: 


f dfi ccu. 1259 


y d?v vifo = nv, M 
3 


= —ypy 
[dw S (o, — o fy - n BA on 


T. (92.4) 


Substituting (92.3) into these expressions and integrating, we obtain 


a 3/2 y 1 Y 
ecn (SE), u=U, p T (92.5) 


Expression (70.3) for the function fọ now acquires the form 
3/2 — uy 
fo=n( aie) ero[ 2p] ^ ets 


In addition, expression (92.3) must satisfy Eq. (92.2). 

Substituting the expression for fọ into Eq (92.2) and equating 
to zero in the obtained formula the coefficients at v,v!, vv, vy and 
the terms not containing v,, we obtain upon some transformations 
the following equations: 





# =o, (92.7) 
Fyom(int uy) +42 (apts), (920 
ES (a—B ma ) + Buy Fy, = 0 (92.10) 


The first of these equations shows that in the expression for the 
Maxwell local distribution the quantity p, or temperature, is the 
same at all points of the space, but can change with time. 

Equation (92.8) determines the local velocity field for a gas flow. 
Its general solution has the form 


u— D. r-Hlor]+ u (£), (92.11) 
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where uw, is the velocity of translatory motion. In fact, diferentiat- 
ing Eq. (92.8) with respect to z,, we find 
ui — Zuk 


Or, Ór| | Oz, 02; DOSE 


whence, upon a cyclic permutation of indices i, k, l, we obtain 





Cu, =0 
OI Oz, Oe 


Ui + Uri + Yu TA 
Substituting this expression into Eq. (92.8), we have 


5 : 
Yat wa =f, v= es Ya — Yau at dk, 


whence follows Eq. (92.11). Equation (92.11) satisfies Eq. (92.8) 
for o, u,, independent of coordinates, but arbitrarily depending on 
time. If the field in which the gas is placed is a potential one, i.e. 
F -- —V2(r), then the angular velocity œ varies with time in pro- 
portion to temperature, w (t) B (t) = const. For a potential field 
àq. (92.9) can be written in the form 


2 (pu) = —Lv[s-B 77 +B (n ]. (92.12) 





whence 
curl 2 (Bu) = curl [2p ier) | =2 3 (Bo) = 0, 


xo that Bo = const. 
Thus, in the general case the macroscopic motion of a gas is the 
superposition of radial expansion (compression) with a velocity 


pr/20, plane rotation with an angular velocity œ (t), which is the 
same at all points and varies in proportion to temperature, and trans- 
lational motion with a velocity u,, (t). However, all these three kinds 
of motion of a gas asa whole are impossible, if the gas is confined with- 
in a vessel. This is evident for radial expansion (compression) and 
translational motion, while “solid-state” rotation of the gas must damp 
due to the transfer of the torque to the walls of tho vessel. In this case 


| 20, œ =0 and uj, = 0, and, consequently, u = 0. It follows 


thon from Eqs. (92.9) and (92.10) thata 0 and a — — "/(r) -+ 
+ const (if the external field is potential) and the distribution (92.3) 
degenerates into the ordinary Maxwell-Boltzmann distribution 


f? = const exp [ —p (4 +4 (r)) ]. (92.13) 


One can prove a more general statement: the local distribution dege- 
nerates into an equilibrium distribution, if the field is a potential 
one and the expansion of the potential in powers of z; contains the terms 
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of the order of z,z,z; and higher, maybe along with the terms of lower 
powers (see the problem for this section). However, if the gas is not 
considered as a whole but only small volumes of it, then there can 
exist a state with a distribution function described by Eq. (92.6) 
with a density n depending on r and ¢ and a flow velocity speciliud 
by formula (92.11); in this case B, ui, and also œ can be slowly vary 
ing functions of coordinates. Although no rigorous proof of this state. 
ment has been found, it is usually assumed that in small volumes 
first a local Maxwell's distribution fy [(92.6)] sets in, then upon thw 
elapse of a macroscopic relaxation time, the equilibrium Maxwell. 
Boltzmann distribution /'® [(92.13)]. It should be emphasized that 
Boltzmann's kinetic equation does not describe this second stage of 
relaxation. 
Let us now represent velocity v as the sum of two terms, 


VQ = U; + Cis (92.14) 

where, by definition, 
vi = Uy e, = 0. (92.1%) 
From the point of view of mechanics, it is natural to interpre! u 
as the velocity of the centre of inertia of a small volume of a gas, 
and e as the relative velocity of gas molecules. Statistical physics 
interprets u as the local velocity of macroscopic motion of a medium, 


and c as the velocity of random thermal motion of molecules. Then 
the equilibrium distribution becomes 


=exp [257 ]- (92.16) 


It should be noted that according to formula (92.16) the equilibrium 
(thermal) velocity distribution of molecules is always spherically 
symmetrical in the velocity space, since fọ depends only on c?. 


Problem 
Consider local equilibrium in a potential field 
U (r) = 9l s + zi + Gg ER + Sig ZiTprh 
where if only some a,,, differ from zero. Using Eqs. (92.9), 


(92.10) show that in such field P = 0, o = 0, up =0, u- 4, 
a = const — f?/(r) and that the local distribution (92.6) 
degenerates into the equilibrium Maxwell-Boltzmann distri 
bution. 


Hint. It is expedient to eliminate the expression a — p 


from Eqs. (92.9), (92.10) and equate to zero the coefficients ul 
the terms of the order of z,z,, x; and z? in the resulting equation 
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9J*. The Kinetic Equation for Plasma 


In Sec. 90 we have considered the kinetic equation for plasma in 
a self-consistent field approximation with no account taken of par- 
ticles’ collisions. In this section we shall turn to examining the 
effects caused by collisions between particles and obtain the kinetic 
equation for plasma (Landay [44]) by transforming the collision inte- 
gral in Boltzmann's equation. 

Owing to the long-range nature of the Coulomb interaction, domi- 
nating in plasma are distant “collisions” with small scattering angles 
and transfer of momentum. This manifests itself, in particular, in 
tlie divergence of the total scattering cross section in a Coulomb field. 
Let us assume plasma to consist of m kinds of particles (electrons and 
different ions) and introduce partial distribution functions f, (Tu, 
Pas t) obeying the system of Boltzmann's equations. In this section 
ihe momentum p and not the velocity v, will be assumed to be the 
wcond argument of fa: 


0 ð fa 
Je tva He EF, oe = 2 Ja, (93.1) 





where the collision integrals J , s are chosen according to formula (85.9) 
in the form 


Jas= | | (P (Par Pa| Pa, Po) als — fafo) Ppodip, dips. (93.2) 


l^ us introduce the notations Pa = Pa + Aa, pg = pg + Ap. 
with Ag = —A, due to momentum conservation; we represent the 


function of four vector arguments P (Pa, pa | Pa» Pg) as the function 
af the half sum and difference of the initial ind final momenta 


i" (p. + Ae Pa + j^ Ag, Ag). Due to symmetry properties, 
ihe function P is an even function of the last two arguments. 

Since the main contribution to the integral Jag is made by colli- 
uns with small momentum transfer, let us expand the transformed 
integrand of (93.2) into a series in A, and Ag. It is clear that in this 
axe. the function P' must be expanded only in A,/2 and A,/2 pre- 
wut in the first two arguments. 

‘he terms of zeroth order in Ag and A, cancell out and the first- 
"der term, equal to 


VET [n At fo T= Aa) dps dias dds, 


smulshes due to the fact that the function P’ is even with respect to 
‘he Inst two arguments. The terms of second order in A,, Ag are 
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equal to 
^ai A g? 
5H | dpa d'Aa d'Ag ([ -FEE fp (po) oe 
ðfa Of Api 2 *fg , 
+A, igk =— Opa Pek fa (P Pa opal mins 


1 oP’ oP’ ofp ae 
NE (Aai Spar + Aes ax) (A akfa = ie + Ana =— FE )}. (93.:1) 
Let us transform the terms containing 0P’/dp,,, integrating thom 

by parts, and take into account the fact that the surface integrals 
vanish in the pg-space because the function fg (pg) vanishes on nn 
infinitely distant surface. We obtain for the integral Jap the expres 
sion 








OPai ÓPah 
Aai Arh Ofa fp oP’ [5 Aah j fa 
2 OFai A ' OPai L. 8 Ipan 
Aai a ofp y. 
933.4) 
+ To late lf | 


From this it is clear that the right-hand Be of (93.1) can be wril 
ten in the form of the divergence in the momentum space, Ojqj/OPui. 
where the flow density ja; is expressed by the formula 


jac ZS) pnd. d'As 
A 





of éfg ql. "m 
= [Aas Aanfs DE + Agi Aerfa ana | P'. (WW 


Let us now return to the previous notation P’ = P (pg, pg | Pa. pi! 
and recall (see Sec. 85) that the function P contains four delta-[unr 
tions, ensuring the fulfillment of the laws of conservation of ener 
and momentum. Carrying out, as in Sec. 85, four integrations. 
replacing A, by —A, and expressing the function II (pg, pg | Pa: p! 
in terms of the effective scattering cross section dogg (Gay: ! 
we obtain for ja: the je head expression: 


1 af 
i-i [dos (fa ge — Io Goer) dan | Aai Aan deus, (Uum 


where ap is the relative velocity of particles a and f. 
So far, no use was made of the fact that the interaction between 
particles œ and f is of the Coulomb kind. Turning to the evaluation 


of the integral j AgiAgndoap, we recall some information concern 
ing Coulomb's collisions. 
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Let qag and dep denote the relative velocities of particles æ and. P 


before and after interaction, qap = Va — Vp and qap = Va — Vp- 
By the law of conservation of energy, 


Hasgep’2 = Mangan’? 
where 
Hop = MaMe’ ( a + mg) 


in the reduced mass, we have Jap = Gag. Let us introduce the unit 
vector n, which divides in two the angle between the asymptotes of 


^ 
r 
n se 
Gas as d ^ 8 
P Jas lag i ucc EE PES 
Gap 
(a) (b) 


FIG. 112 


tho trajectory in the centre-of-mass system shown in Fig. 112. Then 
"ue — dag = 2n (nqog), from which by the law of conservation of 
momentum we find 

As = — Ag = Bes (Qan — qap) = 2H apgapl cos LE (83.7) 


Kur Coulomb collisions we have, in addition, the ratio between the 
mgle y and the impact parameter p [6]: 





pes wis lan qj. (93.8) 


lat us substitute expression (93.7) into the integral Aj, = 
| AgiA aadO Ge, 


Ain = Áp&pgag | nN, cos? v dO, (93.9) 


and choose the polar axis along the vector qag; the angle @ will be 
measured from an arbitrary straight line perpendicular to qap- Then 
ihe projections of vector n on the direction of vector qag and on two 
litections normal to it will be the quantities cosp, sin ~ cos pọ and 
ut} sin q. The differential cross section will be represented by 
hnn = p dp dq. Then we obtain for ^,, the expression 


2n 


An= App7ip | cos? tp dpf nin, dq. 
i v 
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Substituting the projections z,, we can readily see that all non 


diagonal components of A;, become zero and the two diagonal com 
ponents, corresponding to the directions normal to qag, are the some 
2n on 
f sin? ọ dọ = f cos? dq — x, 
D] 


and equal to (i — 2, 3) 
Au = Ánpaegap f sin? tp cos? spp dp. 


Expressing sin p and cosy in terms of p by formula (93.8), we ti 


_4n Paptap e? dp 
usna "edd rs &ptap/es e) PT" (um 


The integral in (93.10) diverges logarithmically at large p, whili 
manifests the long-range nature of the Coulomb forces. It is, ther 
fore, natural to truncate the integral at distances of the order -l 


Debye's screening radius rp = [7/4x ~n e3 )!/?. Since the main “on 
E 


tribution to this integral is made by large impact parameters, (heu 
correct to logarithmically large terms. we shall ignore unity in tle 
integral denominator of (93.10) and introduce as the lower intesa 
tion limit p ~ | ee, ap Tp ~ | @aép l/T and as the upper ii! 
gration limit p ~ rp. Then we get for A,, the expression 


ed a rpl 

Auc = =41— In | cath [^ (93.1 E 
The quantity L — In iA T is called the Coulomb logari'' 
It has a low sensitivity to small changes in the lower and upper linu- 
and has in typical cases rather large numerical values (L ~ I" 
to 50). The diagonal component A,, is proportional to the in!«:«! 
converging in p: 








p dp 
(4 -F hi gea pP Ped, ep? x 


and must be assumed equal to zero in our approximation. Thus, © 
the chosen system of coordinates A,, is expressed by 


2 A 
Aus dnte E 9%,p 01k = soot Fes (93.1" 
ap 
Indeed, expression (93.12) vanishes at i 54k, since at least one |" 
jection qapı is equal to zero. It vanishes at i = k = 1, since ga.. 
= ap, and is equal to 4nezeğ/gag at i — k — 2 ori=h | 
By virtue of the tensor nature of A, expression (93.12) remains \ olu 
n any other system of coordinates. 
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Thus, we obtain for the current density in the momentum space the 
following expression: 


lat = >) 2ne&ehL y d3 pg 
A À 
i ofp Ofa . Wadia — Japi apr 
x (feu dax] EXE NAE (93.13) 





Application of Landau's equation will be illustrated by considering 
the problem of energy transfer from electrons to ions. 

The index « will be used to denote quantities pertaining to elec- 
trons, and the index f, to ions. Let electrons and ions be described 
by Maxwell's equilibrium distribution functions with different 
temperatures 7, and 7, assuming in this case that all kinds of ions 
are at the same temperature, since the ratio of energy transfer from 
one ion to another is much higher, due to the comparable magnitude 
of their masses, than the rate of energy transfer from electrons to 
lons: 

fa — na (9n, T)! e Pa 
a = ha ata xp [|] , 


(93 14) 





fa = ng (2nmgT)^? exp [ — iy ] : 


In expression (93 13) for current density only the terms with B a 
ee main, since for identical particles the Maxwell distribution func- 
tion turns the collision integral into zero. 

Allowing for 


falô Pai E Patha/MeT a, Ofg/Ó pay — Pertp/msT , 
wo obtain for Ja; the expression 


, ^a. 2 ô = 
fai = Dy neleh L | patas (or — 7) EP (93.15) 
6 


(the prime at the summation sign denotes that there is no term with 
| sa). 

Transforming the term vg,/T = Van/T — Qapx/T and allowing 
lut Qa ga (g2p5:n — GQapidaga) = 0, we can present Eq. (93.15) also 
in the form 

= SV one! 1 1 912,51 — dapi Ga. Bh 
lai= 2 2neaeh L | d'peffs (zz—) Yak 7 qo 
(93.16) 


lal us assume electron velocities va; to be many times higher than 
the velocities of ions; due to the smallness of the mass ratio mo/mg, 
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this condition is usually well satisfied, even if the electron temp. ^ 
ture T, is one order higher than the ion temperature T. Then, in o 
ge (93.16) gaa can be a ame with a good accuracy by v. 


26 — 
=a Qneze, L | d? Pofafs (a> To —+) ch a E (93.1: 


The oem in the number of ions with momenta pg, per unit lii 
is üjgj/Ópg;, and the change in energy is equal to 


Ph iB 
2mg Ópgi 


In consequence, the change in the kinetic energy of electrons is iie 
scribed by the equation 


d 
dt ($ noT a) 
28. — » 
= X saei jj rettet (3, — 1 im teret 
193.15: 





d3pg = — f Ver) pid? pg. 


Integrating in Eq. (93.18) over the E a we find 


p SU n, =o 3 fa- paro Sr b, 


@ 
then, the integral over momenta on the right-hand side of Eq. (93. 
acquires the form 
PÄ 
S | apote E nj Tan Jera, 


Evaluating the integrals in this expression, we finally obtain the 
equation 








He = — (T. — T), 
where 
LV raneal wy meh 
3 73/2 T mg ` 
Problem 


Find the energy flux carried by ions in plasma placed in a strom 
magnetic field H in the direction of temperature gradient VT (r) 
Larmor's frequency 2, = egH/mgc is large compared with 
the characteristic collision frequency; in addition, it is assumed 
that VT (r) 1 H. 
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Answer. In the first approximation in H-!, the energy flux is 
perpendicular to V7 and equal to 





i Sng? 1 
S= Sa LH VT } 
in the second approximation, 
SL = as —X ] yT | 


where x = 8) nc?Ln&ejmg |TU2H-*; the heat capacity of 
plasma diminishes sharply in the ‘direction perpendicular to 
the field intensity H. 


M. Equations of Gas dynamics 


leet us turn now to the consideration of the hydrodynamic stage 
in the evolution of a non-equilibrium system, assuming the state of 
tho gas to be described with good accuracy by the first moments of 
a distribution function, and show how the Boltzmann kinetic equa- 
(lun permits derivation, in a rather general way, of the equations 
wf classical gas dynamics. We shall proceed from the formulae , de- 
rived in Sec. 91, 





æ pa (pv,) — 0, (94.1) 
-Z (001) tx (po,vx) = pu, = Fi, (94.2) 
a [23 
va vip. m = 
3$ (m tx PEPE ) = prat, =F a, (94.3) 


describing the change in the gas density, momentum density and 
energy density. Let us make use of the decomposition of molecular 
velocity into the local velocity of the flow u, and the random ther- 
mnl velocity c;, introduced in Sec. 92, and calculate the densities 
of (he mass-, momentum-, and energy fluxes pertinent in these equa- 
tions. We have 


pu; = pui, (94.4) 
- PUiVa = PUR + PCICR, (94.5) 
it P URE EF Outs) (a 60 
£ (u TO) udi P. (cei c-2u&c,c.). (94.6) 
We introduce the notations 
Mas EUM (94.7) 


7 1 peče; = Li, (94.8) 
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where P is pressure, and the meaning of the quantities Hp, L; will 
be elucidated below. Since in an equilibrium state the distribution 
function f, depends only on c?, by virtue of the fact that the inie 
grand is odd, we find 


perc, = ( fo (c?) eerde = 0 
and, according to the known formula from the elementary kinetic 
theory of gases, P = Qc?/3, we have 
—À 1 — 
PCa = = Pein em Pôr. 


‘In consequence, the tensor I1,, and vector L; vanish in the equilib 
rium state. If should be noted that the tensor II;, is sy nimeltrical by 
definition, II, = Iia; then, from Eq. (94.7) we get 


pf = S = 3 pi, (94.11 
II Tr Il, — Iq, (94.10 


where pÜ is the internal energy of unit volume. Allowing | 
the notations in formulae (94.7), (94.8), formulae (94.5) and (94.6) 
‘yield 





PUY, = puta + Pix — Min, (94.11) 
P m E+), (94.1: 
Pr, PUT + Pu, + pÜu, + L, — Ius. (94. 1:5) 
Equations (94.1) through n now acquire the form 
Ar as (Pun) = (94.14 
ô oll 
2$. UE (puju,) = F,— + E R (94.15) 


E. SY} H Cae ef) +L (Tu) 
= Fyuy — ur (Li — Tirua) — a (Pu. (94.16) 


Equation (94.14) represents the well-known continuity equati., 
expressing the law of conservation of mass. 

The continuity equation permits an important transformation 
Let there exist some quantity A depending on coordinates sud 
time. We calculate its total derivative with respect to lime, repr 
senting the complete change in the quantity A with time, result: 
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both from the change in A at the given point of space, 0A/ót, and 
due to the change in coordinates with time: 

ðA , OA dz, 9A , BA 

at’ Os; dt of O5 Oz, UU 
We transform this relationship, multiplying both sides by p, in 
the following manner: 


0A A 
e (au) =F (4p) + 2 (Apu) — A (24+ (om) 


Since the last term on the right-hand side is identically equal to 
tero according to the continuity equation, we have 
8A aA ô ĝ 
p (a tar Mt) =ar (uu (Apua). (94.17) 
It should be noted that this technique, based on the law of conser- 
vation of mass, resembles the process of taking the mass out or in- 
troducing it into the time derivative, mt = 2 (m. ..) in New- 
ton's equations, based on mass constancy. Using Eq.(94.17), Eq. (94.15) 
can be reduced to 
our 


9uw p oP [)WTS 
e at + pua Or, =F, Oz + OZR 





; (94.18) 


Equation (94.15) is the mathematical statement of Newton's sec- 
ond law for unit gas volume. Integrating both sides of this equation 
over some fixed volume V and making use of the Gauss theorem, we 
obtain 


$ (J fom) fme 


= f f | Fart Wy (Ij — P6,,) dop. (94.19) 


The left-hand side of Eq. (94.19) contains the change in momen- 
tum in volume V per unit time, resulting both from the change in 
momentum at a fixed point (the first term), and due to the motion 
of gas particles (the second term—momentum flux through the boun- 
dary of volume V). 

The expression on the right-hand side of Eq. (94.19) represents 
the sum of the forces acting upon the volume under consideration. 
These forces include the external body force F, (gravitational force, 
for instance) and the surface force (I1;; — P6,,) dom. In equilibrium 
Iia = 0, and the surface force is perpendicular to the area do and 
equal to — Pdo. 

In a non-equilibrium state the surface element do is acted upon 
additionally by the force dF, = Ido, which has tangential com- 


33—0798 
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ponents (terms with i + k). These components represent, evidently, 
the viscous force. To single out these forces explicitly, it is conve 
nient to represent the tensor II;, as the sum of two terms, 


II, = Mis + Ia, (94.-, 
where Ili, is the zero-trace of the viscosity tensor, 
D4-M,—4Mós, Trl -I4-0, M-TrMa- My, 
(94.21) 
and Il, is its diagonal part, 


Mis = N65. (94. 
The force due to the diagonal part Ilin, 
dFi = Tia do, =N d0,, 


is orthogonal to the surface element do and has no tangential com 
ponents. The zero-trace II, causes both the appearance of an addi 
tional non-equilibrium pressure 


dF jn, = In, do, = (Mur -4 Môn) n, do,, 


and the origination of forces tangential to the surface element 
viscous forces proper. 

The reader's attention should bedrawn now to the fundamentil 
disadvantage of the system of macroscopic equations (94.14) through 
(94.16), consisting in that the system is open—there is less equation: 
in the system than the number of unknown quantities. Indeed. the 
first equation of this system already contains four unknowns: den 
sity p and three velocity components u,. The second vector equation 
(94.15) of the set only aggrevates the situation, since the number || 
equations rises to four, and six independent components of ten 
II,, and the equilibrium pressure P are added to the number of un 
known quantities. Thus we obtain four equations with eleven 1 
knowns. It is clear that the addition of the scalar equation (94.1. 
to the system leads to similar results, since three projections of tl 
heat conductivity vector L; are added to the number of unknow::. 
We could compose equations of the (94.14) through (94.16) type 
even for higher velocity moments, choosing as the function sp (r, v, ‘) 
in Eq. (94.6) or Eq. (94.20) the product of three, four, etc. velocits 
projections v,vjv;, ViV_V Vp, etc. It is clear, however, that then new 
unknown tensors would appear on the right-hand side of correspond 
ing equations with the number of components exceeding the number 
of new equations added. 

One of the possible ways out consists in the use of intuitive phe 
nomenological relationships connecting the fluxes of various phy- 
ical quantities with the gradients of system's parameters. For in 
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stance, if for a gas not acted upon by external forces we introduce 
an assumption (confirmed experimentally) that macroscopic fluxes 
originate in the gas in the presence ofa density gradient and that the 
flux velocity u; is proportional to that gradient (Fick's law), 

pu, = —D E. (94.23) 


OZ, : 
where D is the coefficient of diffusion, then Eq. (04.14) becomes 


op — 0 6p 
ao tes (Dan): 
or, if D is assumed to be independent of coordinates, 
# = Dv. (94.24) 

Equation (94.24), referred to as the diffusion equation, contains 
only one unknown function p (r, t). In this way, Eq. (94.14) can be 
made closed by postulating Fick’s law and introducing the phenomeno- 
Ingical coefficient of diffusion. It will be shown below that the system 
uf equations (94.15) and (94.16) can be closed by postulating the 
phenomenological laws for viscosity and heat conductivity and intro- 
ducing corresponding coefficients. It must be stressed, however, 
Hiat such. method of "closing" the system of macroscopic equations 
t only an apparent solution of the problem. In essence, using this 
method, we only take the difficulty to another place, since it’ be- 
mmes necessary to prove transport equations and find the transfer 
wofficients. 

This can be accomplished by solving microscopic equations, for 
instance, the Boltzmann kinetic (transport) equation, which will 
la done in the next section. Here we limit ourselves to the elucida- 
iiim of the following problem. It would appear that if Boltzmann’s 
equation is solved and the distribution function f (r, v, t) is found, 
\here is no need at all in the equations of gas dynamics, (94.14) 
\lrough (94.16), since all moments of the distribution function p, 
pia, pu*/2, etc., can be calculated directly from their definitions. 

Actually, however, the case is not as simple as it appears, since 
li" approximate solutions of Boltzmann's equation can also depend 
4n the gas dynamic variables such as p and u,. For instance, if we 
«re finding the distribution function in the vicinity of local equilib- 
tium (usually, this is the case, as it will be shown ín the next sec- 
tion), then, in the zeroth-order approximation the distribution 
function has the form 


3/2 =m(v;— u)? 
h-n(ap) ect (94.25) 


ano Sec, 92) and it depends on density z, flow velocity u and tem- 
perature T. 
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Let us return to the problem of "closing" Eqs. (94.15) and (94.16) 
In order to “close” these equations, the phenomenological expression 
for the tensor IIj, must be postulated. In equilibrium Il, © 
and Eq. (94.15) DR i known t equation 


x (pu) x = (puua) +E Jz; 2 =F, (94.0; 


for a compressible gas, if we add to it, as a second equation, the con 
tinuity equation in the general form, or for an incompressible fluid 
if we assume that p = const, du,/0z, = O (condition for incompre 
sibility). Below, for the sake of brevity, we shall always deal wit! 
a gas, although all the equations derived above describe in some ap 
proximation the flow of liquids. 

In a non-equilibrium state account should be taken of the visco. 
friction forces. In the first approximation the components of tens% 
II;, must be proportional to the componentsof the gradient of velu 
ity projections, since viscous friction originates between adjoinin 
layers when the velocities of directional motion in these layers an 
different. Allowing for the symmetry conditions for the tensor ll, 
and dividing again the tensor into the zero-trace and diagonal parts 
we have 


' bui Ou, 2 Ou; Ae 
Ti, =o ( Or, ózj 3 ôr 64) $ (uu 
» Ou, Pu 
Mis = "135, 6, (91. 
where the quantities œ and y are referred to as the shear and buh 


viscosity coefficients respectively. depending on the gas propert 
In this approximation, for a viscous compressible gas Eq. (94.1 
becomes 


à (pui) à oP uj; Pu, _ ar 
Cr oa, (Puta) + GE, 9 ase (n tg 3?) get = Fi, (im 





and for a viscous incompressible liquid the equation takes the fu 


G(pur) , (Puiu) , OP tui TOREM 
"dt | LEN oR gag 0 ox? =F, iol 
Equations (94.29) and (94.30) are called the Navier-Stokes equatiem 
Thus, we arrived to a most important conclusion: in a therm«h 
namically equilibrium state all gases are inviscid. A gas can be eum 
sidered to be compressible or incompressible depending on whetl« 
or not the quantity óuj/óz, can be assumed to be equal to zere e 
a given problem. On the contrary, in a non-equilibrium state » 
gases are viscous, and the fact that tensor II,, differs from zero Inu! 
to two corollaries: the appearance of an additional non-equilihrii 
pressure and the origination of viscous friction forces specilied |: 
the zero-trace of tensor, IIj,. 
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Let us consider now Eq. (94.16). It is readily seen that it describes 
the variation of energy with time. Integrating both sides of this equa- 
Hon over some fixed volume and using the Gauss theorem, we obtain 


i (SSS (2 +00) arr) S CoD) m don 


= f f \ F,u, dr +f) (Flin — P6,4) u do, — iV L,do, (94.34) 


The left-hand side of Eq. (94.31) contains the total change in the 
snergy confined within volume V per unit time. This energy consists 
uf two parts: the kinetic energy pu*/2 and the internal energy QU. 
The first term on the right-hand side represents the work done by 
the external body forces, and the second term, the work accomplished 
by surface forces, including the work of pressure forces (equilibrium 
pne P and non-equilibrium viscosity tensor II = Tr Ila) and 
he work of viscous friction forces; by its mathematical structure 
the last term represents the flux of vector L, through the boundary 
surface. It stipulates the change in energy in volume V even in 
the absence of external forces and viscous friction forces. Thus, 
this term can be interpreted as the flux of heat entering or leaving V 
or unit time due to heat conduction, and the vector L, as the heat 

ux density vector. 

To "close" Eq. (94.16), one must postulate the phenomenological 
expression for the vector L,. Such a closing expression can be formu- 
lated on the basis of the following considerations. 

Heat conduction is known to exist only in a non-equilibrium state, 
which agrees with empirical facts—heat transfer is impossible in 
tho absence of a temperature gradient. In a first approximation the 
vector components must be proportional to the projections of the 
vector representing the temperature gradient 

aT 4 
Or, $ (94.32) 
where x is the thermal conductivity, which depends on the proper- 
\les of the fluid. Equation (94.32) is the formulation of Fourier's 
lur of heat conduction. 

Equation (94.31) can be presented in such a form that, in addition 
i» the external forces, the left-hand side would contain only the 
quantities IIj, and L; that vanish in the equilibrium state. Taking 


L= —X 


tho term Ny Pu, do, to the left-hand side, we obtain 
SUB (47- +00) dir + iN ( E +pU + P) udo: | 
= | | | Peart v Tau, de, — q L,do,. (94.33) 
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Note that the second term on the left-hand side of Eq. (94.33) repre- 
sents the enthalpy flux reduced to unit volume. 

Equation (94.15) allows derivation of the law governing the varia- 
tion of kinetic energy per unit volume of a fluid. We multiply both 
sides of this equation by u;: 

ð xL 
uf Aten: 2o) FUEL Lun a A ]=F sa ieu, (9438) 
Let us transform the first two terms on the left-hand Ha of Eq. (94.34) 
using (94.17) 








9 (pui) ð (purr) | _ alpu?) , , 9(Pu*u) dus ĝui 
u,[ 2 t zh ]- “at On; —pu, (Ft + up se) 
__ 9(pu?*) 9 (pu*ui) ð (pui) ô (putua? 
saa pee cd ( a T du. ), 


This equation yields 


9 (pui) ô (puur) \ — O(pu*/2) , ô (pu*ui/2) 
u( + Ea. d a t oa 

and, upon substitution this into formula (94.34), we obtain the equa- 
tion 

8 (pu*/2 ô (pu*u,/2 ô ; 

MEUS + Pom. = Fiu + uy -gay Hir Pn) — (94.38 
It should be noted that according to Eq. (91.14) the term—F;u; rv 
presents the density of the source of potential energy, and Eq. (94.35) 
can also be written in the form 


OE ô a 
t (Bu) =u com (Ha — P564). (94.30) 





at 
where E is the sum of the kinetic and potential energies per unit 
volume. 

The right-hand side of Eq. (94.35), describing the variation of tho 
kinetic energy density of a liquid, already contains only the work 
done by body and surface forces. Upon integration over the volume 
we find 


a (WS Sarr) +h Su, do, 


= j j j Fu, a+ A Mia — P64) udo, (0430 


Let us eliminate now from Eqs. (94.35) and (94.16) the terms con 
taining the mechanical energy of fluid and derive the equation «lv 
scribing the variation of internal energy pÜ. Subtracting Eq. (94.35) 
from Eq. (94.16), we obtain 


ð ô (pU oL ĝu po 
ELS + 2000) set t+ Min — P64) 22. (94.34) 
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In the absence of fluxes (u, — 0) Eq. (94.38) for an incompressible 


medium (p = const, Ü = C,T) can be used to derive the heat- 
transfer equation 
oT 


pCv = —VL, A 2v ( 





(94.39) 


Integrating Eq. (94.38) over the volume, we have 
Eoo) e etas 


=—J | Liao $ | | pet erem. 


{he above equation shows that, in inis to the convective energy 
flux through the boundary of the volume, represented by the second 
term on the left-hand side, the factors causing the change in the in- 
lernal energy in volume V are the heat flux (the first term on the 
right-hand side), the work done by pressure forces (the second term 
an the right-hand side) and the work of viscous forces (the third term). 
Viscosity always causes a decrease in the mechanical and an increase 
i! the internal energy, therefore the quantity I],, (@u,/dz,) must 
he positive or equal to zero in the equilibrium state. Using formu- 
lae. (94.27), (94.28), we find 























Ou; — Ou, du, Qu, ( 2 ðu Oui 

Nin OzR =a ( OLR i oz; ) CET" uu 72) Oz, ih orp 
2.4 Ou; Ou, aur \2 
=z [3 dH àzi E t(2-3«)( a) E 


ln the above expression the first term is non-negative if a > 0, 
and the second, when n > 2/3a. Thus, the fact that the expression 
lln (Qu;/Óz,) is non-negative imposes certain restrictions on the 
quantities @ and m. 

Let us derive, finally, purely thermodynamically, the equation 
dercribing the variation of entropy, by introducing for this purpose 
the hypothesis of local equilibrium. Considering the state of the system 
t^ be non-equilibrium as a whole, we assume it possible to subdivide 
i! into volumes so small (each of which, however. can be macro- 
vopici that each of these small volumes is in equilibrium and only the 
parameters describing the state (temperature, density, pressure, en- 
utopy, ete.) change slowly with time and from point to point. 

This permits us to write the ordinary thermodynamic expression 

~ i 
d$ 3D Pw 4t (94.40) 
e 
for the differential of local entropy of unit mass of a fluid. It is 
possible to use such a description due to the fact that, as will be 
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shown below |formula (94.43)] the capacity of entropy sources, vio 
lating the validity of relationship (94.40), is quadratic in gradients, 
resulting in that entropy generation can he ignored in tlie first appro 
ximation. llence. we have 

as 1 00 P op 





Summing up these relationships, multiplying the equation obtained 
by p and using formula (94.17), we obtain 


alps 4 2 OSu) a(pSur) _ tf eee 9 (pÜua). 
et Or, Oz, 


P [960p op 


Let us transform the first term on the right-hand side of Eq. (94.41) 
with the aid of Eq. (94.38), and the second, with the aid of the con 
tinuity equation 


à zes: 2195. 5 duse ð .9 (pSuy) 


_ A [- OL. 
oz, T 
+ 








+ (Hia — P64) -3 ove a | 


OZ 
P du, — Tin nes m i 
Ju. _ Hun Guo) OU (gy ay 


The expression on the right-hand side of Eq. (94.42) is the density 
of entropy sources; it is seen to differ from zero only in the non 
equilibrium state, when heat conduction and viscosity exist. We 
integrate both sides of Eq. (94.42) over the volume: 


EJS oSer) = Gina. fnt 


à ô 2. 2 a 2 
5E j | f frm) te) RD, (94.43) 


The change in entropy in volume V of a fluid is seen to be the sum 
of three terms. The first term on the right-hand side of Eq. (94.5: 
represents the convective entropy flux, originating due to the entropy 
transport together with the mass of the fluid. The second term i» 
due to heat conduction and represents the flux of entropy associati 


with the heat flux in accordance with the formula d$ — 3. Depend 


ing on the direction of vector L;. i.e. depending on the direction 
of the temperature gradient, this Nux can be positive or negative 
just as the entropy flux due to convection. Finally, the third teim 
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describes the origination of entropy due to viscous friction, and it is 
non-negative in accordance with the entropy increase law. We see 
this term to be proportional to the squares of velocity gradients, 
which justifies the assumption about the quasi-equilibrium nature 
of the process made in Eq. (94.40). 

Thus, in a closed system, in which no convective entropy flux and 
heat flux exist (mass-impermeable and heat-insulated walls), entropy 
increases due to the irreversibility of the processes of viscous fric- 
tion. If the system is in equilibrium, the second and third terms on 
the right-hand side of Eq. (94.43) are equal to zero, and entropy can 
only flow together with the fluid from point to point. In particular, 
in the case of impermeable walls the entropy in the volume V of a 
fluid remains constant. 

The gasdynamic equations derived in this section contain maxi- 
mum information on macroscopic motion of a gas that can be gained 
from Boltzmann's kinetic equation without solving it. In this case 
there appear in these equations three phenomenological coefficients 
of viscosity æ and n and of thermal conductivity x, whose dependence 
on temperature and pressure remains unknown. 

Assuming that the state of a moving gas deviates only slightly 
from equilibrium, we can find approximate solutions of Boltzmann's 
equation and substantiate the phenomenological transport equations. 
(04.27), (94.28), (94.32), and also calculate the transfer coefficients. 


95. Methods of Solution for Boltzmann's Equation 


There exist several approximate methods of solution for Boltz- 
mann's equation, all of them involving rather cumersome and long 
calculations that cannot be treated in detail in this book. A simpli- 
(led version of one of these methods, namely, the Enskog-Chapman 
method, will be outlined below, as well as the essential reasonings 
followed in another solution method, referred to as the Grad moment 
method. A more detailed treatment of these calculations can be found 
in the special literature [40], [41], [45]. 

Let us consider a non-equilibrium state of a gas after the elapse of 
time large compared to the time of initial randomization, and assume 
that at each point of the vessel containing the gas a state sets in 
which is close to the local equilibrium state fy (Eq. (92.6)): 


fon (45^ exp [ - 9&5]. (95.1) 


We shall assume, however, the time £ to be small compared to the 
macroscopic relaxation time 7*, so that complete equilibrium, at 
which the Maxwell-Boltzmann distribution function becomes valid, 
has not set in. Let us look for a solution of Boltzmann's equation in 
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shown below |formula (94.43)] the capacity of entropy sources, vio 
lating the validity of relationship (94.40), is quadratic in gradients, 
resulting in that entropy generation can be ignored in the first appro 
ximation. llence. we have 


Summing up these relationships, multiplying the equation obtained 
by p and using formula (94.17), we obtain 


us 4 2 (Sun) a (psu) _ 1 [2905 , ô (pT up) 
Orn — oz, 
P / ô óp 
— Fp Ux tha). (9440 


Let us transform the first term on the right-hand side of Eq. (94.4!) 
with the aid of Eq. (94.38), and the second, with the aid of the con 
tinuity equation 








ô (ps) ô (pS A à 
oe) ) 2050) _ r[- a + (Elin — P644) a | 
P jd Tir (0us/02;) — OL, /0zy £5 
LES oe —— PMEDECE (94. 12) 


The expression on the right-hand side of Eq. (94.42) is the densit, 
of entropy sources; it is seen to differ from zero only in the non 
equilibrium state, when heat conduction and viscosity exist. \\ı 
integrate both sides of Eq. (94.42) over the volume: 


c (f | osar) = — fb oSu, do, — f ae 


a Ou, uk X42, 2 ðu; X2 

Wie dz, | az ) +(1—72) ( dz; | 
+ Ly poe 
The change in entropy in volume V of a fluid is seen to be the sum 
of three terms. The first term on the right-hand side of Eq. (94.4: 
represents the convective entropy flux, originating due to the entropy 
transport together with the mass of the fluid. The second term i» 
due to heat conduction and represents the flux of entropy associate 


with the heat flux in accordance with the formula d$ — -. Depe 


ing on the direction of vector L;. i.e. depending on the direction 
of the temperature gradient, this flux can be positive or negaliv. 
just as the entropy flux due to convection. Finally, the third («m 





dr. (94.41) 
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describes the origination of entropy due to viscous friction, and it is 
non-negative in accordance with the entropy increase law. We see 
this term to be proportional to the squares of velocity gradients, 
which justifies the assumption about the quasi-equilibrium nature 
of the process made in Eq. (94.40). 

Thus, in a closed system, in which no convective entropy flux and 
heat flux exist (mass-impermeable and heat-insulated walls), entropy 
increases due to the irreversibility of the processes of viscous fric- 
tion. If the system is in equilibrium, the second and third terms on 
the right-hand side of Eq. (94.43) are equal to zero, and entropy can 
only flow together with the fluid from point to point. In particular, 
in the case of impermeable walls the entropy in the volume V of a 
fluid remains constant. 

The gasdynamic equations derived in this section contain maxi- 
mum information on macroscopic motion of a gas that can be gained 
from Boltzmann's kinetic equation without solving it. In this case 
there appear in these equations three phenomenological coefficients 
of viscosity œ and y and of thermal conductivity x, whose dependence 
on temperature and pressure remains unknown. 

Assuming that the state of a moving gas deviates only slightly 
from equilibrium, we can find approximate solutions of Boltzmann's 
equation and substantiate the phenomenological transport equations. 
(94.27), (94.28), (94.32), and also calculate the transfer coefficients. 


fi5. Methods of Solution for Boltzmann's Equation 


There exist several approximate methods of solution for Boltz- 
mann's equation, all of them involving rather cumersome and long 
calculations that cannot be treated in detail in this book. A simpli- 
lied version of one of these methods, namely, the Enskog-Chapman 
method, will be outlined below, as well as the essential reasonings 
followed in another solution method, referred to as the Grad moment 
method. A more detailed treatment of these calculations can be found 
in the special literature [40], [41], [45]. 

Let us consider a non-equilibrium state of a gas after the elapse of 
time large compared to the time of initial randomization, and assume 
that at each point of the vessel containing the gas a state sets in 
which is close to the local equilibrium state f, (Eq. (92.6)): 


fom (ar) exe [BP ge AE]. 85.4) 


Wo shall assume, however, the time ¢ to be small compared to the 
macroscopic relaxation time 7*, so that complete equilibrium, at 
which the Maxwell-Boltzmann distribution function becomes valid, 
lias not set in. Let us look for a solution of Boltzmann's equation in 
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the form | l 
f= foi eg (r, v, t)), (95.2) 
assuming & «& 1, and present the Boltzmann equation as follows: 
ef of Fa ôf 1 : ; 
E ar TPE Get m Gy eT O (99.9) 


ihis is precisely the essence of the Enskog-Chapman approximation, 
The introduction of the large dimensionless parameter &^! on the 
right-hand side of Eq. (95.3) implies that frequent collisions are as- 
sumed to be involved, by virtue of which the state of the gas is close 
to the local equilibrium. Substituting Eq. (95.2) into Eq. (95.3), 
we obtain in the zeroth order in e the equation J (fj) = 0, which is 
satisfied automatically (see Sec. 92), and in the first order in e, 


m vz 


à F ô "iga ~, ' " 
Zlo + py, fe 4 fe So — CU ahi —e—e'1gdodt'. (95.4) 


In order to avoid rather involvéd calculations and demonstrate 
the analysis only in principle, let us introduce a number of simplify. 
ing assumptions in solving Eq. (95.4). We shall assume that the gun 
is isothermal (T = const), incompressible (Ou,/óz, = 0), external 
forces are absent (F, = 0) and the pressure is constant (@P/dz; = ). 
With these assumptions we calculate the left-hand side of Eq. (95.4), 
using expression (95.1): 








fy y 2h m duty ður 
ôt FYR Or cT (y —1)[ 8t TUI Ori Jho. 
: m ĝu z 
i i = ar (Vr — 4a) (V4 — ui) an fo- (95.5) 


Use was made of the fact that in the zeroth approximation in t 
the Euler equation (94.26) is valid that at F, = 0, p = const, P > 
= const and Ou,/óz, = 0, has the form 0u,/0t = —u,0u,/dz,. Sym- 
metrizing Eq. (95.5), introducing relative velocities c, — v, — u, 
and making use of the incompressibility condition, let us write tho 
right-hand side of Eq. (95.5) in the form* 


fo Fe (ei — 025, ) (Dt + S0) = fy mn. (cuo, — 00e). 





* Attention of the reader should be drawn to the fact that no use is made 
of the phenomenological expression for the viscosity tensor (94.27), and only 


the notation fui Sh) = is introduced. It will be shown 
OZR 02, a 


belos that fi,, is proportional to IIj, and that the coefficient of viscosity ia 
found. 
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Integral equation (95.4) reduces to 





Ax (e —3 cbi) — am fo = j f fof, (PHP —9—9’) q do div’. 

(95.6) 
It is clear from the structure of Eq. (95.6) that the functions ọ must 
be represented as the product of 1p, (v) and the velocity independent 
factor IIj/a: 


e(t v, =Ñ ya (y). (95.7) 


"ubstituting Eq. (95.7) into Eq. (95.6), we find the equation for 
Vis (Y): 


"m (c: C vg + Pô) f= j j fofo (int Pin — Pir — a) g do d*v : 


l'assing to integration over d*c' on the right-hand side of this equa- 

lion and xau 1p, q and f, to be functions of c;, we obtain 

sr (cren —g 69) fo = J | foe (un V — ta — Win) adde. 
(95.8) 


‘The non-homogeneous integral equation (95.8) has solutions only 
when its left-hand side (non-homogeneity) is orthogonal to the solu- 
tions of the homogeneous equations. These solutions are represented 
by the additive integrals 3p = 1, p = c, and sp = c* (see Sec. 91). 
‘The reader is advised to make sure (see problems to this section) 
that the left-hand side of Eq. (95.8) vanishes upon multiplication by 
1, c;, c? and integration over c,. 

The form of Eq. (95.8) suggests the necessity of looking for a solu- 
tion in the form 


Va (6) =D (eie — 3 en) , (95.9) 


assuming D to be independent of c,. To find this constant, we mul- 
tiply both sides of Eq. (95.8) by c,c, and integrate both sides over 
d%c. A simple integration of the left-hand side yields 


mM 


iT f Cin (e — 3 c 26,,) fo de = -F | c*f, d?c 





ánn m \5/2 —met _ oar 
are Ta wo pene DT. 00 (9540) 
0 


Integration of the right-hand side is somewhat more involved. Sub- 
atituting the values of f, and f, from Eq. (95.1) and of the function 
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E from i (95.9) and replacing gq = |c — c' | we obtain 

z 
(x) Dff f exp[ — = cre f AU] C16. [C168 H Ci Ch — C1Cy — ciel 

3 m (c? + ¢’3) 

x | e— e' | da d3e d?e’ Ee aT ) fn exp| - - 317] 
X [(e, €)? (e, e)? —c*— (e, e')?]] e—ce' | do d*ed*c'. — (95.11) 
The terms containing 6;, cancell out since c + eHe. 
Eliminating ¢ by the relationship €/ = c + c' — c, we present the 
expression in the brackets in Eq. (95.11) in the form 2 (c, c—e') - 
X(e. e — c). The integral in Eq. (95.11) becomes equal to 
aff | exp| — — mere) | | e—e' | (e, €— e') (e, € — e) do d*c dsc’ 


(95.12) 
and can be evaluated by passing to the centre-of-mass variables for 
molecules @ and f according to the formulae 
a+f ,_@-B *_ a+ fv ~_ _a—Bv ; 

2 , c 79 ? — (95.13) 


amie m M capu m 


n? 





e= 











where v is the unit vector (c — ¢')/ | e — €' |. The transformation 
Jacobian (95.13) is equal to 1/8, and d?c d'c’ = 1/8 Pa dp. The 
integral (95.12) takes the form 


s f feo [ 2872 i 
ARETE Bv — B) (a+ 8, Dv t poda dte dp 
=ar | f f eef- ae] 


x BIB? («-- B. v)>— (a+ p, B?] do d*adsB. (95.14) 


Let us introduce the spherical coordinates 0,, Pa, 05, Pg of vectors a 
and p, choosing the direction of vector v as the polar axis. The reader 
is to integrate by himself over 0,, Pa, 95, vg and show that expres 
sion (95.14) is equal to 


-5 j e-m@"/4Tq2 da f e-™B'/47B) dp f do. (95.15) 

0 0 

For further transformation of expression (95.15) we must assume 
a definite value for do, depending on the law governing particles’ 
interaction. We shall proceed from the model of hard spheres of 
radius a, not interacting at distances r — a. For this model do 
= a’ sin 0 dO dq, where 0 is the scattering angle. Integrating over 0, 
we obtain for Eq. (95.11) the value —2* V na?n? (T/m)5/2D. Equating 
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it, according to Eq. (95.10), to the quantity 57Tn/m, we get 
5 m \ 3/2 y 
Dae ya T) s (2346) 
Thus, in the first approximation the distribution function is equal to 


t= [1 S (a en) Z]. (95.17) 


According to definition (94.7), the components of tensor Ilj, are 
expressed by 


Tim = Pôtm— m ( CCm} de. 
a 


Here, account is taken of the fact that due to fluid incompressibility 
Ma = Hg, IL; = 0. Substituting Eq. (95.17) and allowing for 
f Cemfy de = Pbim, we find 
3/2 x 
(E) afl 
25 x ata 

(repeated indices imply summation). Let us integrate in Eq. (95.18) 
over the angles and take into account the readily proved relation: 


4 
f CCm dR =- c?61 , 


j CIC C40, dQ = A c* [tmin + 61,0, 5 + 65,0,5,]. 


Integrating in Eq. (95.18) now over c, we see that the quantities 
Ilia and Tí,, are proportional to each other. In this way the empiri- 
cal law of viscosity, expressed by Eq. (94.27), was derived from Boltz- 
mann's equation and, equating II,, and Ia, we obtain from Eq. 
(95.18) the expression for the coefficient of viscosity 


5 (mr)!/? 
2ys 3 
By analogy, it is possible to calculate the thermal conductivity 


coefficient for a gas with a temperature gradient, which for a hard- 
sphere gas is equal to 


Tim = | Cim (ee - c?5n) fod*c (95.18) 


az 





(95.19) 


m 


S 75 T )^ 
dis 2 y 7a? ( id 
lı should be noted that the ratio x/a turns out to be independent of 
temperature and equal to 


(95.20) 


where cy = 3/2m is the specific heat of a monoatomic gas. 
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Formulae (95.19) through (95.21) agree with experiments only 
qualitatively, which is no wonder during to the large number wf 
simplifications made in deriving them. 

Another rather effective method of integrating Boltzmann's equa 
iion is the moment method (Grad's method). Ás has been already 
mentioned, by the moments of the distribution function are meanl. 
the integrals of the following form: 


MU oe in = j fea,ca, «+ + Cin dc. 


The firsf moments are associated with the macroscopic characteristics 
of the gas, namely, Eqs. (94.7), (94.8) yield 


M= f fdc=n, Mi — ná 70, 
MP — na, — 5 (Pô —Tl d = net =— T 
h = nee, = — (P th — TD Minn = neget = — Ly. 


The main idea of the moment method consists in that the solution ol 
Boltzmann's equation is found in the form of a series in the Hermito 
Chebyshev polynomials. It is convenient to write these polynomials 
in the form 





(n) 22 =F a" fo ; 
Hi, ig, ee à in = fo de, | ZA E 8e, , (95.234) 


where f, is the local Maxwell distribution (95.1). They satisfy the 
orthogonality conditions with weight f,: 


| diefH H9 —0 (mn). (95.24) 
Here are the values of several first Hermite polynomials 


1/2 
HY =(+) €i HIR = cen — Din; 
HO m \ 3/2 m \ 1/2 5 ó 5 (95.25) 
in =(F) cienci — (+) [eii + 04914 + CÒ). 


We are looking for a distribution function in the form 


f= folt + aH P Eau HO amA ...). (95.26) 


Using the orthogonality conditions (95.24), one can find the expan- 
sion coefficients of (95.26) and show that they are expressed in terms 
of moments M™. So, for instance, for the first coefficients it is easy 
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to find the expressions 
a= f fo H(? de — 0, 
= | AH de= D. eae, — 64 ) d? 
Gih folfin dc fo (F e a) c 


=> MS? = MS. (95.27) 


Substituting expansion (95.26) into Boltzmann’s equation, multi- 
plying both sides by Hermite polynomials H™ and integrating 
over dèc, we obtain a system of first-order differential equations, 
which is, generally speaking, infinite for the coefficients ai, ;, ..., in» 
and, consequently, for the moments Mi, is... ine The exact solu- 
Hon of this system would be equivalent to the exact solution of the 
Boltzmann kinetic equation. 

Since such an exact solution is impossible for real interaction mo- 
dols, expansion (95.26) is truncated to a finite number of terms, 
taking account in this expansion of only the moments having direct 
physical meaning. Such moments are M® = n, Mj" =u, (we have 


in mind | vif d?v), Mi~ and Mi related, according to formulae 


(05.22), to the tensor II;, and the heat flux vector L,. The coefficients 
at higher-order moments are assumed to be equal to zero. Such ap- 
iren is referred to as the thirteen-moment approzimation 
yy the number of components M®, Mi", Mi? and Mii, In this 
approximation the system of differential equations for the moments 
lucomes finite and can be solved with some degree of accuracy (see. 
for instance, [46], [41], [45]). 

In many important practical problems, not requiring, however, 
a high accuracy, use is made of the so-called relazation-time approz- 
imation. Let us consider first a spatially homogeneous gas in the 
absence of external forces. Then the kinetic equation takes the form 


S -0-1 j OF —ff')qdodv’. (95.28) 
lt us look for a solution close to the local equilibrium in the form 
f=fot+o), lel<t. (95.29) 


lunoring second-order infinitesimals in v, we obtain the equation 
ô D LE o LI, , , 
2 = Rec £@+9'—9-9') gdo dv’. (95.30) 


l^ us establish some properties of the operator R. Let the quantities 
\, «= —tj? be the eigenvalues of this operator and p; (v) the eigen- 
Innctions: 


Ry; (v) = debi (v). (95.31) 
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The spectrum of eigenvalues contains the five-fold degenerate 
value A, = 0 (v, — — o), corresponding to five invariants of col 
lisions p” = const, pi =v, (i = 1, 2, 3), y; = v*. The remain. 
ing eigenvalues A; will be shown to be negative (t; — O0). Multiply. 
ing both sides of Eq (95.31) by fop; and integrating over v, we obtain 


T fois: dv A (pa) 
y= = 
V foi dv V foi dv 
Let us transform the numerator of the above expression, using tlie 


symmetry properties of the operator A, following from definition 
(95.30). We have 


A (p) =A (pi) = —A(p) = —A (b) 
= 1/4 [A (p) FA (00 — A (F) — A (HOI 


whence it follows that 


u= — Li Mis wrt vi ti rede — 


1 fo] d*v 


It can readily be verified that the functions sp, belonging to diffor 
ent eigenvalues, are orthogonal to each other with weight fo. 

Multiplying both sides of Eq. (95.31) by f,p,, integrating and 
changing the notation i = j, we find 


f forbs Rp dw =M f ovp, dw, 
j fo, fp, div =A, f foit; dv, 


whence 


04 — Ay) | foo; dv m (foo fiy — e Ro o 0, 


V obw dio o at A35. 


Since the operator Ê is spherically symmetric in the velocity space 
its eigenfunctions have the form 


Unim(v, 9, @) 2 Rai (V) Yim (0, o). 


Here v, 0, a are spherical coordinates in the velocity space, Yim, (0, «i 
are spherical functions, It follows from this that the eigenvaliw 
Anim are at least (21 + 1)-fold degenerate. Suppose that the operator N 
has only a discrete spectrum and functions p; form a complete s 
Despite their high plausibility, these two statements have, evidently 
not been proved vigorously. 
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Let us look for a solution of Eq. (95.30) in the form of a series 
qo hs c; (t) f; (v). Substituting into Eq. (95.30), multiplying by 


lob; and integrating, we obtain, allowing for Eq. (95.31), dej/dt = 
Aye; = —cj/tj, whence c, (t) = ce"; and 


= Demy (v) e7 (95.32) 


lle quantities T; represent a set of relaxation time, and the coef- 
cients cj? are found from the initial conditions, At cj" = 6,, we 


have o (t) = cp, (v) e^. If a maximum relaxation time x exists 
and T; «& £ < T, then 


Q (t) z exp, (v) e-"*. 
In both cases only relaxation time is effective and the function f (t) 
autishes the equation 


af _i—h 
Tih, (95.33) 





Boltzmann's equation is, however, often used in this form without 
any rigorous substantiation even in the presence of inhomogeneity 
and external iis then the equation is written in the form 

ð F, ô — 
T p. f yaik 2t tto zho 3 (95.34) 


Or; m OR 





this is the essence of the t-approximation, or the relaxation-time 
approximation. 

This form of Boltzmann's equation can be substantiated more rigo- 
musly when the collisions between gas molecules can be ignored and 
the evolution of state is determined by collisions with particles of 
ather kinds, considerably heavier than the gas molecules. Such par- 
licles can be molecules or atoms of impurities present in the gas, 
rrystal lattice ions, if an electron gas in melal is involved, etc. 

In this case the probability density of transition of a gas molecule 
from the state with velocity v to the state with velocity v' is equal to 
Into Eq. (68.52)] 

o (v, v) f (v) M x f (v)l (95.35) 


where the upper sign pertains to a system of bosons and the lower, 
i» a system of fermions. The dimension of the quantity o (v, v’) 
i^ the reciprocal of time and depends on the mechanism of interaction 
between gas particles and heavy particles. The probability density of 
wverse transition has the form 


o (v', v) f (V) [1 + f (v). (95.36) 

Let us assume that due to the large mass of the heavy particles the 

cullisions between them and gas particles are elastic, i.e. they take 
i 0199 
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place without energy transfer, so that v' = v. Then, by virtue of the 
principle of detailed balancing, o (v, v’) is a symmetric function >f 
its arguments. Indeed, in an equilibrium state, when f (v) — f, (v). 
expressions (95.35), (95.36) must be equal to each other, whence i! 
follows that 

a (v', v) = o (v, v’). 


The collision integral can be obtained by subtracting Eq. (95.55) 
from Eq. (95.36) and integrating along all directions of v': 

J= fo (v, v) If (v) — f (91 dQ. 
Then, the kinetic equation takes the form 


af , 9f Fr Of — 
rx OZ, m J 


m ôr — 





and becomes linear. 

Let the isotropy of the gas be disturbed by that an external field 
is directed along the z-axis or there exist the gradients of temperature, 
density and velocity of directional gas motion. In the state of equi 
librium, the distribution function f, will then be a function of : 
and of absolute gas velocity v. The non-equilibrium distribution fine 
tion remains a symmetric function of velocity projections € and y 
but can, evidently, depend on £. Thus. / will be a function of argu 
ments z, v, b. For small deviations from equilibrium it is natural 
to look for f in the form 


F= fo + UV (z, v). 


Substituting this expression into the collision integral, we obtain 


J = fı (z, v) | o (v, 69 (—049, 


where 0 is the angle between the vectors v and v’. It is clear tha! 
a (v, v') depends only on the modulus v and angle 0. We denote by « 
the angle between vector v and the z-axis and use @ to denote the 
angle between the planes (vOz) and (vOv'). Then, we have 


C=vcosa, ('=v(cos8cosa+sin@ sina cos q) 
and, integrating over ọ from 0 to 2n and over 0 from 0 to x, we ob- 
tain 
a 


J = —Uf,(z, v) | o (v, 8) (1 — cos) 27 sin 0 d0. 


Denoting by t~' in the above expression the integral whose dimen 
sion is the reciprocal of time, we obtain the kinetic equation in 
the form (95.34). 
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Problems 
1 Prove that the left-hand side of Eq. (95.8) vanishes upon 
multiplication by y = 1. c;. c? and integration over d*c. 


2. Find the thermal conductivity and shear viscosity coeffi- 
cients for the steady state of a Maxwell-Boltzmann gas in 
the t-approximation, assuming temperature and velocity 
gradients to he independent of coordinates and the relaxation 
time lo be constant. 


9nTT _ 5Pt 


t x =. mE 
Answer. x 3m Im 





, &«—nTv-— Ps. 


3. Find in the t-approximation the thermal conductivity and 
electric conductivity coefficients for an electron gas in a 
metal, assuming f, to be a Fermi quasi- equilibrium function, 
fy = flete-»»T + 11-7, where 7 = T (z) and p = p IT (2). 

Hint. In problems 2 and 3, in the first approximation in (f — 

— fo)’ fo, | must be replaced by f, on the left-hand side of Boltz- 

mann's equation, since the gradient @f/dz; and the forces F, 

are assumed to be small for weak disturbances of equilibrium. 


%6. Irreversibility of Macroscopic Processes 


We shall consider in this section the irreversible nature of the 
relaxation processes occurring in macroscopic systems. As has been 
already repeatedly noted (Sec. 82). the laws of both classical and 
quantum mechanics, governing the development of microprocesses 
in time. are invariant in respect to the change of the sign of time. 
This means that all microprocesses are reversible in principle. i.e. 
with an appropriate change of conditions (a change in the direction 
of initial velocities in classical mechanics) any microprocess can 
proceed in the forward and reverse directions, passing through the 
same intermediate states. 

A question arises how can statistical physics, based on time- 
reversible laws of microprocesses, give the irreversible laws for mac- 
roscopic processes, in particular, the description of relaxation proc- 
macs and the law of increase in entropy in closed systems. This 
question. was raised directly in connection with the so-called recur- 
rence theorem (Poincaré, Zermelo) according to which in a sufficiently 
long time the phase trajectory depicting the behaviour of a system 
in the T-3space returns into the domain as close as desired to some 
initial point of this trajectory. 

The proof of this theorem, based on the incompressibility pro- 
perty of the gas of representative points (Liouville's theorem) is 
almost evident. We shall consider macroscopic systems for which the 
eonstant-energy hypersurfaces in the T-space are closed and the 


ue 
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phase volume of states with an energy not exceeding E is finite an 
equal to T (E). For real physical systems this condition is practically 
always satisfied. Let us consider inside F (Æ) a small element o 
phase volume y, y < P (E), and assume that representative point- 
leave this volume per unit time, with some finite fraction of these 
points u, never returning into volume y. In this case we immediately 
come to a contradiction, since in a sufficiently large time ¢ the phase 
volume occupied by these points, u,£, would become larger than 
T (E) — y, which is impossible due to the incompressibility property 
of the gas of representative points. Consequently, all the phase tra 
jectories originating at the initial instant of time in volume y (wilh 
the exception, perhaps, of a part of the trajectories whose initinl 
points form a zero-dimensional set) must eventually return again 
and again into volume y, and macroprocesses, just as microproc 
esses, should be strictly reversible. 

Indeed, as has been already stated in Sec. 86, Liouville's equation, 
equivalent to equations of classical mechanics for systems ol N 
material particles, is strictly reversible, i.e. if Fy (r, v, t) is n 
solution of the tion 


ox ELE cs, (96.1) 





then Fy (r, v, —t) is also a solution at approximately changed ini 
tial conditions, F y (r, v, 0) — Fy (r, —v, 0). The chain of the 
Bogoliubov equations, strictly equivalent to Liouville's equation, 
also describes only reversible processes. Macroscopic processes become 
irreversible only at some later stages as a result of introduction ul 
some (not arbitrary. as will be shown below) approximate metliud» 
of truncation for this chain of equations. 

Thus, abstractly speaking, the evolution of the state of a maero 
scopic system is as reversible as microscopic processes. In particular, 
any non-equilibrium macroscopic state must recur sooner or laler, 
no matter how great is the deviation from equilibrium. Let us cun 
sider two examples. 

1. One half of a vessel, separated by a partition, is initially filled 
with gas. Then the partition is removed and we observe the expansiun 
of the gas into a vacuum—the relaxation in the coordinate space. 

2. A beam of "hot" molecules, having almost equal speeds v. 
is introduced into a cold gas. Upon the elapse of some time the gm 
becomes “Maxwellian” due to molecular collisions and an equilibrium 
velocity distribution of molecules sets in. In accordance with (lw 
Poincare-Zermelo recurrence theorem, we can state that upon thw 
elapse of some time the initial non-equilibrium state must recu 
with any desired accuracy, i.e. in the first example the gas must again 
be confined within one half of the vessel, and in the second exam pl" 
a beam of molecules with velocity v must form again. 


Ch. IX. Kinetics 533 


However. such an abstract theoretical concept, associated with 
Ihe recurrence theorem, in the case of large fluctuations, is only re- 
motely related to reality, since for so large deviations from equi- 
librium as in the two examples considered above, the recurrence time 
is inconceivably large—many times greater not only than the age 
uf the Earth, but also than the part of the Universe surrounding us. 

The recurrence time can be roughly estimated in the following way. 
Let N molecules of a gas be confined within the volume V. By recur- 
rence will be meant the repetition of the initial state of each mole- 
eule correct to Av in velocity, Az in coordinates. This accuracy cor- 
responds to the volume AT of the phase space. AT = [AvAx], 
while to the entire set of states of a gas wilh fixed energy 


n ei 


E=+> 2 NT = 27 —— 
there corresponds a volume 


T = Con (3e 2 ae HG ( 3NT Beg 


m 





where Cay = (Qne/3N)3N/2 [see Mathematical Appendix, XIII, 
formula (XIII.10)]. Before returning to the initial position with 
the preset accuracy, a representative point must pass a number of 
slates equal by the order of magnitude to T'/AT. Since the order of 
magnitude of the molecular mean free time t ~ 1/d*nv ~ V m/T/d?n 
(d is the diameter of a molecule), we obtain the following estimate 
for the recurrence time 1;: 

r ( V ) 3NT yin? (me 3N/2 


ar ~ VAS mâr? 
V N T 3N/2 . 

Ta) ux) c 0» 
Let us determine now the recurrence to the initial state in an ex- 
tremely "liberal" way, assuming Az to be equal to 10% of interparticle 
distance, Az = 107! (V/N)!2, and Av equal to 10% of average veloc- 
ity, Av = 107! (T/m)?. The situation would remain almost the 
sume. if we replaced 10% by 50%, or even 90%. Then, formula (96.2) 
yields 


hoT 


tr x (40N)P APYE ~ c. 


l'or 1 cm? of a gas under standard conditions t, is so large that its 
inlio to the mean free time (x ~ 1075 s), to a second, to a year 
and to the lifetime of the surrounding us part of the Universe 
(~5 x 10? years) is almost the same (with logarithmic accuracy) 
and amounts to about 102?x!0!**, 


* When faced with Zermelo's criticism of his concept of the irreversibility 
nl macroprocesses, Boltzmann is reported to have laconically said: "Sie müssen 
m lange warten" (You should wait too long). 
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Thus, the abstract theoretical reversibility is combined with the 
practical irreversibility of macroscopic processes when we speak of 
any considerable deviation from thermodynamic equilibrium. This 
practical irreversibility of macroscopic processes manifests itself 
in the absence of symmetry with respect lo reflection in time (re 
placement of t by—1) of some kinetic equations, for instance, Boltz- 
mann's equation. The indicated property stems from the fact thal 
Boltzmann's equation describes the processes occurring only with an 

increase in entropy, but not witha 

Vs«0 decrease in it. Fokker-Planck's 

f equation can be shown to possess 

the same property. This pertains 

the more so to equations of gas 

dynamics that are derived using 

j v3n»0 phenomenological (irreversible) 

laws of diffusion, heat conduction 

and viscosity. Thus, for instance, 

x it follows from the law of diffusion, 

e D^ Dyn, — (90.3) 

that density n increases with time at points of the sgace where V?n > 

— 0. and decreases at the points where Y?n < 0. It is readily seen 

that this leads to equilibrium of gas density (Fig. 113). Reverse proc 

esses characterized by an increase in the density gradient and for 

mation of "clots" and "rarefactions" in the gas are not described 
by Eq. (96.3). 

A natural question arises: on what stage of transformation of the 
original reversible system of Bogoliubov's equations or equivalent 
to it Liouville's equation does the irreversibility appear of the equa 
tions? 

The answer consists in the following: since the equations of mechan 
ics are reversible. then irreversibility originates when we add te 
the equations of mechanics the probability hypotheses that are lor. 
eign to mechanics. In the case of Fokker-Planck’s equation such hypoth 
esis is the assumption about the Markovian nature of the process 
(Smoluchowski's equation). In deriving Boltzmann's equation frm 
the chain of Boguliubov's equations, the role of such a hypothesis i^ 
played by the condition of weakening of correlation (87.17). leading 
to the appearance of asymmetry in time reflection, etc. The introduc 
tion of such hypotheses is most closely associated with the role ol 
particle inieraction (in particular, with the role of collisions). It i^ 
the factor causing a directional evolution of a state which is descriled 
by a distribution function. It is, therefore, not by chance that irre 
versibility does not appear in kinetic equations in the derivation ol 
which particle interaction, in particular, collisions, are ignored 
Examples of such equations are the equation of a self-consistent 


n 
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field (Sec. 89) and the equation of free-molecule flow (Sec. 88), the 
reversibility of which is readily observed. 

The role of interaction between particles in the evolution of state 
can be revealed from a somewhat different angle. The most important 
characteristic of the equilibrium state of a closed system is the equal 
probability of equidimensional areas on the constant-energy hypersur- 
face. It is exactly this property that guided us in the derivation of the 
Gibbs microscopic distribution in 
Sec. G1. Fora system placed in a 
thermostat a similar statement 
consists in the equal probability 
of equal phase volumes confined 
within thethinenergy layer, whose 
thickness is defined by energy 
lluctuation. The validity of all 
equilibrium distributions of sta- 
tistical physics (canonical, grand 
canonical, etc), is based on this 
fundamental property. Mean- FIG. 114 
while, no such equal probability of 
equal phase volumes exists in an arbitrary non-equilibrium state. For 
instance, in examples 1 and 2 considered above, the representative 
points occupy in the initial state only a part of the coordinate space 
(example 1) or of the momentum space (example 2). 

It is clear that the interaction of particles with each other and 
with the thermostat must be such as to cause in the development of 
further evolution of state mizing, i.e. transition from the nonuniform 
distribution of representative points over the energy layer to a uni- 
form distribution. The need for such mixing is already encountered in 
traditional problems in the theory of probability, for instance, for the 
equal probability of pulling any card from a pack of cards, the pack 
must be preliminary shuffled. 

The need for mixing in problems in statistical physics was pro- 
foundly emphasized in the works of N. S. Krylov [46]. In this work, 
in particular, it was shown that in considering the process of "mixing" 
it becomes possible to introduce in a natural way and estimate the 
relaxation time as the time interval during which uniform spreading 
of the representative points over the constant-energy hypersurface 
or over the energy layer is attained. It is impossible to treat in some 
greater detail Krylov’s work in this book and we shall limit our- 
selves, following [46], to an illustration of his ideas on the example of 
an ideal gas. 

Let us assume molecules to be rigid spheres of radius rọ and con- 
sider the collision of two molecules in the frame of reference in which 
the second molecule is fixed (Fig. 114). 
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In the figure, O is the centre of the fixed molecule, OB is its radius, 
A is the centre of the moving molecule, AB and BD preset the direc- 
tion of motion of molecule A before and after collision (Fig. 114 is 
not drawn to scale, since A >> To). Let us find the relation between 
the angles q, and «, formed by the directions of molecular velocities 
before and after collision and the centre line of OA, assuming the 
distance AB traversed by molecule A before collision to be equal to 
the mean free path A. According to the sine theorem, we find from 
triangle AOB 
—M = RD (96.4) 
Further, we have the equalities 2a = g, + q, anda = 6+ q 
(2a and a are the exterior angles of triangles ACB and AOR respec- 
tively), whence we get 0 = (P — q,)/2. Substituting this into 
Eq. (96.4), we find 


P2 = 9, + 2arcsin (+ sing.) : (96.5) 
whence 
24 cos @ 
d, <a TQ 1 ar 


cos ( Ta- P ) ` 


Since for rarefied gases A/r, is the large parameter and the averaged 
value of the factor 2 cos @,/cos l(a — «,)/2] is of the order of unity, 
this permits us to conclude that during the time of one collision tlie 
indeterminacy of the linear angle specifying the direction of mole- 
cular momentum increases in the order of magnitude A/r, times. 
Since the momenta of two molecules change upon collision, the 
change in the solid angle, determining the direction of the vector of 
the 3N-dimensional momentum, is proportional to (A/r,)*. In time 


t = Mv all N molecules of the gas undergo on the average one col. 
lision, and upon the elapse of time ¢, we obtain 


AQ = AQ (A, (96.7) 


Thus, the solid angle presetting the indeterminacy of the 3N- 
dimensional momentum increases with time exponentially. The 
phase trajectories, initially originating from the small domain oi 
the phase space or, more exactly, from the small area on the constant- 
energy hypersurface, move away from each other very rapidly aud 
fill almost uniformly the entire hypersurface. According to Liouville's 
theorem, the original phase volume remains constant. In this case 
the constant-energy hypersurface will be, first roughly, then more 
and more finely, cut by the phase trajectories. In a certain time, 
characteristic of relaxation, rather small compared with Poincare's 
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recurrence time (see below), the probabilities of finding a represen- 
tative point at similar sections of this hypersurface will become equal. 
The momentum relaxation time or the time of "stirring" in the 
momentum space can be determined as the time it takes represen- 
tative points to "spread" over the entire constant-energy sphere in 
momentum space, i.e. as the time in the course of which the solid 
angle AQ y becomes equal in the order of magnitude to the total solid 
angle Qay = (2ne/3N)?57? [see Mathematical Appendix, (XIII.13)]. 
We obtain for the relaxation time the expression 


E T l Q N . 
trey =: ON In (Tro) In war (96.8) 


In order to estimate the quantity AQ’, let us consider a 3N- 
dimensional sphere with radius P in the momentum space. where 
P? = p? + p+... + py ~ Np! and p? is the mean square of 
the momentum of one particle. 

The ratio AQH’/Q,y is equal to the ratio of the area of the domain 
of initial uncertainty in momentum ASW’ to the total area of the 
3N-dimensional sphere S,,. The quantity ASẸ’, representing a 
(3N — 1)-dimensional manifold with linear dimensions Ap, is expres- 
sed by ASW’ ~ AP?N-!, and Say = (2ne/3N)3N/2P3N-! |see Mathe- 
matical Appendix; (XIII.12)]. Substituting these expressions into 
Eq. (96.8), we find correct to terms of the order of N^! 


_ 31/2 F (2me/3)4/2 p ^ à 
trei = Tn uum) n | M. . (96.9) 


The order of magnitude of the minimum value of Ap, admissible 
by the uncertainty relations, is k/L, where L is the linear dimension 
of the vessel. Therefore for hydrogen at room temperature contained 
in a cube with an edge ~1 cm the argument of the logarithm in the 
numerator of Eq. (96.9) has the order of magnitude of 10?. Under the 
same conditions, the order of magnitude of the logarithm argument 
in the denominator is 1/nr ~ 10?, and we find the estimate for the 
momentum relaxation time to be ty, ~ (3 to 5) v. It should be 
noted that due to the logarithmic dependence on Ap, formula (96.9) 
has low sensitivity to the magnitude of the initial uncertainty in 
momentum, i.e. not only small but also large momentum fluctua- 
tions are "smoothed out" after a small number of collisions. 

In a similar manner the concept of stirring also allows to estimate 
the relaxation time with respect to coordinates. It is clear that 
it must be defined as the time during which the order of magnitude 
of coordinate uncertainty becomes equal to the order of the size of 
the confining vessel (stirring in coordinate space) 


Az — Az + Av = L. (96.10) 
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Using the uncertainty relation Avi” > h/mAz™, we obtain 








ht 
Ar=Azr%+—— = E 
t= Te (LL Az). (96.14) 


Looking for the maximum of expression (96.11), we obtain Aziz = 
= L/2 and 


tmar = mL*/Ah, (96.12) 


which. in the conditions considered above, leads to the relaxation 
time of the order (10? to 10?) s. It is clear that this calculation is 
associated with the estimate of the maximum relaxation time, com- 
patible with the uncertainty relations, and the real relaxation time 
is many orders lower than the time specified by Eq. (96.12). For 
instance, when A œ> L and the velocities in the gas obey Maxwell's 
distribution, then Av? ~ (T/m)!? and formula (96.10) yields the 


estimate 
i~L y sm. 


which in the same conditions leads us to the relaxation time of the 
order of 10-3 s. The "stirring" conditions were shown in [46] to hold 
for a wide class of macroscopic systems, embracing practically any 
physical systems encountered in statistical physics. 

Thus. the evolution of an initially non-equilibrium state occurs 
in the following way. During relaxation time "stirring" of repre- 
sentative points in the energy laver of the l'-space is accomplished 
and an "irreversible" process takes place with an increase in entropy. 
In the course of further evolution of the system, during time inter- 
vals exceeding many times the relaxation time, the system again 
returus to non-equilibrium states, in accordance with the recurrence 
theorem, and an observer will register the processes developing willi 
a decrease in entropy. In the case of large fluctuations the recurrence 
time is large, exceeding by many orders the possible time of obser- 
vation. System's evolution turns out to be practically irreversible 
in respect to such fluctuations. If we speak of small fluctuations, how- 
ever, they can frequently repeat, and the more frequently, the smaller 
the scale of fluctuation. Then, during observation time, processes 
occurring with a decrease in entropy will be observed as often as 
process with an increase in entropy (Fig. 115), and the evolution he 
€omes reversible. Fora better understanding of the reasons for this 
dual nature of the system's evolution—irreversible in the case of 
small observation time and reversible at large—it is helpful to set 
forth another graphical interpretation. 
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In an energy layer E, E + dE with a thickness of the order of 
energy fluctuation equilibrium (most probable) states occupy an 
almost the entire phase volume; in this case the greater the fluctua- 
tions that are assumed admissible in the equilibrium state, i.e. the 
rougher we specify the concept of equilibrium state, the greater the 
fraction of phase volume is occupied by the equilibrium macroscopic 
state (see problem 2 to this section). 

Figure 116 shows a two-dimensional picture of a state of a system, 
on which non-equilibrium domains are represented by shaded areas 
and form only small "islands" in the entire volume AT (E). Micro- 





FIG. 115 FIG. 116 


processes in the system are reversible. i.e. forward and reverse dis- 
placements of a representative point are equally probable (Fig. 116). 
However, due to the fact that non-equilibrium states occupy in 
this figure only small "islands", a representative point positioned at 
the initial instant of time on one of these "islands" will leave it with 
a predominant probability and pass into the equilibrium domain. 
On the contrary, the point located at the instant of time t = O in 
the equilibrium domain will with a probability equal to unity, re- 
main in this domain in the subsequent instants of time. This. natu- 
rally, is not in contradiction with the fact that the phase trajectory 
originating in any of the non-equilibrium islands, will again return 
into it upon the elapse of large time intervals, in accordance with 
the recurrence theorem. We arrive again at the conclusion that evolu- 
lion is practically irreversible at small observation time, or when 
only large fluctuations are taken into account, and becomes revers- 
ible at large observation time or in respect to small fluctuations. 
Let us consider, concluding this section, the concept known as the 
thermal death of the Universe. If the laws of statistical physics are 
assumed to be applicable not only to any finite system. but also to 
the entire Universe as a whole, then. in the time of its existence the 
Universe should have passed to a state of thermodynamic equilibrium 
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with uniform distribution of density, temperature and of the chem- 
ical composition, disturbed only by fluctuations. However, astro- 
nomical observations that embrace presently enormous regions of the 
Universe (~10!? light years, or 107? km) indicate that no thermody- 
namic equilibrium exists in the region accessi: le to observation and 
that the state of the Universe is characterized by the presence of 
enormous gradients of density, temperature and chemical compo- 
sition—stars'and interstellar matter. Boltzmann put forward'a hypoth- 
esis according to which this observable state of the Universe re- 
presenls a giant fluctuation. This fluctuation hypothesis, however, 
meets the objection that the probability of such an enormous fluctua- 
tion is negligibly small and other fluctuationsshould have been observ- 
ed with a much greater probability. for instance. one that would have 
ensured conditions in the solar system for the existence of observers 
of such fluctuations (intelligent life). 

No answer has yet been given to the question raised before scien- 
tists about the absence of thermodynamic equilibrium in the observ- 
able part of the Universe. and we shall outline one of the attempts 
made to solve this problem. 

The hypothesis explaining the reason for the lack of thermodynamic 
equilibrium has been approached in the Universe was put forward by 
I. P. Plotkin [47] and consists in the following. The microstates of 
the Universe and of any of its infinite parts form an infinite countable 
set, since each microstate can be assumed to bela cell in the p-space and 
we can label all these cells in an arbitrary way. It will be shown below 
that the set of all microstates of a system, given by the occupation 
numbers N,, N,, ... cells in the p-space, is also infinite, but has 
the power of a continuum, i.e. it is equivalent to the continuous se! 
of all real numbers of the arbitrary interval a, b. Due to the fact thal 
of system's velocities are finite, the system remains in each microstale 
for a finite time. It follows from this that even during the infinite 
lifetime the Universe cannot pass through all conceivable states; 
moreover, the Universe can be merely in a negligible fraction of all 
possible states. From this it follows that one cannot speak of mure 
or less probable states of the Universe, since these states do not recur 
and the concept of the thermodynamic state as the most probable 
state of the Universe is meaningless. The evolution of the Universe 
is not a directional, translational process. but represents rather a 
random change of states. 

Let us prove now that the set of all microstates of infinite system 
has the power of a continuum. Let us consider the mappings of a 
natural number series on numbers 0 and 1, that contain an infinite 
set of zeros and unilies. For instance, 


1,2, 9,4, 5,.D, 2, Bx was 
1, 0, 0, 4, 1, 0, 0, 0... (96. 1:1) 
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The set of all such mappings has the power of a continuum due to 
the fact that any decimal fraction from the interval 0, 1 can be writ- 
ten in the binary system [48]. Let us compare each element of this 
set or each mapping with the distribution of particles among states 
in accordance with the following law. [n the first state there are the 
particles whose numbers are juxtaposed in the mapping (96.13) 
with the first A’, zeros (for instance, if N, = 4. then these particles 
are labeled by 2, 3, 6. 7). In the second state there are the particles 
whose numbers are juxtaposed with the first N, unities (for instance, 
if N, = 3, then these particles are labeled by 1, 4, 5). In the third 
state there are the particles whose numbers are juxtaposed with 
the following N, zeros. etc. Let us set some definite sequence of num- 
bers N;. Then. for each mapping of the kind (96.13) there exists one 
and only one distribution of particles among states and, on the con- 
trary, for each given particle distribution among states there corres- 
ponds one and only one mapping (96.13). IIence, there exists one- 
to-one correspondence between tlie two sets—the set of particle distri- 
butions among the states with preset N; and the set of mappings of 
the kind (96.13), with the two sets having the power of a continuum. 


Problems 


1. Show with the aid of a one-dimensional Fokker-Planck's 
equation that the entropy of a closed system, specified by the 


formula S$ = — | f |n f dv dr, can only increase or remain 


constant. 

2. The phase space of an ideal monoatomic gas is subdivided 
into cells with a phase volume y; (i = 1, 2, .... n; n $ 1). 
States with occupation numbers NV, have a phase volume 


T (Nd =N! [| G;NUN;) (cf. Sec. 36); (a) for a fixed number 
i-1 
of particles and energy (fl N, = N, “Nie; = U), find the 


1 l 
state with a maximum phase volume T (N{”) = max; 
(b) show that the phase volume of states with occupation 
numbers differing from the most probable N;™ decreases 
following the Gauss exponential law, with increasing devia- 
tions. 


Answer. (a) Nj" —const ye Pt —Maxwell-Boltzmann's dis- 
uos pe ONG, 17 AN; 

tribution; (b) Fay Cep | 23 (x 

for AN, = 1079 Ni™ and N œ 10'* we have for this relation- 

ship e-1/2x10? — 107*x10*. 


2 7 , 
) Nj, for instance, 
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97*. Density Matrix and Its Variation with Time. 
The Kubo Method 


In addition to solution methods for problems in kinetics consid- 
ered in preceding sections, a rather fruitful quantum-mechanical 
method has been developed in the last few years, based on the use 
of the so-called density matriz. 

Let us imagine a macroscopic subsystem which is a part of a total 
system (subsystem + surroundings). From the quantum-mechanical 
viewpoint it would be possible to describe the subsystem with the 
aid of the wave function depending on the coordinates of all system's 
particles, p (rj, ro, . . .. Mp), if an observer could measure the com- 
plete set of mechanical quantities describing the microstate of the 
subsystem. For macroscopic subsystems such measurement is practi- 
cally impossible. Furthermore, if such a measurement were taken at 
the instant of time t= 0, the wave function sp (r,, ra... ., Pa, £ = 0) 
could not be continued in time, for owing to the existence of inter- 
action between subsystem's particles and surroundings only the wave 
function of the total system has a meaning. 

In this connection the state of the macroscopic subsystem must be 
described not in terms of a wave function, but with the aid of ano- 
ther mathematical means, the density matrix. Let p (nr, T ; 

., Ty) represent a set of instantaneous "wave" functions of a sub- 
system in which the latter could be found, if there were no interaction 
between subsystem and the surroundings at the given instant of time. 
(The symbol (i) denotes here a set of quantum numbers determining 
the instantaneous state of the subsystem.) If no interaction took 
place later on as well. the subsystem would have a stationary wave 
function y'*. In this case the state is said to be pure. But in the real 
case of a subsystem interacting with the surroundings, we can only 
indicate for each of the pure states the statistical weights P; with 
which they enter the true state of the subsystem, referred to as the 
mixed state in this case. 

It should be stressed, however, that the coefficients P, are then 
assigned not to the wave functions sp'?, but to their bilinear com- 
binations, since, due to the superposition principle, the combination 


5 y Pip would again represent a wave function and correspond to 


a pure state. For instance, the probability density fora definite p 
tem's configuration, which in a pure state is equal to | ^|? 
the mixed state is essumed to be equal to 


p= Ñ P; 14°], 31 P,—4, (97.1) 
and the mean value of the physical quantity L is equal to 
(L) = 3 PL, = 9 Pi | yp Ly dr, (97.2) 
i i 
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where (L) denotes the mean value of the quantity in the mixed state, 
and L, is its mean value in the ith pure state. 

Let p, be some complete set of orthonormalized functions, fo. 
cs a set of eigenfunctions of an arbitrary Hermitian operator 


. Then, in the Af-representation for L; we have the expression 
L= > a an Lams 


n,m 


where a(? are the coefficients of expansion of p = Y) a® pn, and 


Lam is the matrix elements of the operator £, i.e. Lam = f vio, dr. 
From this we find for (L) : 
(L) m 5 Py aLam: (97.3) 


We introduce now the matrix p with elements pmr: 
Pm = M Pao" al), (97.4) 


which will be referred to as the density matriz. Then, the expression 
(97.3) for (L) acquires the form 


(o 5 Ümn Lam = Ye pL) mm — Tr (pL). (97.5) 


Thus, knowing the density matrix, one can find the mean value of 


any physical quantity: therefore, the density matrix characterizes 
mixed states completely. 
The elements of the density matrix obey definite relationships. 


From definition (97.4) follows that the matrix p is Hermitian: 
Pum == Pmn- (97.6) 


Furthermore, selecting for the operator Ê the unit operator Lym = 
= nm, we must obtain the mean value equal to unity, whence 
it follows that z 

Tr p — 1. (97.7) 


This condition has a simple physical meaning. The quantity Pan = 
= > P, | a |? gives the probability of finding the subsystem in 


the state with wave function x. Therefore V pan = Trp is the 


n 
probability of finding the subsystem in some state of the complete 
set phn- 
It should be noted that the trace of the matrix is invariant to 
unitary transformations and, therefore, the condition (97.7) and 
formula (97.5) remain the same in any representation. The number 
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of rows and columns of the density matrix depends on the number 
of independent states «4 used to characterize the pure state. For 
a system of spin moments s -== 1/2, for instance, only two stales 
are possible with different values of spin projections on the chosen 
direction 3p, and p,, and the density matrix is of the two-row kind. 

It should also be noted that a description by means of the densily 
matrix is also possible when the system under consideration is 
isolated from the surroundings and is in a pure state. Furthermore, 
when one speaks of a macroscopic system, no information on tlie 
wave function of the pure state can be gained, since it is practically 
impossible to measure the complete set of quantities describing the 
state of the system. In addition, there is no need in it, since we are 
interested in the macroscopic state of the system which is character- 
ized by mean values. But the knowledge of the density matrix requires 
much less information and, on the other hand, it provides an ad- 
equate thermodynamic description of the behaviour of a macroscope- 
ic system in terms of mean values. 

Let us point to the presence of a simple criterion, permitting one 
to judge by the density matrix whether the state of a system is 
pure or mixed. In the case of a pure state P, = 6,4, and, consequent- 
ly, from formula (97.4) we find p,,, = a%a,, whence 


(9?)mn = S PmiPin = 2 ar Gg nd, = = ahim = Pm», OF =p. 


But no such daten exists in the case of a mixed state. 

Let us derive the equation of motion for a density matrix in tlie 
absence of interaction with the surroundings. According to formula 
(97.4), we have 








(is G) 
OPmn m day, PU | pli) 0a. 
a = > P,| AA — al +a" —m- ]. (97.8) 
From the expansion w^? = J. ap, and Schródinger's equation 
ih o? /ot = Hip, we find 
Sen i 
ih—— =y H naf j^ 


i 


where H,, is the matrix element of subsystem's Hamiltonian witli 
no account taken of interaction with the surroundings, H,, =- 


= | wary ar. Substituting Eq. (97.9) into Eq. (97.8), we obtain 





;& OPmn 
ih E: = A miPin — Hiipgi = H miPin— mH = (Hp— PA) mn (97.9) 
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(we use the hermiticity of operator H). It follows that the time va- 
riation of the density matrix p is described by the equation 
ih 2 = Hp—pH — (f, gl. (97.10) 

Thus, in the case of a steady-state closed system the density 
matrix commutes with the Hamiltonian of this system. 

In the sections devoted to the kinetics of the phenomena in dense 
gases, we found that the kinetic equations describing the varia- 
tion of distribution functions can be derived only in some limiting 
cases, not covering the great variety of possible physical conditions. 
Kubo proposed a solution method for problems in kinetics not 
involving the kinetic equations, which is associated with a direct 
application of the equation for the density matrix. 

Let us solve the problem of the variation of the density matrix 
of a macroscopic system under the action of an external disturbing 
field. Let the system's Hamiltonian be equal to H + ?/, where 
4l is the external field which will be considered below as a pertur- 
bation. The action of the surroundings manifests itself in that the 
system, left to itself (the external field is switched off), relaxates, 
approaching equilibrium with an equilibrium density matrix 
Po (ps, A] = 0) and a characteristic relaxation time Tt. 

We write equation for the density matrix in the form 


in p, H4. dd] +E o, (97.11) 


where the last term describes the process of relaxation resulting 
from the interaction with the surroundings. At the end of the analysis 
we shall eliminate this term, assuming that t tends to infinity, 
and consider the system to be isolated again. Thus, the introduction 
of the term iñ (p — p,)/t acquires the meaning of a formal technique 
ensuring the convergence of the integrals involved in the theory 
on the intermediate stages. 


Let us transform Eq. (97.11) into an integral equation, introducing 
the concept of the Heisenberg representation. The Heisenberg 


representation of operator A is the operator A specified by the for- 
mula 


A= etftnJenititn, (97.12) 
It is clear that the reciprocal relation also holds, 


A m e ilitih Aoifityn (97.13) 
35-0799 
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It should be noted that if A commutes with the Hamiltonian ZH, 


then A = A. For the density matrix we have 
p= e- ifitihipgifürn, ine = Hp— pH + ihe-ifiun 2e eifitn 
and, substituting it into xs d TER we obtain 


Since the equilibrium PHA matrix is independent of time, 
this equation can be rewritten in the form 


a pe AX — 
JE), PP or Ip, 4L). (97.14) 


Let us consider formally the right-hand side of Eq. (97.14) as an 
inhomogeneity. Then, the solution of the first-order equation for 
p — Po, satisfying the initial condition p = pg at t — — oo, has 


the form 
1 


p—P e V et (p(k), EdE (97.15 
Returning with the aid of relation (97.13) from Heisenberg's 
representations to the operators p and p,, we obtain 
t 
P—po=— ent | elei HG - 07^ [o (E), aL (t)) e-t- dt. (97.16) 
Passing from E to the variable  — t — £, we have 
P (!) — po J e7 tecti (o (t— m), dL (i etim dn. (97.17) 
0 
7 Thus, we have found the integral equation for the density matrix 
p (t). Solving it by means of the iterative method and limiting our- 
selves to the first approximation, we obtain for the first-order ail- 
dition to the density matrix 
P. (1) =p | emrei nn qs, W(t—plenndn, — (97.18) 
0 


The above relationship is called the Kubo formula. 

To illustrate the application of Kubo's formula, let us consider 
by way of example the problem of finding the conductivity tensor 
of a substance. Let the perturbation be a uniform electric field, 


Cn IN Ninetes ae 





varving in time according to a harmonic law: 
U (t) = — X gd reset = — N glar etot 
J J 
(the indices a = 1, 2, 3 imply summation, j is a particle's number). 


l'hen according to Eq. (97.18) we have 


n (t) = -- eit, [emet ioo, 20] e-iontifinn dn. (97.19) 
0 j 


let us find the mean value of the vector of current density in a 
system of charged particles with charge g and mass m: 


da) Pj q v8) D qp) — -S- D Tr (opt?) =F 5 Tr (PrP). 
j j j j 


We made use of formula (97.5) and also of the fact that there is 
no current in the equilibrium state in the absence of the field: 


Y zr (po pg 2) — 0. According to formula (97.19), we find 


Va) = Oapbge!, 
where the conductivity tensor ogg is equal to 


Sag = -ir f e-ton-a/t N Tr (pt? Ibo, e- init einn dy, 
0 T 


rom the above formula we find the equivalent expression for Oep, 





[ ecten-we 3 Tr ĜM (fo, HPI} dn, 


0 hk, J 


945 = 


‘hich is based on the possible cyclic permutation of operators 


uder the sign Tr and on the commutativity of operators p, and E. 
It can, finally, happen to be convenient to carry out the trans- 
ormation 


HD yt? — HAD pg} = Tr (4 pt Po — PEEP o) 
= Tr (Iz, PP] po}, 


ul the conductivity tensor can also be written in the form 


dag = qe | etc X Te (ag, po] ba) dn- 
0 a,j 
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In the simplest case of a gas of non-interacting particles 
A 5G? ES ^ 
p (k) 
He X: ea 
j 


Then, accounting for [z?, pO = ih 65,504), we find for the conduc- 
tivity tensor the isotropic expression 


Cag = ae Sap ( e- ion- wt d= —— Sap 
0 m (te) 


(n is the number of electrons per unit volume). Assuming t — oo, 
we find 

nq? 

iom ' 





Cap — 00,4, T= 


Since conductivity is pertinent together with the dielectric per- 
meability in the complex dielectric permeability in the combina- 
tion e + 4xc/io this results in that the contribution of electrons 
to the dielectric permeability is equal to 


4nng* 
^e = — mor: 


CHAPTER ^ 


ELEMENTS 
OF NON-EQUILIBRIUM THERMODYNAMICS 


In the concluding sections of the book, non-equilibrium states 
will be considered from the phenomenological viewpoint, resorting 
now and again to microscopic reasonings. The non-equilibrium thermo- 
dynamics, resulting from such an approach, has gained during the 
last years considerable progress that can be. reflected in this book 
only to a small extent (see [49], [50]). 


98. Balance Equations for Mass, Momentum, 
Energy and Entropy 


In this section we shall generalize the equations derived in Sec. 94 
and determining the variations of mass, momentum, energy and 
entropy (balance equations). These equations will be generalized 
in two respects. 

The balance equation for the additive physical quantity A, hav- 
ing density pa, where a is equal to A reduced to unit mass, takes 
the form 


= (pa) = — VIa + da (98.1) 


The quantity A can be a scalar or a vector- or a tensor component, 
and the vector J, represents the flux density of A. Upon integration 
of Eq. (98.1) over the volume and application of the Gauss theorem, 


the term — VJ; becomes the surface integral — e Jado, specify- 


ing the “amount” of the quantity A, leaving or entering in unit 
time the selected fixed volume, and o, represents the density of 


^ 


thesource of quantity A, with | | f Sadr being equal to the amount 


of A that originated or vanished in volume V per unit time. It 
should be strongly emphasized that in the general case the flux 
J, is not reduced to the convective flux pa u, i.e. to the transport 
of the quantity A with the flux of a substance, but that it contains, 
as it will he seen below, terms of another nature (a diffusion flow, 
heat flux, viscous flow, etc.). 

For this reason Eq. (98.1) will be presented below in the form 


ar (pa) — V (pau + Ja) + as (98.2) 


assuming J, to he the non-convective part of the flux. It is clear 
that the division of the right-hand side of (98.2) into a flux and source 
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is ambiguous: the term — VJ, or a part of it can be included either 
into the flux or source density c,. Therefore the balance equatiou 
(98.2) must in each concrete case take a form based on supplementary 
physical considerations. 

Alongside with presenting the balance equation for quantity 
A in the form (98.2), we shall use another, substantional form of 
this equation. For this purpose let us introduce alongside with tho 
local derivative with respect to time, 0/d¢, the substantial (total) 
derivative with respect to time 


d ð a ô ‘ 
ae ar T ha oe AUV. (98.3) 
Using formula (98.3) and the continuity equation 0p/dt = —Vpu, 
we write the balance equation in the form 
p E Vh HO. (98.4) 


Below, the balance equations for specific physical quantities (mass, 
momentum, energy, etc.) will be written in two forms, (98.2) and 
(98.4). 

The second generalization of balance equations to be introduced 
here consists in that the gas will be assumed to consist of m chemical 


components with partial densities pe, p = Ypa being the total 


a 
density of the gas. The mixture components will be assumed to par- 
ticipate in R chemical reactions with stoichiometric coefficients 


(see Sec. 31) v? (j = 1, 2, ..., R; a = 1, 2, ..., m). These reactions, 


as in Sec. 31, will be presented in the form Vv?) Aa = 0. Since tho 
a=1 
mass is conserved in each reaction, the following equation is valid 


m 
2. WM, =0, (98.5) 


where M, is the molar mass of the ath component. We shall obtain 
the continuity equation for density Ppa by introducing into Eq. 
(94.14) a term describing the change in mass due to the reaction, 


à 





R 
HV (Pata) + 2) VE Mads (98.6) 


Psi 
where J; is the rate of the jth reaction, i.e. the number of reaction 
acts reduced to unit volume and unit time and u, is the local (mean) 
velocity of the ath component. 


m 
Let us introduce the local centre-of-mass velocity u = >) pgue/p 
amt 


and the local diffusion rates for each component Wa = ug — U, 
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and also diffusion fluxes 1, = p,w,, satisfying the condition 


D zL- — 0. Performing in Eqs. (98.6) sumination over all components, 


Ee obtain, in accordance with Eq. (98.5), the ordinary continuity 
equation ĝp/ðt = —V (pu) for the total density. 

Thus, for densities p and pa there exist only convective fluxes 
pu ond Pata. Sources exist only for partial densities ov, 


= aN D M aJj, and the source of total density Ga is equal to zero. 


Passing with the aid of Eq. (98.3) to the total derivative with 


respect to time, we can readily present Eq. (98.6) in the substantial 
form: 


oe — —p, Vu — Vl, + y VIM ad je (98.7) 


j=1 





Let us consider now Eq. (94.15) describing the variation of the total 
momentum of unit volume pu. If the variations of the partial mo- 
menta of components is of no interest to us, the only change to be 


made in this equation consists in replacing F; by ps Fa,, where 


a=1 
Fai is the force acting upon unit mass of the ath component. We 
obtain 


$ (pu) = — aee (Put, + Pb, — Ta) + J) paFas. — (98.8) 


Gui 


A natural interpretation of relationship (98.8) consists in that, 
in addition to the convective momentum flux with projections 
pu,u,, there exists a “viscous” momentum flux P6,, — Ilia, asso- 
ciated not with ordered gas flow (convection) but with random ther- 
mal motion. This motion also leads to inflow and outflow of moment- 
um through the boundary of volume V and is characterized by the 
values of the tensor P6,, — Ili} on the boundary of volume V. 

m 


The source of total momentum is the total external force S pg F,. 
1 


(rm 
Using relationship (98.4), we write the balance equation for mo- 
mentum in the substantial form: 


m 
d 
D = Ge 00s— Ilo) + D) PaPa: (98.9) 


a=l 
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The balance equation (94.35) for kinetic energy will be written in 
a somewhat modified form: 


E) S [SP + Pome] 








(98.10) 





Qui 

OZR 
a= 

This form of the balance equation for kinetic energy is based on 

the physical hypothesis that in addition to the convective flux 

pu*u/2, there exists at the boundary of the volume a “viscous” flux 

of kinetic energy with projections (P5,, — Ilik) uz, and the sources 


of kinetic energy, in addition to the work of external] forces Sos Fau, 


are represented by the work of forces of pressure and viscous ; friction 
[the second term on right-hand side of Eq. (98. 10)]. The substantial 
form of Eq. (98.10) is 


p 4 (+) = ey [(P6;, — Mir) ual 


m 
+ (Pô — Ma) + D) paFau. (98.11) 

a=i 
The balance equation for potential energy undergoes still greater 
changes. According to the formula py = `) Papa (Pa is the poten- 


a 
tial energy of the ath component, reduced to unit mass) and using 
Eq. (98. Er we have 


+ (ey) = = > AE Fe = = 2 bes x. (Patai) + a vM Jj. 
(98.12) 
In cases of practical interest, the last term of Eq. (98.12) vanishes, 
since the term M VP poM_ —0 — in chemical reactions mass, 


charge and other CONES on which potential energy may depend 
are conserved. Using formula Fai = — &p,/dz; and singling out 
the convective flux ppu, the first term of Eq. (98.12) can be trans- 
formed in the following manner: 


> Va Ger (Pattar) = = (3 arcta) +3, PaFaitas 


Qi 


=v (p qu X leva) +3 paFau +S! LF,. 


Gi Qi 


Ch. X. Elements of Non-Equilibrium Thermodynamics 553: 


Then, Eq. (98.12) acquires the form 


iep--v(weeiga.-N peau; Takes i 
G1 -1 


It follows from Eq. (98.13) that the flux of Sami energy contains, 
in addition to the convective term pipu, the diffusion flux “Ig pq, 
a 


and the density of the source of potential energy includes, in addition 
to the work of external forces on the centre of mass, Np, Fau, the 
a 
work due to diffusion VI,F,. 
a 
The substantial form i Eq. (98. 13) is as olive: 
ars a T cy (X Tape) — 2 Pa Fa Y I,F,. (98.14) 
G1 amt 


The balance equation for the total mechanical energy of unit 
volume, pE = p (u?/2 + v), is obtained, summing up Eqs. (98.10): 
and (98.13): 


2 (PE£)= -5 {IE + P) 6, — Hu] uit >; Tanta} 


a=i 


™ 
+ (Pô — Ia) AL S ILE, — (98.45) 
a=1 
or in the substantial form 


P “= -5 [ (65, — N h) Ua È Tarta] 
a= 


+ (P6, — i) st x — $ LF, (98.10) 


a= 


Let us write now the balance equation for the density of internal 
energy pÙ, defining it as the third component of the total energy 
density: 


pE: = p+ pp+p0= p(E+0). 


Since the total energy has no sources, the balance equation for- 
E, has the form 


Ž (pE)- — V (pEm-- Ja), (98.17) 
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where the non-convective flux Jg, is equal to 


Jg, = (P6, — Hia) Unt D Palai + Li (98.18) 


and consists of the “viscous” flux, diffusion flux of potential energy 
and thermal flux [the first, the second and the third term on the 
right-hand side of Eq. (98.18) respectively]. This expression can 
be regarded as a phenomenological definition of the thermal flux L;. 
Subtracting Eq. (98.15) from (98.17) and allowing for Eq. (98.18), 
we obtain the balance equation for the rA energy: 


4 0 = —v (pÜu +L) — (P5; — Min) ot Set. X L,F,. (98.19) 


Thus, in addition to the convective flux of ecd energy, pUu, 
energy is transported in the form of heat — the thermal flux L, 
and the density of internal energy sources contains, in addition to 


the work of viscous forces and pressure, the diffusion term XLE,. 


a 
For a single-component gas this term in Eq. (98.19) vanishes and 
we return to Eq. (94.38). We have already mentioned that the 
division of the right-hand side of the balance equation into the 
"flux" and "source" is ambiguous. In particular, we could trans- 
form the second term on the right-hand side of Eq. (98.19) in the 
following manner: 

— (P6, — Mia) = xi = 2E Gey (P6 — T4) v4] + ur 5 x (P6,, — Min) 
and include the is (Pó,, — Hir) u, into the non-convective 
flux. The reason for not doing it and writing the balance equation 
in the form of (98.19) is justified by the natural physical hypothesis, 
according to which the forces of viscous friction and pressure aro 
responsible for the transport of mechanical energy of ordered gas 
flow, and not for the transport of energy of random thermal motion. 
"The substantial form of Eq. (98.19) is as follows: 


p s. 2 — VL— (P6, — Mi) Z t 2 LF,. (98.20) 


Let us turn, finally, to deriving the balance OM for entropy, 
following the assumption on the existence of local equilibrium, 
made in Sec. 94. According to this assumption, the local molar 
entropy is specified by the expression 


m 
dU -- P dj — S pada 
d$... 


; : (98.21) 
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where N, is the molar fraction and p, is the chemical potential 
of the ath component. 

Let us assume that the expression remains valid along the path 
of the centre of mass of a small volume of a gas. Multiplying both 
sides of Eq. (98.21) by p, replacing V = p^ and passing to the sub- 
stantial derivative with respect to time, we obtain 





c dN 
p r4[ par Par D He a]. (98.22) 


Equation (98.22) can be transformed with the iad of formula (98.20), 
the substantial form of the continuity equation dp/dt = —pVu, 
the replacement pa = pNa and relationship (98.7). Upon simple 
transformations we obtain 


ear =T [VL+ St + > laFa + » PaVla -3 AJ]. 
j= 


(98.23) 
where the quantity 


Ay= S Ma. (98.24) 
ami 


is called the chemical affinity of the jth reaction. It is readily seen 
that the quantities A, vanish in the state of thermodynamic equilib- 
rium. Using formula (98.3), let us also transform Eq. (98.23) to 
the local form: 


L— 3 Bala 
ar (98) = — v | pSu + —$zi— ] + bv (T7) 


m R 
er X la [7v (2) — Fa ] - rm, 5 Ju TA Y AJ, (98.25) 
j21 
The interpretation of Eq. (98.25) is clear: in addition to the con- 
vective amie flux pSu, there exist the heat flux L/T and the dif- 
fusion flux — Vp, I,/T, and the source strength of entropy sources 
a 


is determined by the formula 


os=LV(T-)— X la [v (42) ]+ ma 2 -34 
ami 


(98.26) 
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and, consequently, entropy generation in a gas is due to four irrever- 
sible processess —heat conductivity due to the presence of a tempera- 
ture gradient [the term LV (7-!)], diffusion caused by the presence 
of both external forces and gradients of chemical potentials and 
temperature [the second term in formula (98.26)), viscosity due to 
the presence of velocity gradients (the term 7"!II;40u;/0z,), and 
chemical reactions. 

Expression (98.26) is bilinear: each term contains a flux-type 
factor (heat flux L, diffusion flux I;, momentum flux or viscosity 
tensor Ili}, and rate of chemical reaction J;) and the factor propor- 
tional to the gradient of some quantity, such as temperature, chem- 
ical potential, potential energy (force F,), velocity. The chemical 
affinity in the last term of formula (98.26) is associated, according 
to (98.24), with the change in the chemical potential, and is, con- 
sequenily, a quantity of the gradient type in the density space, 


Po. 

The first factors of the flux-type will be denoted below by sym- 
bols Y“ and called fluzes, the second factors will be denoted hy 
X'^ and called thermodynamic forces conjugate to the fluxes Y‘". 
The formula expressing the density of entropy sources will be usually 
referred to below as entropy generation, in accordance with the com- 
monly used terminology; its general form is as follows: 


05 — » yoy, (98.27) 


where summation is performed over all the irreversible processes 
occurring in the system. 

The reader’s attention should be drawn to the fact that the fluxes 
Y? and their conjugate thermodynamic forces X, associated 
with various non-equilibrium processes, can have different tensor 
dimensions. So for thermal conductivity Y® = L and X” = 
= V(T-!) are vectors. For diffusion Y® = —I, and Xi? = 


=V (&) — Fa are also vectors. In the case of chemical reactions 


we have yen - = —A, and XV = J,/T and the fluxes and forces 


are scalars. Finally, for viscous processes Y$? = Ili, and XẸ- 
= T ; the fluxes and forces are tensors of the second rank. Stricl- 
ly speaking, the terms in Eq. (98.26) associated with viscosity should 
be divided into tensors and scalars, taking out from tensor Ilj, 
and tensor Ou;/Oz, the zero-trace scalar terms due to bulk viscosity 
[Sec. 94, formula (94.20)]. We shall not consider here, however, 
this more complicated form of the theory (see [49]), assuming for 
the sake of simplicity the bulk viscosity n to be equal to zero. It 
is clear that by virtue of the invariance of os with respect to rota 
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tions, the flux and its conjugate thermodynamic force must have 
the same tensor dimension, as was shown above. 

Expression (98.27) is of a rather general nature: it is valid not 
only for fluids (liquids and gases) but also for the case of aniso- 
tropic crystals, when terms corresponding to viscosity are absent. 
On the other hand, in the presence of external fields expression 
(98.27) can contain, in addition to the four above-mentioned terms 
(thermal conductivity, diffusion, viscous friction and chemical 
reactions) the terms proportional to the field gradient. For instance, 
in a problem on electric conductivity the equation for og will con- 
tain (see next section) a term, proportional to the product of current 
density and electric field intensity. 


99. Small Deviations from Equilibrium 
Onsager's Principle 


This section is devoted to irreversible processes with small de- 
viations from equilibrium. Since in equilibrium both the fluxes 
Y™ and the thermodynamic forces X are equal to zero, it is na- 
tural to assume that close to equilibrium there exist the following 
linear relationships between fluxes and forces: 


Y= x: Dix. (99.1) 


The coefficients L;, are called the phenomenological or kinetic coef- 
ficients, and relationships (99.1) are referred to as the phenomeno- 
logical equations. The diagonal coefficients in Eq. (99.1) are called 
eigen coefficients, describing “ordinary” transport phenomena. 
We assume that matrix L,, is diagonal, Li} = L;5;,; then relation 
(99.1) takes the form Y? = LıX® and coincides with the known 
empirical laws of transport. The presence of the gradient X?) in 
the system gives rise to the basic transport process and its characteris- 
tic flux Y(? proportional to the gradient. 

Thus, for instance, the presence of a temperature gradient gives 
rise to the main process of heat conductivity—the transfer of heat 
proportional to VT (Fourier's law), the existence of a density gradient 
causes diffusion—mass transfer proportional to yo (Fick's law), 
and electric field gradient (field intensity) gives rise to electric 
current —the transport of charge proportional to yp = —$ (Ohm's 
law), etc. 

Alongside with these "basic" transport processes, there exist, 
however, "auxiliary" processes linked inseparably with the "basic" 
ones. So, for instance, the transport of charge, induced by an electric 
field (the motion of ions in electrolyte or electrons in metal), may 
cause simultaneously both the transfer of their kinetic energy (heat) 
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and of mass (diffusion), with the two "conjugate" transport 
processes being also proportional to V«q in the first approximation. 
On the contrary, mass transfer owing to a density gradient or 
heat transfer caused by a temperature gradient can simultaneously 
cause, it we speak of a syslem of charged particles, charge 
transport, and the appearance of an electromotive force proportional 
to the density gradient Vp and temperature gradient VT in the two 
cases. In the presence of temperature gradient heat transfer can be ac- 
companied by mass transfer (thermal diffusion). Such "side" or 
"cross" processes are characterized by non-diagonal coefficients 
Lin, referred to as phenomenological coefficients. A part of the 
coefficients Lia can be identically equal to zero due to the symmetry 
properties of the system under consideration, meaning that in the 
general case the components of fluxes do not depend on all the compo- 
nents of the thermodynamic forces. This statement is called the 
Curie symmetry principle. 

For an isotropic fluid system, in particular, in the absence of 
an external field, only fluxes and forces of the same tensor dimension 
can be linearly related to each other (see [51]) On the contrary, 
the phenomenological coefficients Lir, relating a flux of one dimen- 
sionality to a thermodynamic force of another dimensionality, 
are identically equal to zero. Consequently, with an appropriate 
labeling of indices, the matrix Lia is then quasi-diagonal, consist- 
ing of “blocks” relating scalar fluxes and scalar forces, vector fluxes 
and vector forces, etc. 

In particular, in an isotropic system the scalar rates of chemical 
reactions can be functions only of chemical affinity (of all the reac- 
tions that are possible in the system). The thermal conductivities 
in various directions, forming the heat flux vector, can depend 
not only on the components of vector V (T-!), but also on the com- 
ponents of vectors V (ug /T), Fa/T, and in the presence of an elec- 
tric field also on the components of Vo = —$ (thermoelectric 
phenomena). Similarly, the components of diffusion fluxes I, can 
depend, in addition to the components of the “eigen” thermod ynamic 
force, on the components of the vector V (7~1) (thermal diffusion) 
and on the components of field intensity; the components of the 
current density vector, in addition to Vq, depend in the general 
case on V (us/T) (the electrochemical effect in electrolytes) and 
on V(T-) (Thomson's effect). Allowing for Eq. (99.1), formula 
(98.27) for entropy production acquires the following form: 


Og = 2! Lax Xx. (99.2) 
ith 
Production of entropy is a quadratic homogeneous function of 


thermodynamic forces. The condition that os > 0 imposes some 
restrictions on the coefficients Lia, known to consist in that the 
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diagonal coefficients should be non-negative 


Lio, (99.3) 

and the non-diagonal coefficients should satisfy the inequalities 
1 

Lubyy Z2 g (Lin + Ly. (99.4) 


Due to the fact that matrix L,, is quasi-diagonal, expression (99.2) 
for entropy production is represented as the sum of independent 
terms corresponding to scalar, vector and tensor forces, and the 
condition that og should be non- 
negative can be written foreach a, 
of the terms separately. 


Let us prove now the important 
property of the coefficients Lir, Mei N 
referred to as the Onsager resip- 
rocal relations, consisting in that 
the matrix of the coefficients Lir 
is symmetric, Lir = Lyi (with 
some reservations that will be for- 
mulated below). The ideas of phe- - 
nomenological thermodynamics t 
are no longer sufficient to prove 
the Onsager relations, and use FIG. 117 
should be made of the microscopic 
theory. The basic hypothesis on which Onsager’s theory is based 
consists in that a macroscopic weakly non-equilibrium state of 
a system can be considered with the aid of the methods of statistical 
physics, assuming the state to be a strong fluctuation. In other words, 
according to Onsager's hypothesis, the gradients of temperature, 
density, Cartesian velocity components, etc., created in non-equi- 
librium macroscopic system by external disturbances, obey the 
same statistical laws as the gradients due to fluctuations. 

Let us characterize a closed system by a set of parameters a; 
equal to zero in equilibrium. It should be stressed that the para- 
meters a, fail to be actually microscopic quantities, but are "semi- 
microscopic" or "semimacroscopic', meaning that they represent 
the values of some microscopic parameters averaged over weak 
frequent fluctuations (the thin curve in Fig. 117), and their variation 
in time characterizes the behaviour of strong fluctuations (the solid 
line in Fig. 117). Since in equilibrium the entropy of the system 
assumes its maximum value, then close to equilibrium we have 
the equality 


AS = — 2 ANA (99.5) 


where the non-negative definite matrix B, can be chosen symmetric, 
Bin = Pre. On the other hand, near the equilibrium state the rate 
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of variation of parameters a; must also be a small quantity, since 
in equilibrium à, take constant (zero) values and vanish. 

Let us assume that near equilibrium the velocities à; are the first- 
order infinitesimals in ai: 


ay = x Tikar. (99.6) 


Assuming entropy to be a function of parameters a;, we find for 
the time derivative dS/dt, which for a closed system coincides with 
the entropy source density (production of entropy) os, the expres- 


sion 
== = Oe us (99.7) 


The further proof is based on the fact that the first factor on the 
right-hand side of Eq. (99.7) is identified with the flux, and the 
second with its conjugate thermodynamic force: 


YO na, =E, (99.8) 
It is actually not always possible to define the flux as a time deriva- 
tive of the quantity a,. It can, however, be shown [50] that the 
property of the kinetic coefficients Lia which we prove here is also 
true in the case of other definitions of fluxes and thermodynamic 
forces, i.e. one can always pass from one system of fluxes and forces 
Y'?, X@ to another system Y? and X*^, keeping the sum > Xoyw 
invariant. 

Let us find the relation between the fluxes and the bce We 
find from relationships (99.5) and (99.8) that 


(i) oS — 9(AS) 
X Qa, a, TES > UTC E 


whence, introducing the reciprocal matrix jl, we obtain a, = 
= — M BsiX:^. Substituting the expression into Eq. (99.6), we 
1 
find 
y? ag - — M 0440, = ZA apa XO 
and, consequently, the expression for the kinetic coefficients Lig is 


Luay- 2i aui. 
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Let us proceed from the equation 
` 0s 
y? =q; = 5 Lax" = > Lir Jan (99.9) 
h 


h 
and to prove the symmetry of coefficients Li}, consider the product 
a, (t) a, (t + 1). where t is a time interval, small compared to 
the characteristic time for the change in a, (the recurrence time 
for strong fluctuations). Then, we have with a sufficient degree of 
accuracy 


a, (t+ x) = a, (t) + ta, — a, (t) +7 S] La. (99.10) 
l 


The definition of a, (t) does not uniquely determine the state of 
the system at the instant of time £ + t, since there exists, in addi- 
tion, a number of parameters a; (t) (l = k) and the more so it does 
not determine the value of a, (t + 1), since with a given a, (t) 
a number of processes may occur, leading to different values of 
a, (t + 1). 

Let us find the mean value of the expression a, (t) a, (t + 1): 

a, (1) ax (1E 9) =a; (0) ax +t Dy Lut (1). 
l 


Let us use the expression for the probability density of fluctuations, 
p = Ae$. This yields 


a (D) =A j a, () X e$ dT — A f a, (0 se (e) aT. 


Let us integrate this expression by parts and make use of the fact 
that the probability Ae’ of deviation from equilibrium decreases 
very rapidly with increasing deviation, so that the term outside 
the integral can be assumed to equal zero. In consequence, we ob- 
tain 


Qi (x —A f eS mt dr = — ôu, 


since óa,/0a, = 6;, and A ( e8dl = 1 by virtue of the normaliza- 
tion condition. Thus, we ‘have 
ai (t) ap (t + T) = 4i (t) a, (t) —tL,. 
Similarly, we can obtain the relationship 
ap (t) a, (t 4- T) = ap (t) ai (t) — xL. 


If the parameters @,, a, are such that they do not change upon a 
change of the sign of all velocities, then owing to the symmetry 


36—0799 
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of equations of mechanics in respect to the time reflection operation, 
it makes no difference which of the quantities a,, a, we take at the 
earlier, and which at the next instant of time, and. consequently, 


an (t) a; (t+ x) = a, (t) a, (t + 3). 


From this it follows that 
Lj, = Ly. (99.11) 


Expression (99.11) is also true for the case when the two quantities 
a; and a, are proportional to the first (or, in general, odd) power 
of velocity and change the sign upon time reflection. But if in this 
case only one of the two quantities, a, or a4, changes sign then 


Lir = — Lyi. (99.12) 


Finally, it should be noted that in the presence of a magnetic 
field H the equations of motion are symmetric with respect to the 
change of the sign of time only in the case of a simultaneous change 
in the sign of magnetic field intensity H, and the symmetry prin- 
ciple for the kinetic coefficients is then written in the form 


Lin (H) = + Lau (— H). (99.13) 


100. Corollaries of Onsager’s Reciprocal Relations. 
Theorem on the Minimum Production of Entropy for Stationary 
States. Examples 


An important particular case of non-equilibrium processes are 
steady-state processes in the course of which the boundary conditions 
imposed on a system prevent its approaching equilibrium. So, for 
example, due to external effects, a constant temperature difference, 
pressure drop, components concentrations, a constant potential 
difference, etc., can be maintained in the system. 

In contrast to equilibrium states, in such stationary states tlie 
production of entropy does not vanish. It is, however, possible 
to prove an important theorem, stating that in stationary, weakly 
non-equilibrium states the total production of entropy is minimum. 

We shall limit ourselves to an illustration of this theorem by 
considering simple examples. Let us consider as the first example 
a system at whose boundaries a constant temperature difference 
is maintained (viscous processes are assumed to be absent). Then, 
the phenomenological equation (99.1) reduces to 


L= LuV (T7), (100.1) 
and formula (98.27) for entropy production takes the form 
os — LV (T^!) = Lag [V (T-1)}2. (100.2) 
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The coefficient Lq is related to the thermal conductivity x by the 
obvious relationship x = L44/77?. which follows from (100.1) and 
from the definition of thermal conductivity. L = —«xVT, and 
for a weakly non-equilibrium system it can be assumed to be inde- 
pendent of coordinates. 

The total production of entropy Ps is equal to the volume integral 
of the source density os: 


Ps= | osdir = Ly, | triv (r7. (100.3) 


Let us find the conditions for the functional (100.3) to be minimum, 
assuming that temperatures on the boundaries are given and that 
the variations 67 on the boundaries are equal to zero. The Euler 
equations for this extremum case have the following form: 


V? (T7) = La VL =0. 


Since. apart from it. the temperature satislies the equation pc 0T/dt = 
= —VL, we arrive at the conclusion that the state with a minimum 
production of entropy is a stationary state, 97/0t = 0. 

It can readily be shown that the stationary state is stable in 
respect to small temperature fluctuations. Difierentiating expres- 
sion (100.3) with respect to t and applying the Gauss theorem, we 
get 











S 2L. f dry (T7) > [V (77) =2 į dr LY [+ p 
or 
[V VL— 
=2 $ doL = (T^!) +2 | (Br a= — 2pc | | dir (Fr T <0. 


The surface integral, appearing when the Gauss theorem is applied 
by parts, is equal to zero, since the temperature at the walls is 
constant. Thus. with local temperature fluctuations, the production 
of entropy diminishes and tends to a minimum. 

The second example to be considered involves a system in which 
there are two fluxes, Y‘ and Y”, of equal tensor dimension and 
two thermodynamic forces, X and X'?, conjugate to the fluxes. 

The specific production of entropy is expressed by 


Os — Y VXV YPX”, (100.4) 
and the phenomenological equations reduce to 
y? = Laž 4- LyX, 


YO = LX YH LyX, Ly = Ly. (100.5) 
Substituting Eq. (100.5) into Eq. (100.4), we obtain 
Os = L4íXU +95, Xx XO t La XT. (100.6) 


3n* 
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Assuming X*? to be constant and differentiating Eq. (100.6) with 
respect to X», we find 


1 / 8c , ) 12 - 
z? IF l ya = LX” + LyX =Y =0 (100.7) 


and, by analogy 


(ER). -LeX"eLeX*-Y*e-0— 0008 
When the determinant L?, — LLa differs from zero, only the values 
xv —0, X — 0 satisty Eqs. (100.7) and (100. 8). This means 
that minimum entropy production, equal to zero, is attainable 
only in the equilibrium state, with the condition for the zero value 
of os to be minimum or expression (100.6) to be non-negative sug- 
gesting, in addition, the fulfillment of the inequality L2, — Luli: < 
< 0. However, if one of the thermodynamic forces, Xo. for instance, 
is is fixed, the fact that o; is minimum is equivalent, as is seen from 


Eq. (100.8), to the zero flux YY = ays i.e. to the steady-state nature 


of the process. 
Let us consider by way of example a system with two fluxes and 


two thermodynamic forces of the same (vectorial) dimension, namely, 
a non-equilibrium electron gas in an isotropic metal or semiconduc- 
tor, in which there exists a temperature gradient and a time-inde- 
pendent electric field gradient V@ (z, y, z). In the Presence of an 


external field the chemical potential of electrons is specified by 
the formula 
u = po (T, n) — ep (z, y, 2) (100.9) 


where u, (T, n) is the chemical potential in the absence of a field, 
which depends on temperature and density. According to formula 
(98.26), the specific entropy production og is expressed by 


o5 Lv (T) - Iv (+). (100.10) 


For our purposes it is, however, convenient to determine the heat 
flux L in another way, eliminating from it the term representing 
energy transport by the particles’ flux. Let us denote the new flux 


L = L — pI. Then, we obtain 
' os - Lv (T3) — 7- Vp, (100.11) 


and the phenomenological relations acquire the form 


L= LV (T~) +L , 
" (400.12) 
=I = LV (T~) + Lj E 
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The Onsager relation La = L: can be shown to remain valid 
when passing to a new flux and thermodynamic force Vp/T. Rela- 
tions (100.12) contain three independent coefficients that can be 
shown to be expressed in terms of measurable quantities, such as 
thermal conductivity x, electrical conductivity c and differential 
thermoelectromotive force e. Assuming in Eq. (100.12) 1 = 0 and 
eliminating Vp/T, we get 


— Luba Liz T 
L= — — LP m Vi, 
whence we have 


Lo Lbuba-— Lie 
xæ iE (100.13) 


Due to the fact that L,, and £,,L,, — Li, are positive, we obtain 
x 20. Let there be no temperature (and density) gradient in the 
specimen. Allowing for Eq. (100.9), the second of Eqs. (100.12) 


yields 
T P = ad es o Las 
je — el = Vp = — vy = 773 f, 


whence we find for the electrical conductivity the expression 





o —e? LT. (100.14) 
Finally, at Y = 0, we find from Eq. (100.12) 
MW Ly 
salary TS VA 


The quantity €, equal to Vue — Vp = & + Sexi, represents 
the sum of the electric field intensity d? and the intensity of the 
external force field Sext = —Vit/e and, consequently, gives the 
electromotive force per unit length—the differential thermoelectro- 
motive force due to the temperature gradient (the thermoclectric 
effect). 


At Vo = 0, L and j are defined by the expressions 


L-- Vino, j = £22 vy. (100.15) 


Lue to the fact that temperature is constant we have 
_v pan NA 
Vio = VVP = —* VP. 


l! the gas of current carriers can be assumed to be ideal, then VP = 
= TVn, and relations (100.15) reduce to 


T Li N > La N 
L= yn, j= yn. 
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The direction of the electric current (referred to as diffusion current) 
coincides with that in which the concentration of current carriers 
decrease, and the direction of the heat flux is not determined and 
it depends on the sign of Z;,. 


Problems 


1. Consider the contact between two conductors (semiconduc- 
tors) A and B, replacing in formulae (100.12) the gradients 
VT and Vy by the differences AT and Ap. Derive the ex- 
pression for the Peltier heat liberated in the contact at 
AT = Q. 

Answer. AQ = | La — La | = Nasi, where Hip = 

UE B). : : 
-—e7 (+5 — Li) is the Peltier coefficient. 
LO LP 

2. Prove the formula relating the Peltier coefficient and the 
thermoelectromotive force in the junction: tag = — II45/7 
(Thomson's second relation). 


101. Far-From-Equilibrium States 


This concluding section is devoted to states of a macroscopi 
system far from thermodynamic equilibrium. We are faced hero 
with problems by far more complicated than in linear non-equilibrium 
thermodynamics, and at the same time this field of knowledge is of 
great interest due to the important applications in the field of hydro- 
dynamics, chemical and especially biological phenomena. This is 
associated with the fact that any living organism is an example of 
an open thermodynamic system in an extremely non-equilibrium 
state—there exist at the boundary of a cell (not speaking of the liv- 
ing organism as a whole) large gradients of concentrations of chemical 
components, temperatures, pressures, fields, etc. In the last few 
years a considerable advance has been achieved in the elaboration 
of the thermodynamics of strongly non-equilibrium states, now 
representing a rapidly developing field of physics. Nevertheless. 
much is yet to be done in this direction before it will be possible 
to speak of a more or less orderly and complete section of thermody- 
namics. 

The principal result obtained in studying the states far from equi- 
librium consists in the following. The total entropy production 


Ps= | osdr- | SX aor (101.1) 
* v k 


was seen above to be of minimum importance to actually realized 
steady-state processes with small deviations from equilibrium. 
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In proving this theorem, wide use was made of the linear relation 
between fluxes and forces and of Onsager's reciprocal relations. 
Botli these concepts become invalid for the states far from equilib- 
rium. and the theorem on the minimum of Pg in the stationary state 
in the general case becomes invalid. 

If, however, we separate the rate of variation of entropy produc- 
lion into two terms, 


OPs — zts ĉr e _ h) AX 3 M (h) 3r 
h h 


(101.2) 


the first of which represents the rate of variation of entropy pro- 
duction due to the change in the thermodynamic forces, and the 
secund results from the change in the fluxes, then for systems in 
which convection is absent the first term can be shown to be non- 
positive: 


óxP. = a h) ax’) 

fr^ j > v 277^ dsr«co. (101.3) 
h 

Due to the generality of the statement expressed by Eq. (101.3), 

the authors of the theorem (P. Glansdorff and I. Prigogine) called 

it the universal criterion of evolution. 

The proof of this theorem [50] will not be given here, and we shall 
only illustrate it by considering the example of heat conduction 
in a solid with a constant volume and fixed boundary temperatures. 
Making use of the Gauss theorem, we have 

= 9 a ô - 
Ziv (ry ar= eU )Lds— | $- (T) VL dr. 


“xs -[L 





The surface integral vanishes and VL = — pcoT/ót suggests that 
the second term should be reduced to 


5 dr <0. (101.4) 


us fpe E 


For the states close to equilibrium the criterion (101.3) will be 
shown to lead to the theorem on the minimum entropy production. 


Indeed, in the linear domain Y? = Y) L,,X? and 
J 


h) OX j exa i) ô h 
Y y‘ IED LyX‘ MX XO & (LyX! ) 


H h. j Ai 


"E o) OY 
m 2 X ae 


j 
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(use was made of Onsager's reciprocal relations and the constancy 

d L,;). Thus, both terms in Eq. (101.2) turn out to be equal, and 
i Uis 3) is equivalent to the inequality dP;/dt < 0. 

a number of authors, I. Prigogine and P. Glansdorffo i in particular. 
have elaborated a detailed theory for phenomena in highly non- 
equilibrium systems. The component elements of this theory in- 
clude Lyapunov's theory of stability and the generalized theory 
of fluctuations, in addition to classical balance equations and or- 
dinary thermodynamic conditions for stability. 

This theory cannot be treated here in great detail, and interested 
readers are referred to the very profound and interesting work by 
P. Glansdorff and I. Prigogine [50]. It is, however, of help to make 
a brief review of the ideas embodied in the results obtained in this 
work. 

A serious disadvantage of criterion (101.3) consists in that it 
contains. an inequality for the inexact differential dyPs, which 
makes impossible the introduction of such a chemical potential, 
the function of state, that would have an extremum in a stationary 
state as is the case with entropy S, free energy F, the Gibbs poten- 
tial Ð at small deviations from equilibrium. It is possible, however, 
to introduce local potentials possessing extremum properties in 
some concrete problems in the highly non-equilibrium domain 
and reduce the problem of system's behaviour to a variational pro- 
blem.! 

It should also be stressed that in a domain far from equilibrium 
the equations to which one succeeds to reduce the problem turn 
out to be nonlinear. In fact, a similar situation is often encountered 
when dealing with small deviations from equilibrium. An example 
from fluid dynamics are the Navier-Stokes nonlinear equations. 
Nonlinear situations are often observed in chemistry, where the 
kinetic equations relating the rates of reactions are usually nonlinear. 
For instance, even on the simplest assumption that dissociation 
and recombination are only due to collisions, for the reaction A, = 2A 
the kinetic equation for the number of molecules N 4, has the fol- 
lowing form: 

dN ,, z R 
E XE —«N5, — BN a, (No — 2N 4,) HY (No — 2N AY? 
No,— NA-r 2N a, = const. 


The basic idea of the result obtained in the briefly outlined in- 
vestigations is as follows. As a thermodynamic system goes away 
from equilibrium, it loses stability, and small fluctuations may 
lead to new spatial and time structures that are impossible near 
equilibrium. Simplest examples from fluid dynamics are the cellu- 
lar structure of convective fluxes in a non-uniformly heated fluid, 
the appearance of turbulence, etc. In all these cases we observe 
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ordered motion of large groups of molecules, which had extremely 
low probability in the weakly non-equilibrium region and becomes 
the basic state in the region far from equilibrium. 

The results obtained in investigating chemical reactions are 
of a still greater interest and of profound importance. A spontaneous 
origination of ordered structures with non-uniform, quasi-periodical 
spatial distribution of mixture components becomes possible in 
the region far from equilibrium. The time ordering of reactions 
in the case when periodical or quasi-periodical conditions appear 
is also possible. The two cases of ordering have been detected for 
various reactions and experiments. 

The recognition of the possible origination of space- and time- 
ordered structures in regions far from thermodynamic equilibrium 
is of fundamental importance. 

The two greatest theories developed in 19th century, that is the 
thermodynamics of equilibrium and weakly non-equilibrium systems 
and Darwin's theory of evolution, for a long time were assumed 
to be contradicting to one another. The second law of thermody- 
namics, stating that the entropy of an isolated (closed) system can 
only increase in the course of non-equilibrium processes or remain 
constant in equilibrium, corresponds to a tendency to randomiza- 
tion, which permits us to refer to equilibrium thermodynamics 
as to the theory of "structural breakdown". On the other hand, 
the theory of evolution states that "self-organization" of matter, 
the origination of more and more intricate self-reproducing struc- 
tures takes place in nature. In this connection the speculative 
“theories” appeared, according to which the laws of thermodyna- 
mics and the second law, in particular, are not applicable to living 
matter. It is clear that the law of increase in entropy, pertaining 
to closed systems, is not applicable to living organisms that ex- 
change energy and matter with the surrounding medium. 

However, only in connection with the latest advances in non- 
equilibrium thermodynamics it has been shown that in open systems 
that are in states far from equilibrium self-organizing processes 
occur with the formation of time-recurring and spatially ordered 
structures. According to [51], the recording of information with 
the aid of some code may appear in some still more intricate systems, 
and later on this code controls the self-reproduction of these struc- 
tures. 

It is clear from the above that the development of non-equilib- 
rium thermodynamics is of paramount importance for the solu- 
tion of problems associated with the origin of life. - 
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I. Jacobians (Functional Determinants) 


Let us consider on a plane of variables (z, y) two families of 
curves: E-family (5 — const) and -family (n = const), where E and 
T are specified by the equations 


t=Ar+By, n=Cr+Dy (1.4) 


(Fig. 118 (a). On the plane of variables &, n, on the contrary, 
we have two families of curves: z = const and y = const 
[Fig. 118 (b)], where z and y are found from the equations 





z= A$ + Bn, y=CE+ Dy (1.2) 
.. JA Bl, : A B 
and the matrix [^ A is reciprocal to E | t 
=const 
y udi» n ^j ceonst 
- «const > x =const 
Li 





FIG. 118 


Let us find the area of the parallelogram shown in Fig. 118 (a) 
by the solid line and formed by the intersection of two lines of 
the &-family, 


Az + By = t and Ax + By = Ẹ + AE 
with the two lines of the ņ family, 
Cz + Dy = q and Cz + Dy = 9 + An. 
We have 
Ao = l,l, | sin® | = LL | sin («,— 25) | 
= l,l; | sina,cosa,—cosa,sina,|. (1.3) 
Since 
l,sina,=Ay:, l COS Qg = Åz, 
lisina; = Ayn,  l,cosa, = Arq 
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(the indices Ẹ and $« indicate. as usual, the constancy of — and y 
respectively), then Eq. (L3) yields 


Ao = | Arg Ay, — Ar, Ay: | = | AD— BC | AEAn 








B 
AZ An. (1.4 
plašan: (0 





Let there be given now on the plane of variables z and y two sets 
of curves with the equations E = const, m = const (Fig. 119), 
where 


E = $ (z, y), n =n (z, y), (1.5) 


and, conversely, given on plane (t. n) are curves z = Const, y = 
= const, where r (E. n), y (E, n) are functions inverse to those ex- 
pressed by formulae (1.5): 


z-z(b m, y=y (En). (06^ 
The correspondence between the 
pairs (z, y) and (5, 4) is assumed 
here to be one-to-one—for each 
point on the (z, y) plane there cor- 
responds one and only one point 
on the (E. n) plane (this means 
that neither the curves E = const 
nor the curves ņ = const intersect 
each other, and each curve of 
the &-family intersects each curve FIG. 119 

of the y-family at one and only 

one point). Then, Eq. (I.6) is used to find, correct the first-order 
infinitesimals, the linear (local) relation between the differentials 
of the quantities z, y, $, n: 






y -const 
“W 


fo 


n 
; E=const 


az (5. 


n) 
Em dq, 


dz = Oz. m) n) dey Snn 
(1.7) 
t 

dy — ay GW) ge 4 oY = n) dn. 


It is seen that the area of the infinitely small parallelogram formed 
by the intersection of curves & (x. y) = E, E(z, y) = E + dE with 
the curves y (z, y) = n, n (z, y) = «n + dy can be found by formula 
(1.4), if one replaces the coefficients A, B, C, D by óoz/oE, dx/dn, 
dy/d&, @y/dn respectively. We arrive then at the concept of the 
functional determinant (Jacobian) for two variables, which will 
be denoted by the letter D: 





EL 
2 8 (z, y) oat a an _ ar oy ðr Oy 
E 9 (5, 1) | ôy ou ~ ei on On e£ (1.8) 


E3 ài 
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The geometrica] meaning of the Jacobian is that the absolute 
value of D gives the coefficient of the change in the elementary 
area upon passing from the zy-plane to the En-plane: the elemen- 
tary area dr dy passes into 


do = |D | d£ ds. (1.9) 


Let us point out some important properties of Jacobians. 





ô (z, y) E 9 (y, x) EHE ô (z, y) 
i dkn) okn) ô m, E) icd 
2. The Jacobian multiplication theorem: 
9(z.y) _ A(z.y) 3E. n) (L41) 





8(u,v)  9(& m A(u,v) ` 
The theorem stems from the known formulae of differential cal- 


culus, 
az) (Am) (RE (2) (92 
(3.7 Cx). Ou ent an ). ( du Jv’ 
Oz _ { or ôE , Ox n 
(a= Cata (ae). C) Ue) 
and, by analogy, for the derivatives (dy/du),, (dy/dv),. 
3. Substituting these expressions into the right-hand side of 
Eq. (L.11), we obtain an identity. The expression for a reciprocal 


Jacobian follows, in particular, from Eq. (1.11). Assuming u — 
=z, v = y, we have 




















an) —— 1 
öy) öl) (1.12) 
9 (5. n) 
: à j 
Ox 
Izy) _ sr) 9| (9x 
au) lo i} ( 8E 1 (1.13) 
and, by analogy, 
ô (1, y) = oy 
9 (z, n) SG ly (1.14) 


The behaviour of the Jacobian of transformation (xz. y) — (E, n) 
on the zy- or Eyn-plane is directly associated with the question con- 
cerning the existence of one-to-one correspondence between points 
on the zy- and &y-planes. This problem is of paramount importance 
in thermodynamics due to the wide use of geometrical representa- 
tions (points, lines, areas, etc.) on P-V, T-S, T-V, etc. planes. 

There exists the following important theorem: if at point z,y, 
on the zy-plane, corresponding to the point Eon; on the En-plane, 
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the Jacobians 0 (E, n)/ô (z, y) and 8 (z, y)/9 (E, n) differ from zero, 
there exists a one-to-one correspondence between points in the im- 
mediate neighbourhood of point z,y, and points in the small neigh- 
bourhood of point omo. For each point of the first domain there 
exists one and only one point in the second domain, and vice versa. 

This theorem is a direct corollary of the known Cramer's rule 
of the linear equation algebra. On condition that à (z, y)/d (E, n) = 0, 
the system of equations (1.7) has one definite solution with respect 
to the unknown dE, dy at given dz, dy. This means that for a certain 
displacement on the zy-plane in the vicinity of point r;y, there 
corresponds one definite displacement on the &y-plane in the vicinity 
of point No. In particular, at dr = 0, dy = 0 the system (I.7) 
has only one solution dE = 0, dy = 0. 

The same can be said about a system inverse to the system of 
equations (I.7), if the Jacobian à (E, y)/d (x, y) differs from zero 
at point Toyo- 

The above theorem is of a local nature, but if the Jacobians 
ô (z, y)/d (E, n) and 8 (E, n)/ð (x, y) differ from zero over the en- 
tire zy- and &n-planes, then there exists a one-to-one correspondence 
between points in the small neighbourhood of any points on these 
planes. In order to draw the conclusion that there exists a one- 
to-one correspondence between finite (not infinitely small) domains 
on the zy- and En-planes, some supplementary conditions are re- 
quired that are not discussed here, but assumed to be usually satis- 
fied in thermodynamics. 


II. Stirling’s Formula 


Stirling’s formula gives an approximate value for N! at large 
N. Let us proceed from the formula 


NI-T(N +1)= f e^t" dt. (II.1) 
0 
We replace the variables, ¢ = N (1 + 2): 
N!= NN'eN [ev (4+ z)" dz, 
“1 
and make a new replacement 
(14+ z2)e? =e-""/2, (II.2) 

We obtain 


NL NNtig-N [onem Š du, 
u 
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At large values of N the slowly varying factor dz/du can be replac- 
ed by its value at u = 0 (z = 0) equal to unity. Expanding e^ 
and e-""? in Eq. (II.2), we see that u zz z at small u and z. As a 
result, we find 


NI!-—NNtie-N f e- NT dy 


-—90 


and, using formula (IV.3), we obtain 
N! = (2aN)!? (T i (11.3) 
InN! - Nin N — N 4 1/21n (27N). (11.4) 


At large values of N the last term in Eq. (II.4) is small compared 
with each of the first two (for N = 10? it already amounts to about 
0.496). For this reason in statistical physics formulae (11.3) and 
(II.4) are used in a simplified form: 


Ni=(+)", (11.5) 
In Ne NInN— N. (11.6) 


IH. Lagrange's Method of Finding 
the Conditional Extremum 


Let us consider the problem of finding the extremum of the func- 
tion f (N,, N,, ..., Nm) at some supplementary conditions imposed 
on the variables N,, N,, ..., Nm, i.e. the problem on the conditional 
extremum. It should be recalled that under some conditions 


Pi (Ny, ..., Nm) 20, i251,2,..,n (n«m) (I.1) 


the extremum of the function f (N,, ..., Nm) can be found with the 
aid of the Lagrange method of multipliers, the essence of which is 
as follows. 

In the presence of n conditions (III.1) only m — n quantities 
N, are independent, and the remaining n can be found from condi- 
tions (III.1). We can assume without loss of generality the quan- 
tities V,, ..., Nn to be interdependent. Let us write the first differen- 
tials of the functions f (Nj, ..., Nm) and qj; (Nj, ..., Nm). At the 
extreme point we have 





a à r T 
dj- vy Avi dN,=0 (111.2) 
hmi 


Mathematical Appendiz 575 


and by virtue of conditions (III.1), 
dq, = ax. aN, =0. (11.3) 
h-1 
Let us multiply each of the relationships (III.3) by the so far arbitrary 
factors À, and subtract the result from Eq. (III.2), obtaining 


a (1— X) )- Xl -YadE]aw.-o. (111.4) 


i=l 


Let us now choose the numbers A; so that the coefficients at n inter- 
dependent differentials vanish, i.e. from the conditions 


a 
Ar -X«d i —0 (k—1,2,...,n). 


Since the remaining Np (k =n + 1, n + 2, ..., m) are independent, 
their coefficients in expression (III.4) must also vanish, and we have 


n 


of api —— 
Gv, > Ài IN, =0 (III.5) 





i=! 
at any k from unity to m. 

Thus, finding the conditional extremum of f (N,) under condi- 
tions expressed by formula (III.1) reduces to finding the absolute 
extremum of the function f — Y Ajg,. To find n + m unknowns 

iz 


(m coordinates of the extreme point N,N P,- Nm. and n Lagran- 
gian multipliers À,, ..., An) we have t e same number of equations: 
m equations (III.3) and n conditions (III.1). 


IV. Integrals J, 
Let us consider an integral of the kind 


J= f 2?e-93* dz, (IV.4) 
0 


where n is a non-negative integer. The substitution y = az? is 
used to reduce integral (IV.1) to 


go nia f e^! ym-t2 dy = T atop (+) . (IV.2) 
0 


1 


Ja——X 
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With even n — 2m we have 


2m — 1)! 
Jam — m V oa (1V.3) 
and with odd n = 2m + 1, 


J ml 
ant = Saini * 


The integral J, = nel dz equals zero when n is odd and equals 


2J, when nm is even. 


V. Probability Function erf (x) 


The probability (error) integral, or the Gauss error function erf (z), 
is determined by the formula 


-it 
erf (z) — ys f e-" dt (V.1) 
and possesses the obvious properties 
erf (0) 0,  erf(oo) — 1, (V.2) 
erf (— x) = —erf (x). (V.3) 


The asymptotic expansion of erf(r) at z « 1, outlined in 
Sec. 41, has the following form: 


etf(2)= Fa (1S d jJ. (V.4) 


At z > 1 the following asymptotic representation of erf (z) is valid: 





erf (z) x 1— (V.5) 


AD 
Tables of the probability functions can be found, for instance, in 
[5]. 
VI. Properties of Function 8(x)— Y e-nnis 
Let us prove the validity of the functional equation from Sec. 45 
for the function 0 (z). We introduce the function 
S(y,z)9 Ñ emrt, (VI.1) 


n-—05 
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Being a function of y, it is periodic with a period equal to unity 
and can be expanded into a Fourier series: 


S(y,z)— >) am (z) emim, (VI.2) 
where 
i 
an(z)= | S (t, z) e- 2nimt dt = 
0 


eot oe 


co 
> e-n (nt) x-22imt dt, 
n=- 0 


Changing the sequence of summation and integration and multi- 
plying the integrand by e-**n" = 1, we obtain 


eo 1 
Gm (z) = 2 f e-n (nt) x-2nim (nt) dt 
n=-o 0 


nti eo 
= 5 j e7%2*x—2nimz Jz = f eg-nisx-2nimz dz 
a —o 





: eo ( im \a Amt 
= eam pi eT VU) diu VS (VI.3) 
oo-Fic 
[since f e-%3 dz, taken along a straight line parallel to the real 
—œ+40 


axis, is equal to yz according to formula (IV.3)]. Substituting 
(VI.3) into (VI.2), we have 
1 - -2m exüny 
S (y, z) = vr 2 e = : (V1.4) 


whence at y = 0 we obtain the equation (see Sec. 45) 





mm? 


8-7 D e= =0(+). (VI.5) 


Ses yz 








VI. Integrals K, and K; 


Let us evaluate an integral of the kind 





ex—1? 


K,= f z^ dr 
0 


1s 37-0799 
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where n is an,integer or half-integer. We have 


(e — 1) = e (1 — ey! = > emt x, 


whence 
= | 2: re HDs dr = => f zheutD* dz = > (143-1) i e~t" dt 
0 i=0 =0 0 i=0 0 


87 


—TI(n41) X (4-1) aP(n$tye(n+4), (VIIA) 


t=0 


where & (r) = S ea and ¢ is Riemann's function. 


In particular. ‘we have 


n=1,K,= (ee =T (2) t (23, since (2 —1, 6(2)= 
0 





E (see, for instance [5]), then 
K, = m46. (VII.2) 





ez — 


2. n=3, Ky | eet -r(t(4. (VII.3) 
0 


Since T (4) = 3! and ¢ (4) = 21/90, then 
K= n*/15. (VII.4) 


3. n=4, iuel eea )e t(+). 
0 
3 


Since r(2)-ir(4)- V $ and ¢ (2) = 2.612, then 





&a-i. ue-[ER-r(i)i) vs 
0 
Since r (>) =5T($) = wa and t (>) = 1.341, then 
Ks — 1.18. (VII.6) 


Let us also find integrals of the kind 


, fo^ d. 
Ks Vr (n2 1). 


0 


We have 


L4-1) V reto de 
-5i j 


t=0 


=Sarnfe ee" dt =T'(n-4-1)(n). (VIL?) 
t=0 
In particular, 


Ky-T(2)t($)-348 kKkip-r(z)t(g)-449. (VIL8) 


VIII. Dirae's Delta-Function ô(æ) 
and Step Function o (x) 


Let us introduce the improper or generalized function Ó (z) spe- 
cified by the conditions 


s (x,a) 
80-1 SOR bos (VIII.4) 
oo for r= 
H 1 for RUN 
Jowar={ for z— 0 (a, b). 
(VIII.2) 


More exactly, the function 6 (z) 
must be defined as the limit of 
some continuous function 6 (z, a) 
having a sharp maximum at z=0, s 
with an area equal to unity 0 
(Fig. 120), when the parameter 
a tends to zero (with the height of FIG. 120 
the peak infinitely increasing and 
its width infinitely decreasing. Therefore, strictly speaking, the 
6-function has a meaning only as an integrand, and the limit tran- 
sition a — 0 must be made after evaluation of the integral. Usually, 
no errors appear when the 6-function is treated as a common clas- 
sical-analysis function. 

Let us examine several examples of continuous functions Ó(z, a) 
that pass in the limit a — 0 into the 6-function: 


6 (z, a= xurpuS 7 dr (i = arctan =), (VIII.3) 
et! d 1 
6 (z, x)= epi dr [aay £ (VIII.4) 
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The delta-function can be considered as the derivative of the dis- 
continuous step function o specified by the equation 


1 for r>0, 
s(2- 


VIII.5 
0 for z «0. ( ) 


Some properties of 6-functions are given below without proof. 


1. 6(—z) =ô (2). (VIII.6) 
b b 
2. | 6(@—2') f(z) dz= V8(0— 2) f (2) d 
=í f(z) for one C b), (VIIL?) 
0 for z —z' d (a, b). 
3. 6[g (z)) — Swear SG (VIII.8) 


Ip’ (zr)? 


where z, are simple roots of equation q (z) = 0 within the integration 
domain. Therefore, we have 





4. h (z)5(o (z)] dz = Sie Len (VIIL.9) 
In particular, 

5. ô (az) =— ô (2), (VIII.10) 

6. ôa = 69136329. (VIII.11) 


Similarly, the derivative Ó'(z) can be defined as the limit of a 
certain continuous function, and for this derivative the following 
formulae are valid: 


7. 6 (—z) = —6' (1), (VIII.12) 


b af , 
8. i (z) 8’ @—z)ae={ ~ (arhan - 21 2 (VIII.13) 


The concept of the 6-function can be extended to an n-dimensional 
space with the aid of the formula 
Ô (Zis Zas, 64 Zn) = Ô (21) (z3) .. 6(z), (VIIL14) 


then the practical realizations of the ô-function and its properties 
can readily be applied to n-dimensional spaces. 


IX. Integrals L, 
Let us calculate the integral 


Ç ndz 
L= VP 


Se (e* + 1)! into a series in e-*, we find 


Ln =n ian e- vends X eis e*t" di 


-Tee03 der. 0X0 


The sum of the series in formula (IX.1) can s expressed in terms 
of the Riemann ¢€-function. For this purpose let us add to the un- 
known sum and subtract from it the same sum over odd values of 
l1. We obtain 


cn» 1 S 4 z 
3 Tp = Lape? 2g mee-i0-00-2 ) 


is substituting this into formula (IX.1), we find 
= (1—2)P (n4 1) &(n4 1). (IX.2) 


Expression (IX.2) becomes indeterminate at n = 0, since € (1) = 
= oo; at n = 0, however, we have 


L= Vei yii 
At n — 1/2, 1 and 3 we find 
L? a7 p (2) t (2) — 0.673, 
L-irgt2-i. (IX.3) 
Ly= 4T (4b) = 335 
X. Integral M 


Let us calculate the integral 


M = Ve (6) f (e) de, (X1) 
0 
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where f (9 is the Fermi distribution function, equal to f (e) = 
in the assumption that T/p « 1. Integrating 


= a 
by parts, we obtain 
M= F (œ) f (20) —F (0) #(0)— Î F () A de, (X.2) 
where : 
F (e)= foto) de. (X.3) 


6 
In all the cases of practical interest the term outside the integral 
in Eq. (X.2) is equal to zero, since f (oo) = 0 and F (0) = 0; to 
be more exact, the validity of this assertion requires that as e — oo 
function ọ (e) should not increase at a rate greater than e®/7, and 
as e — 0 it should not increase at a rate greater than e-!. Assuming 
these conditions to be satisfied, we have 


e a 
M= [9 (e) f(e) de= -frog 3f de, (X.4) 
6 
Let us turn to the integration Sisal z= (e — y T: 
=— J Far» a. (X.5) 
-WwWT 
Let us examine the properties of the function 2 =— GLO , 


It can be readily seen that, first, it is an even function, 
e7*Í/(e-* + 1)? = e*/(e* + 1), second, that the function rapidly, 
as e7l*l, decreases with increasing absolute value of z, so that it 
noticeably differs from zero only in the vicinity of point x = 0 
(e = p). In consequence only small |z | contribute appreciably 
to integral (X.5), and we can expand F (p + Tz) into a series 
in z, limiting ourselves to the first terms of the expansion. By virtue 
of the inequality u/T >> 1 we can replace the lower integration 
limit by — oo without any significant error. Then, we obtain 


M f [FTE W T?F*(u) ?  ... | ar ds 


=F (p) Uf (— 00) — f (00)] — TF' (p) | 25i dz 


MAE eg 
~ 3 TF (m) | wt dz... 
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We have f(o) =0, f(— oo) — 4; further f z of dr — 0 (by 


virtue of the fact that the integrand is an odd function), and inte- 
grating by parts, we find 


e 2 f of eee m ni 
ar dz = 2a Mr D EE 


Substituting F (&) from Eq. (X.3), we obtain a final result, presented 
below in two forms: 


M- foe) f (e) de = food + T T? (2) +... (X6) 


e=p 
ó ó 


m= - red de— F (p) + 72 (25) dcs (X37) 


e=p 
0 


If ọ (e) is a power function, ọ (e) = e”, then formula (X.6) 
acquires the following form: 


M, -fe e"f (e) de = E A [0028322 2Y], (X.8) 


XI. The Laplace Transform 


Let there be given on a real axis the function Z (A), continuous 
and differentiable everywhere (except at some points where Z (A) 
and Z' (A) can have finite discontinuity jumps). Let Z (A) increase 
as À — + oo at a rate not higher than e9^, and as À — — oo, at 
a rate not higher than e®, so that 


f e-9^Z (2) dh 


absolutely converges for B — o >a. 
Let us consider under these conditions the function of complex 
variable E, specified by the equation 


p(E)= | e-*®Z (a) da (B>A>a) (X1.1) 
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and try to find the inversion of this formula, i.e. to express Z (A) 
in terms of p (E). Let us proceed from Fourier's transform 

£0)— et) ei ay, (XL2) 


P (P) = x 10960, (X1.3) 


from which follows the Fourier integral formula 


f0)2 x | dy e-i9^ | j (v) ei" dv. (XI.4) 


Substituting f (A) = e-°*Z (A) into formula (XI.4), we find 
4f TO Ep 
e-z A =r ( dy e~ina j Z (y) e-¥ -iw dv 


4 oo 
— f dp e-i&^p (0 — ip). 


Introducing the integration variable E = o — ip, we obtain 


G4 ioc 
ZA) =z | P(DetdE (moo) (XL5) 


g—ico 


i.e. the required inversion of formula (XI.1). Formulae (XI.1) 
and (XI.5) are referred to as the Laplace bilateral transform. 

If Z (A) z2 0 at à< 0, we obtain from Eqs. (XI.1) and (XI.5) 
the formulae 


p (E)= [ez a) dn (4 2 a), (X16) 
f g+iæœ 

ZA =z f e^Ep (E) dE. (XL.7) 
g—-io 


that are referred to as the Laplace unilateral transforms. 
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XII. Integrals for Section 59 


Let us consider the integral (0 < Re A < 1) and integrate it 
by parts 





oo oo -M 
| in (1 fet) enat a = x | P À (XIL1) 
Upon substitution e* = z/(1 — z), db, = — dzíz (1 — zx) the in- 


tegral is reduced to 
1 
> f zi-i(1—2)-*^ dz. 


ô 
Comparing this with the formula for Euler's integral of the first 
kind, 

1 


r r 
B (p, q)= | 2-1 27142 007) 
0 


(see, for instance, [8], we have 


(In (1-9 e-xat- Bea, 151) - LOT 9. 


Making use of the property of the I-function, T (aA) T (1 — A) = 
= nisin nA, we obtain 


f In (1+ et) et dt = Lr. (XIL.2) 


Applying to this integral the Laplace transform (XI.5), we find 


g-Fic 


1 A At 
In (1 + et) = 4 | ux d (XII.3) 
g—ioo 
(see Sec. 59). Now let us consider the integral 
(ai eU dt = IE edo f Edt 
-% 4 cosh? = Acosh $ (24 eta - eb 4 eb 2 


and make the aioi ei = ri(1 — z), db = dziz (1 — z) 
then 


oo 1 

t 
| mum [24—2-4:2—B( 3 1—2) 
wa 4 COS E 0 


PAHAT (1—A) l o m 
=a =M (a) 2) = Gg (L4) 


38—0799 
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We obtained formula (59.10) from Sec. 59. We have the obvious 
relation 


ar | te Mat = [to (t) enar. 
0 -% 


Using the inversion formula for the Laplace transform (XI.5), 
we obtain relation (59.9) from Sec. 59: 


g-rico E 
sa | Gr =o). (XIL.5) 
g—ioo 


XIII. 4-Dimensional Sphere 


Let us calculate the volume and surface area of a sphere, and also 
the total solid angle in the n-dimensional space (Cartesian coordi- 
nates zi, Ze, ..., Zn) 

From dimenstonality considerations it is clear that the volume 
i an n-dimensional sphere, i i.e. the volume of the domain zj + z} + 

. +z < RÀ is diss to 
V,=C,R", (XIII.1) 


where C, is a dimensionless constant to be determined. The simplest 
way of finding C, consists in the following. Evaluate the integral 


| e- avn o - f e T embesbe eb dz, dzz... dz, (XIIL2) 
| j 


following the two methods: in spherical coordinates [the left-hand 
side of Eq. (XIII.2)) and in rectangular Cartesian coordinates 
[the right-hand side of Eq. (XIII.2)]. The right-hand side of the 
equation is expressed by the n-fold multiple Poisson integral 

f 22x f e- lesions exb dz dz, ... dz, 


zi f e-** dz)" =n", (XIII.3) 


Substituting for the left-hand side of Eq. (XIII.2) the expression 
following from Eq. (XIII.1), dV, (r) = nC,r"-!dr, we obtain 






oo 
nC, f e-r'rn-1 dr = 2 
J 


i feront dy=4 nC, (2). (Qxur4 
ð 0 
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Equating expressions (XIII.3) and (XIII.4), we get 


antl? 
and 
22"? qn 
Va —TQGEm * (XIII.6) 


At n = 1, 2, 3 we obtain the elementary formulae V, = 2R, V, = 
= aR, V,— $ aR’. 
The surface area of an n-dimensional sphere is found from the 
relationship dV, (R) = S, (R) dR, 
25^"? gn-1 
S,= Tra (XIII.7) 


At n — 1, 2, 3 we have S, = 2, S, = 2nR, S, = án. 
The total solid angle is obtained, assuming in formula (XIII.7) 


227/72 
=F (XIIL8) 


In statistical physics one has to deal with the case when n > 1. 
Using Stirling's formula 


Q 


r ($) = (2x)? (n/2)e- 2677, (XIII.9) 

with a logarithmic accuracy we find from Eqs. (XIII.6)-(XIII.8) 
Cy= (Œ (XIII.40) 

Va (R= (ZE m, (XII.41) 

S, (R)= (SE)? Ret, (XIII.12) 

Q, - (28 y". (XIIL43) 


XIV. The Gauss Distribution for One 
and Two Variables 


Let the probability distribution for the quantity z obey the law 
of normal (Gaussian) distribution, 


dW (x) = Ae-9*'! dz (— oo < z « oo). (XIV.1) 
The normalization condition f dW (xz) = 1 yields 
a 
Anup =. (XIV.2) 
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The mean value of the quantity z equals zero due to the symmetry 
of the Gaussian distribution, 

z=0. (XIV.3) 
Let us find z? = (Dz)?, 


ï= 2 Jere dra, (XIV.4) 


Expressing æ in terms of z?, we can present the Gaussian distribu- 
tion in the form 





dW (z)— eid dr, (XIV.5) 


VES 2nzi 


Suppose we have Gaussian distribution for the quantities r and 


y: 
dW (z, y) = Ae~(ox*+ 2bzu+eu") dz dy (—oo «z,y« 00). (XIV.6) 
The normalization integral for this expression can readily be eval- 
2 
uated, if the perfect square az? + 2bry + cy? = a (z += by 1) + 


+ (c-=)y is singled out from the exponent and integration 


in Eq. (XIV.6) is carried out first over z and then over y. The nec- 
essary and sufficient condition for convergence of the integral 
is the fulfilment of the inequality ac > b?, and if this is so, then 


œw oo 





= -(ax*4-2b a neve ae 
J f Se ax*+2bxy+eu") dz dy Van (XIV.7) 
gr Exec. (XIV.8) 
aW (z, y) = VESE o - on neyenm de dy. (XIV.9) 


To find the mean values z?, y? and correlation zy, we differentiate 
formula (XIV.7) with dti to a, c and b respectively and find 


xb m zn J)- Tem (XIV.10) 
y= -£0en- a) ° (XIV.11) 
— 1 b 


It follows from formula (XIV.12) that z and y are statistically 
independent (zy = 0) when and only when the coefficient b equals 
zero. 


REFERENCES 


Ny Oo C Wu CQ N = 


. Sommerfeld, A. Thermodynamics and Statistical Mechanics, Academic Press, 


New York, 1956. 


. Leontovich, M. A. Introduction to Thermodynamics, Gostekhizdat, 1950 


(in Russian). 


. Kubo, R. Thermodynamics. An Advanced Course with Problems and Solu- 


tions. North-Holland, Amsterdam, 1968. 


. Deigen, M. F., Vikhnin, V. S., Glinchuk, M. D. FTT 13, 1807 (1971). En- 


glish Transl.: Soviet Physies—Solid State Physics. 


. Jahnke, E., Emde, F. Tables of Functions with Formulae and Curves, 4th ed. 


New York, Dover publ., 1945. 


. Landau, L. D. and Lifshits, E. M. Course of Theoretical Physics. 3d ed., 


Vol. 1, Mechanics. Oxford, Pergamon Press, 1976. 


. Landay, L. D. and Lifshits, E. M. Course of Theoretical Physics. 3d ed., 


Vol. 3. Quantum Mechanics. Non-relativistic Theory. Oxford, Pergamon 
Press, 1977. 


. Smirnov, V. I. Cours de mathématiques supérieures, t. III, deuxiéme partie, 


2e éd. Editions Mir, Moscou, 1976. 


. Nikitin, E. E. Theory of Elementary Atomic and Molecular Processes in Gases, 
10. 
"Ul Ryvkin, M. Sh. Physics. Izv. vuzov 5, 110 (1971). 
13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 
24. 


22. 


Khimiya, Moscow, 1970 (in Russian). 
Huang, K. Statistical Mechanics. John Wiley, New York, 1963. 


arom J. M. Principles of the Theory of Solids. Cambridge Univ. Press., 


1964. 

Lifshits, E. M., Azbel, M. Ya., and Kaganov, M. I. Electronic Theory of 
Metals. Nauka, Moscow, 1971 (in Russian). 

Anselm, A. I. Introduction to Semiconductor Theory. Mir Publishers, 
Moscow, 1981. 

Rumer, Yu. B. ZhETF 18, 1081 (1948). English Transl.: Soviet Physica 
JTEP. 

Uhlenbeck, G. E. and Ford, G. W. Lectures in Statistical Mechanics. Ame- 
rican Mathematical Society, Providence, 1963. 

Rumer, Yu. B. ZhETF 38, 1899 (1960). English Transl.: Soviet Physics— 
JTEP. 

Landau, L. D. and Lifshitz, E. M. Statistical Physics. Pergamon Presa, 
Oxford, 1958. 

Fhalsinikos, I. M. Theory of Superfiuidity. Nauka, Moscow, 1971 (in Rus- 
sian). 

Feynman, R. Statistical Mechanics. A Set of Lectures. W. A. Benjamin, 
New York, 1972. 

Schreffer, J. R. Theory of Superconductivity. W. A. Benjamin, New York, 
1964. 

Bogoliubov, N. N., Tolmachev, V. V., Shirkov, D. V. New Method tn the 
Theory of Superconductivity. Izd. Acad. Nauk SSSR, Moscow, 1958 (in 
Russian). 


. Gradshtein, I. S., Ryzhik, I. M. Tables of Integrals, Sums, Series and Pro- 


24. 
25. 


26. 
21. 


ducts. Nauka, Moscow, 1971 (in Russian). 

Einstein, A. Phys. Zs. 10, 185-193, 1909. 

Levin, M. L., Rytov, S. M. Theory of Equilibrium Thermal Fluctuations in 
Electrodynamics. Nauka, Moscow, 1967 (in Russian). 

Stanley, H. Introduction to Phase Transitions and Critical Phenomena. Oxford 
Kaveat Press, 1971. 

Kac, Mark. Probability and Related Topics in Physical Sciences. Intersience 
Publishers, New York, 1959. 


B B 88 8 |g 


= 


951 
92. 


References 


. Akhiezer, A. I., Baryarkhtar, V. G., Peletminskii, S. V. Spin Waves. 


North-Holland, Amsterdam, 1968. 


. Smirnov, V. I. Course on Higher Mathematics (Kurs vysshei matematiki), 


Vol. I, Chapter VI, Sec. 2, Nauka, 1974. 


. Isihara, A. Statistical Physics. Academic Press, New York, 1971. 
. Dykhne, A.. Rumer, Yu. B. Uspekhi Fiz. Nauk, XXV, 1, 101 (1961). En- 


glish Transl.: Soviet Physics — Uspekhi. 


. Patashinsky, A. Z., Pokrovsky, V. L. Fluctuation Theory of Phase Transi- 


tions. Nauka, Moscow, 1975 (in Russian). 


. Quantum Field Theory and Physics of Phase Transitions. Collection of Pa- 


ers. New York, 1971. 
yson, F., Montroll, E., Kac, M., Fisher, M. Stability and Phase Transition. 
Collection of Lectures. Mir Publishers, Moscow, 1973 (in Russian). 


. Davydov, A. S. Quantum Mechanics. Pergamon Press, Oxford, 1976. 


Kaempffer, F. A. Concepts of Quantum Mechanics. Academic Press, New 
York, 1965. 

Landau, L. D., Lifshits, E. M. Mechanics of Continuous Media, Gostekhiz- 
dat, Moscow, 1953 (in Russian). 


. Bogoliubov, N. N. Dynamic Theory Problems in Statistical Physics. Gostekh- 


izdat, Moscow, 1946 (in Russian). 


. Gurov, K. P. Fundamentals of Kinetic Theory. Nauka, Moscow, 1966 (in 


Russian). 
Silin, V. P. Introduction to the Kinetic Theory of Gases. Nauka, Moscow, 
1971 (in Russian). 


. Liboff, R. L. Introduction to the Theory of Kinetic Equations. John Wiley, 


New York, 1969. 


. Landau, L. D. Collected Papers, Pergamon Press, Oxford, 1965. 
. Shafranov, V. D. In: Problems in the Theory of Plasma, No. 3, Sec. 5, 39. 


Gosatomizdat, Moscow, 1963 (in Russian). 


. Landau, L. D. Collected Papers, Vol. 1, Oxford, 1965. ' 
. Kogan, M. N. Kinetics of Rarefied Gases. Nauka, Moscow, 1967 (in Russian). 
. Krylov, N. S. Papers on Substantiation of Statistical Physics. Izd. Akad. 


Nauk SSSR, 1950 (in Russian). 


. Plotkin, I. P. ZAETF, 20, 11 (1950). English Transl.: Soviet Physics -J TEP. 
. Natanson, I. P. Theory of Functions of Real Variables. Nauka, Moscow, 1974 


(in Russian). 
e Groot, S., Mazur, P. Non-equilibrium Thermodynamics. North-Holland, 
Amsterdam, 1962. 


. Glansdorff, P., Prigogine, I. Thermodynamic Theory of Structure, Stability 


and Fluctuations. London, 1971. 

Eigen, M. Selforganization of Matter and the Evolution of Biological Macro- 
molecules. Springer-Verlag, Berlin, 1971. 

Bogoliubov, N. N. Journ. Phys. USSR, 9, 23 (1947); Proceedings USSR 
Acad. Scien. Ser. Physics, Vol. VI, No. 1, 77 (1947). 


NAME INDEX 


Akhiezer, A. I., 590 
Anselm, A. I., 589 


Azbel, M. Ya., 589 

Baryakhtar., V. Ner 590 

Bogoliubov, N » 360, 466, 470ff, 
82, 589f 


Boltzmann, L., 181, 462, 465, 499, 540 
Born, M., 470 
Bose, R. C., 178 


Cooper, L. N., 367 


Davydov, A. S., 590 
Debye, P., 255, 336 
de Groot, 590 
Deigen, M. F., 589 
Diae: P. A. 'M., 249 
Dykhne, A., 590 
Dyson, F., '590 


Eigen, M., 590 

Eins. A., 166, 251f, 392, 457, 589 
Emde, F., 589 

Emden, R., 119 


Gibbs, J. W., 97, 99, 100 


Glandsdorft, P., 567f, 590 
Gibbs, 189, 298 
Glinchuk, M. D., 589 


Grandshtein, I. S., 589 
Green, H. S., 410 
Gurov, K. P., 590 


Feynman, R., 365, 589 
Fisher, M., 5t 
W., 589 


Ford, 


Huang, K., 589 
Hückel, W. K. F., 336 


Ishihara, A., 590 


Jahnke, E., 589 


Kac, M., 408, 589f 
Kaempffer, F. A., 590 
Kaganov, M. I., 589 
Kamerlingh Onnes, H., 150 
Khalatnikov, I. M., 589 
Kirkwood, J. G., 470 
Kogan, M. N. 590 

Kotkin, G. L., 210, 275 
Krylov, N. S., 535, 590 
Kubo, R., 589 


Landau, L. D., 286, 363, 418, 489, 
491, 505, 589f 

Lee, T. D., 332, 398, 401 

Leontovich, M., 589 

Levin, M. T, 589 

Liboff, R. L., 

Lifshits, E. M., 589f 

Lindemann, F., 280 


Mazur, P., 590 
Montroll, E., 590 


Natanson, I. P., 590 
Nikitin, E. E., 589 


Ornstein, L. S., 438 


Patashinsky, A. Z., 590 
Peletminskii, S. V., 590 
Planck, M., Pune 2 252 
Plotkin, I. P., 590 
Poincaré, J. H., C 
Pokrovsky, V. L. 590 
Llp aa L. S., 448 
Prigogine, I , 5671, 590 


Ryznik, I. M.. 589 


592 Name Indez 


Schreffer, J. R., 589 Vikhnin, V. S., 589 
Serbo, V. G., 210 

Shafranov, V. D., 590 

Shirokov, D. V., 589 Weiss, P.—E., 410 
Silin, V. P., 590 Wien, W., 250 

Smirnov, V. I. 589f 

Sommerfeld, A., 119, 589 

Stanley, H., 589 Yang, C. N., 332, 398, 401 


Tolmachev, V. V., 589 Zermelo, E., 531 


Zernike, F., 438 
Uhlenbeck, G. E., 589 Zieman, J. M., 589 


SUBJECT INDEX 


Absolute zero unattainability prin- 
ciple, 42 

acceptor(s), 285 

activity, 326 

adiabat, 18 

adiabatic exponent, 19 

adiabatic vessel, 18 

anomalous system(s), 338 

approximation 
relaxation-time, 527 
thirteen-moment, 527 

Avogadro’s number, 159 


Balance equation(s), 549ff 
barometric formula, 127, 209 
BBKGI hierarchy, 470 

BCS Hamiltonian, 367 

Berthelot’s equation, 60 

Bessel's function(s), 379 

blackbody radiation, 86 

Bloch's theorem, 274 

Bogoliubov canonial transformation, 


Bogolluboy’s equation(s), 465ff, 532, 
5 


dimensionless form, 483ff 
Bogoliubov's system of equations, 470, 
aai, 488 


Bogoliubov's theory, 358ff 

Bohr magneton, 244 

Bohr-Sommerfeld quantization rule, 
295 


Boltzmann's constant, 88, 180, 248 
Boltzmann distribution, see Maxwell- 
Boltzmann distribution 
Boltzmann formula, 188, 200, 229, 

243, 394, 453 
Boltzmann kinetic (transport) equa- 
tion, 414, 459ff, 462, 466, 4718, 
480ff, 485, 488, 495f, 501, 505, 
511, 515, 521, 525f, 529, 534 
methods of solution, 521ff 
Enskog-Chapman, 521 
Grad moment, 521, 526 
Boltzmann's principle, 180, 388 
Bose Eien condensation, 265, 269, 
Bose-Einstein distribution, 173,178, 
181, 184, 187, 189, 190, 194, 
199, 249, 255, 262, 282, 322ff, 324 


Bose gas, 184, 194ff, 323 
degenerate, 262ff 

Bose operator(s), 371 

boson(s), 174f, 182 

box(es), 167, 170, 172, 173, 199 

Bragg-Williams approximation, 417, 
425, 427 

Prang i method, 412 

Brillouin function(s), see Langevin 
quantum function(s) 

Brownian motion, 448ff 


Callen-Walton theorem, see fluctua- 
tion-dissipation theorem 

canonical distribution, 302ff 

Carathéodory principle, 39 

Carnot cycle, 33ff, 94 

cell(s), 167, 170, 172f, 19 

PüeracarieHie rotation temperature, 

chemical affinity, 555 

chemical constant, 160 

chemical potential, 110, 224 

&lausius equation, 54 

Bapayron Ciano equation, 134, 149, 


1 

closed system(s), 302 
coefficient(s), 

kinetic, 444 

Peltier, 566 

phenomenological (kinetic), 557 

virial, 333 
collision integral, 460, 465, 505, 530 
collisionless plasma, 487 
commutation relations, 348ff 
component(s), 155 
condensation temperature, 265 
conductivity, 

impurity (extrinsic), 285 

intrinsic, 283 
configurational integral, 330 
conservation law(s), 4958 
constant, 

Boltzmann, 180, 248 

Euler, 380 

fine-structure, 249 

Grüneisen, 262 

Weiss, 410 

Wien, 250 
continuity equation, 300, 512 
Cooper electron pair(s), 367, 371, 378 


594 


coordinates, normal, 243 

correlation function, 395, 483ff 
correlation radius, 437 

correlation weakening condition, 478 
Coulomb collision(s), 506 

Coulomb interaction, 505 

Coulomb interaction forces, 487 
Coulomb logarithm, 508 

critical exponents (indices), 403ff 
critical opalescence, 436 

critical point, see critical temperature 
critical temperature, 56, 151, 406ff 
Curie law, 75f 

Curie symmetry principle, 558 

Curie temperature, 441 

Curie-Weiss law, 425 


Darwin's theory of evolution, 569 
Debye characteristic temperature, 322 
Debye equation, 437 
Debye frequency, 256, 380 
Debye function, 258 
Debye model, 255, 258 
Debye screening, 335ff 
Debye screening radius, 
494, 508 
Debye sphere, 336 
Debye temperature, 256, 260 
Debye theorem, 322 
degeneracy, 217 
degeneracy criterion, 193 
degenerate gas, 193, 246ff, 
degrees of freedom, 
electronic, 220 
intranuclear, 220 
rotational, 219ff, 230ff 
translational, 220 
vibrational, 220 
de Haas-Van Alphen effect, 294 
density matrix, 542 
dielectric permeability, 83 
dielectrics, 80ff 
nonpolar, 82 
polar. 82 
diffusion equation, 515 
Dirac delta function, 202, 579 
Dirac singular multipliers, 463 
dispersion, 384 
dispersion equation, 275 
distribution, 
Gauss, 587f 
Gibbs, 443 
on dappnicat 302ff, 304, 310, 
1 
Gibbs grand canonical, 306ff, 308, 
310, 316 


336, 488, 


Subject Indez 


Gibbs microcanonical, 302ff, 310, 
320 


Gibbs microscopic, 535 
Maxx Boheman, 335, 456f, 503f, 
5 
Maxwell velocity, 486, 495, 504f- 
T-P-N, 306ff, 309ff 
T-V-N, 309ff, 324 
T-V-p, 306ff, 309ff, 324 
distribution function, 444 
equilibrium, 490 
Maxwell-Boltzmann, 524 
Maxwell one-dimensional, 492 
donor(s), 285 
Dulong and Petit law, 70, 254, 257, 
25 


Effective mass, 275 

Ehrenfest equation, 149, 150, 421 
Einstein condensation, 359f 
Einstein condition, 211 

Einstein formula, 388, 393, 452 
electrical neutrality condition, 283 
electric susceptibility, 82 

electron gas, 276ff 

electron plasma, 489ff 

electrons in semiconductors, 283ff 


free, 29 
internal, 28 
energy density, 85 
spectral, 85 
energy distribution function for mole- 
cules, 167 
energy quantization, 197ff 
Enskog-Chapman method, 521 
enthalpy (heat content), 63 
entropy, 18f, 180 
absolute, 20 
entropy generation, 556 
entropy increase law, 495ff 
equalization processes, 113 
equation(s), 
balance, 549ff 
Bogoliubov, 532, 534 
imensionless, 483ff 
Berthelot, 60 
Boltzmann kinetic (transport), 414, 
459ff, 466, 471, 480, 485, 495f, 
501, 505, 511, 515, 521, 525, 534 
caloric, 19 
Clapeyron-Clausius, 54, 134, 149, 
154 
continuity, 300, 512 
Debye, 437 


Subject Indez 595 


equation(s) 
Dieterici, 
first, 60 
second, 60 
diffusion, 515 
dispersion, 275 
Ehrenfest, 149, 150, 421 
Euler, 437, 516, 522, 563 
Fokker-Planck, 448ff, 451, 471, 534, 
541 
gasdynamic, 511ff 
Gibbs-Helmholtz, fundamental, 99, 
103 
Hamilton-Jacobi, 460, 468 
Kamerlingh Onnes, 60 
kinetic, for plasma, 505ff 
Lagrange, 468 
Langevin, 395 
Liouville, 300, 467, 470, 532, 534 
single-particle, 487 
Maxwell transport, 497 
Mayer, 32 
Navier-Stokes, 516, 568 
Newton, 468 
phenomenological, 557 
Poisson, 335, 490 
Rayleigh-Jeans, 458 
Saha, 236 
Schródinger, 274, 448, 544 
self-consistent field, 487ff 
Smoluchowski, 444ff, 447, 534 
of state, 15 
thermal, 17 
van der Waals, 55, 62, 65, 137, 
334, 406 
Widom, 440 
equipartition law, see equipartition 
theorem 
equipartition theorem, 210ff, 212, 219, 
246, 254, 261, 278, 394 
Euler's constant, 380 
Euler’s equation, 437, 516, 522, 563, 
Euler's summation formula, 222, 267, 
292 
extrema 7 thermodynamic functions, 
1 


Factorization, 483ff 

far-from-equilibrium states, 566ff 

Fermi distribution function, 582 

Fermi-Dirac distribution, 173ff, 178, 
181, 184, 187 189ff, 199, 276, 282, 

322ff, 324, 373 

Fermi energy, 276, 279 

Fermi gas, 184, 194ff, 323 

Fermi Tavel: 283 

Fermi momentum, 277, 282, 366 

Fermi cperatorís), 371 


Fermi quasiequilibrium function, 
1 
Fermi sphere, 366, 375 
Fermi surface, 295f 
fermion(s), 174f, 182 
Tick’s law, 515, 557 
first Dieterici equation, 60 
first law of thermodynamics, 28 
fluctuations, 169 
energy, 384 
number of particles, 384 
occupation numbers, 391 
volume, 384 
fluctuation-dissipation theorem, 397 
flux(es), 556 
Fokker-Planck equation, 448ff, 451, 
471, 534, 541 
force(s), 
Coulomb interaction, 487 
formula, 
barometric, 209 
Boltzmann, 188, 200, 229, 243, 394 
Einstein, 388, 393 
Euler summation, 222, 267, 292 
Fourier integral, 584 
Kubo, 546 
Landau, 366 
Planck, 249f, 392, 457 
Poisson, 322, 
Stefan-Boltzmann, 257 
Stirling, 178f, 187, 189, 200f, 229, 
414, 583, 587 
Wien, 250 
Wiener-Khinchin, 390 
Fourier coefficients, 396 
Fourier integral formula, 584 
Fourier law, 517, 557, 
Fourier transform, 584 
Íree energy, 97 
free molecular flow, 483if, 535 
function, 
Bessel, 379 
correlation, 395, 483 
Debye, 258 
Diract delta, 202, 302, 579 
Fermi distribution, 582 
Fermi quasi-equilibrium, 531 
Langevin, 243 
classical, 410 
generalized, 75f, 82f 
quantum, 245, 410 
Mee well equilibrium distribution, 


Mayer, 326, 335 

step, 579 

probability (Gauss error), 576 
ieman, 578, 581 


596 


Gas(es) 
Ros; 184, 194H, 2638, 305, 323, 
59 


in external fields, 270ff 
degenerate, 262 
ideal, 358 
degenerate, 193, 246 
diatomic, 219ff 
electron, 
magnetism, 286ff 
Fermi, 184, 194, 273ff, 305, 323 
degenerate, 276 
ideal, 17, 305 
Maxwell-Boltzmann, 202ff, 214, 305, 
343, 531f 
non-ideal, 325ff 
paramagnetic, 242ff 
phonon, 253ff 
van der Waals, 405 
Gauss distribution, 587f 
Gauss error function, see probability 
integral 
Gauss law, 390 
Gauss theorem, 299, 436, 450, 469, 
480, 496, 498, 513, 517, 549, 
563, 567 
Gay-Lussac process, 61ff, 114f 
generalized coordinate, 105 
generalized force, 105 
generalized Langevin function, 75f, 
82 
Gibbs canonical distribution, 302ff, 
04, 310, 316, 368 
Gibbs couonicel ensemble, 310, 316, 
28 


Gibbs distribution, 443 
Gibbs ensemble, 373, 375, 467 
Gibbs and canonicl distribution, 
3061, 308, 314, 316 
Gibbs grand canonical ensemble, 428 
Gibbs-Helmholtz fundamental equa- 
tion, 99, 103 
Gibbs' method, 297 
Gibbs microscopic distribution, 535 
Gibbs paradox, 118, 188 
Gibbs phase rule, 156f 
Gibbs potential, 439 
Gibbs theorem, 436, 450 
Gibbs thermodynamic potential, 97, 
101 
Grad moment method, 521, 526 
graph(s), 327 
connected, 327 
nonconnected, 327 
and canonical ensemble, 322ff, 398 
riffith inequality, 405, 416, 427, 434, 
440 


group integral, 327 


Subject Indez 


Grüneisen constant, 262 
Grüneisen relation, 262 


Hamilton equation(s), 460 

heat capacity, 31 

heat content, see enthalpy 
Heisenberg representation, 545f 
Heisenberg uncertainty relations, 251 
Hermite-Chebyshev polynomials, 526 
Hermitian operator, 346 

H-theorem, 499 

Hypothesis, local equilibrium, 519 


Ideal gas, 17 
inequality, 
Griffith, 405, 416, 427, 434, 440 
Rushbrooke-Coopersmith, 405, 408, 
416, 427, 434, 439f 
integral, 
configurational, 330 
group, 327, 
of states, 203, 205, 216, 304 
statistical, 
Q» 308 
, 309, 316 
. 312 
Z, 308 
internal energy, 96 
ionization, thermal, 234 
Ising model, 428, 434 
isotherm-isentropic curve, 43 
isotope effect, 380 


Jacobian(s), 570 
Joule’s experiment, 48 
Joule-Thomson process, 61ff, 115f 


Kamerlingh Onnes equation, 60 
k-group, 328 

kinetic coefficients, 444 

kinetic equation for plasma, 505f 
kinetics, 444ff 

Kirchhoff's law, 394 

Knudsen gas flow, 472 
Kronig-Penney model, 275 

Kubo formula, 546 

Kubo method, 542ff 


Lagrangean meth«d of multipliers, 
fiat 187, 311, 574f 

Landau damping, 494 

Landau's equation, 509, 366 

Landau theory, 4188, 427 

Langevin's equation, 395 


Subject Inder 


Langevin's function, 243 
classical, 410 
quantum, 410, 245 
Langmuir isotherm, 322 
La face transform, 491, 5838 
ilateral, 584 
unilateral, 584 
Larmor frequency, 510 
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Magnetic susceptibility, 75 
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Navier-Stokes equation(s), 516, 568 

negative temperature, 344 

Nernst heat theorem, 41f, 79, 99, 
1971, 200, 201, 202, 219, 224, 
232, 266, 321 

Newton's law of gravitation, 209 

Newton's second law, 395, 498, 513 

non-equilibrium thermodynamics, 12 

normal coordinates, 213 

normal system(s), 337 

Nyquist theorem, 393ff, 397 


Ohm’s law, 557 
Onsager's principle, 557ff 
Onsager's reciprocal relation, 
565, 567f 

open system, 303 
operator(s), 

Bose, 371 

Fermi, 371 

Hermitian, 346 

Liouville, 467, 473 
Ornstein-Zernike theory, 435ff 
ordering field, 440 
orthomodification, 2258 


559, 
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Pair (two-body) distribution func- 
tion, 461 

paramagnetic gas, 242ff 

paramagnetic material, 73f 

parameter, local-order, 440 

paramodification, 225ff 


partition junction 216ff, 230, 338, 
2 
Pauli’s exclusion principle, 252, 359, 


Pauli theorem, 175 
Peltier coefficient, 566 
perfect gas, 19 
phase, 131 
phase transitions, 110ff, 131, 398ff 
first-order, 133 
second-order, 148, 418 
phenomenological (kinetic) coeffici- 
ents, 557 
phenomenological equation(s), 557 
physical kinetics, 12 
phonon gas, 253ff 
piezomagnetic effect, 104 
Planck's constant, 166, 193 
Planck's formula, 392, 457f 
Einstein derivation, 454ff 
plasma, 335ff 
collisionless, 487 
electron, 489ff 
hot low-density, 335 
Poincar’ ermelo recurrence theorem, 
1 
point, critical, see critical temperature 
Poisson brackets, 301 
Poisson equation, 322, 335, 490 
polytropic process, 43f, 49 
polyvariant system, 104ff 
potential, 
adiabatic, 25 
isothermal, 26 
Q, 194, 216, 332 
thermodynamic, 25 
principle, 
adiabatic inaccesibility, 39 
absolute zero unattainability, 42 
Boltzmann, 180ff 
Carathéodory, 39. 
Curie symmetry, 858 
of gered balancing, 444ff, 455, 
4 
energy, 20 
entropy, 18ff 
Le Chatelier, 139 
Onsager, 557 
Foul exclusion, 174f, 200, 252, 276, 
05 
probability function, 576 
probability integral, 207 


process, 
adiabatic, 18, 24f, 31, 51 
cyclic, 33 
equilibrium, 15 
Gay-Lussac, 61íf 
isobaric, 25, 31, 56 
isochoric, 25, 31, 51 
isothermal, 24, 26, 31, 50 
Joule-Thomson, 61ff 
non-equilibrium, 28 
quasi-equilibrium, 15 
relaxation, 14 


Q-sum, 308, 323, 332, 398 
quantization, 
energy, 197ff, 216ff 
translational motion, 216 
quantum number, rotational, 221 
quasi-momentum, 274 
quasi-particle, 254 


spectral, 247, 249 
volume, 24 
randomization, initial, 473 
Raoult's law, 157 
Rayleigh-Jeans equation, 458 
Rayleigh-Jeans law, 89, 247, 250, 392 
reaction constant, 160 
relation(s), 
Onsager reciprocal, 559, 565, 567f 
Thomson second, 566 
relaxation process, 14 
relaxation time, 14 
relaxation time approximation, 527 
representation, 
eisenberg, 545f 
second-quantization, 346 
Riemann's function, 578, 584 
rule, Maxwell equal area, 137 
Rushbrooke-Coopersmith inequality, 
405, 408, 416, 427, 434 Yio 
Rutger’s equation, 154 


Radiant energy density, 248 
7 
8 


Saha equation, 236 

saturation, 244 

Schrëdinger equation, 274, 448, 544 

Schur's lemma, 371 

second Dieterici equation, 60 

second law of thermodynamics, 37 

second-order phase transitions, 418ff 

second quantization, 345ff 

self-consistent field, 534 

similarity hypothesis, 438 

Smoluchowski equation, 444ff, 447, 
5 


Subject Indez 


T-space, 297ff 
p-space, 170ff, 175, 444 
spontaneous radiation, 457 
state, 
equilibrium, 14 
non-equilibrium, 14 
statistical ensemble, 299 
statistical integral, see integral of 
states 
statistical method, 11 
Statistical X-integral, 309, 316 
statistical Y-sum, 312, 318 
statistical Z-integral, 308 
Stefan-Boltzmann formula, 257 
Stefan-Boltzmann law, 87, 248f 
step function, 579 
Stirling's formula, 178, 179, 187, 189, 
200f, 229, 311, 312, 331, 414, 
573f, 587 
Stokes law, 453 
sum over states, see partition function 
superconducting state, 150 
superconductivity, 366ff, 376 
superfluidity, 359ff, 363 
system(s), 
anomalous, 338 
closed, 302 
normal, 338 
open, 303 
T-P-u, 319 
T-P-N, 319, 385 
T-V-u, 319, 387 
T-V-N, 319, 384 


Tangenlial transformations, see Le- 
gendre transformations 
temperature, 16 
absolute, 20 
characteristic rotational, 224 
condensation, 265 
Debye charactristic, 322 
degeneracy, of electron gas, 278 
negative, 344 
rotational, 221 
vibrational, 230 
temperature principle, 16f 
tensor, inverse effective mass, 275 
theorem, 


Bloch, 274 

Debye, 322 

equipartition, 210ff, 212, 219, 246, 
254, 261, 278 


fluctuation-dissipation, 397 

Gauss, 299, 450, 469, 480, 496, 
498, 500, 513, 517, 549, 563, 
567 

Lee-Yang, 401 
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theorem, 
Liouville, 297ff, 531, 536 
Lyapunov, 568 
on minimum production of entropy 


562 

Nernst, heat, 41f, 197ff, 200, 
201, 202, 219, 224, 232, 266, 
321 

Nyquist, 393ff, 397 

Pauli, 175 

Poincaré-Zermelo recurrence, 531f 

theory, 


Darwin evolution, 569 

of fluctuations, 384ff 

Landau, 418fi, 427 

Lee-Yang, 398ff 

Ornstein-Zernike, 435ff 

van der Waals, 417, 425, 427 

Weiss-Bragg-Williams, 417 
thermal anomaly, 92 
thermal death of universe, 539 
thermal equation of state, 17 
thermal ionization of atoms, 234 
thermal radiation, equilibrium, 246ff 
thermodynamic coefficients, 43ff 
thermodynamic forces, 556 
thermodynamic method, 11 
thermodynamic quantities, 

extensive, 110 

intensive, 110 
thermodynamics, 

of magnetics, 72ff 

non-equilibrium, 12 

of plasma, 102 

ef rods, 67ff 

of superconductors, 

of water, 91ff 
thermodynamic transitions, 170 
thermostat, 16 
third law of thermodynamics, 41 
thirteen-moment approximation, 494 
Thomson second relation, 566 
three-phase rule, 141ff 
T-P-N distribution, 306ff, 309ff 
transform, 

Fourier, 584 

Laplace, 583ff 
trans ormatlons Bogoliubov canonical, 

"A 

transition, thermodynamic, 170 
T-V-p distribution, 306ff, 3098, 324 
T-V-N distribution, 309ff 
triple point, 144 


150 


Ultraviolet catastrophe, 89 
uncertainty relations, see Heisenberg 
uncertainty relations 


€00 Subject Indez 


Van der Waals equation, 55, 62, 65, — Wien's constant, 250 


137, 334, 406, 409, 417 Wien's displacement law, 88, 90, 251, 
van der Waals gas, 52ff, 4058 392, 458 
virial coefficients, 60, 333 Wien's formula, 250 
viscosity coefficients, Wiener-Khinchin formula, 396 
Shear, 516 Wilson cloud chamber, 147 
bulk, 516 work, 23 
X-sum, 385 


"Wave Junction secondly quantized, 

weight factor, 191 Young's modulus, 68 

Weiss constant, 410, 414 

white dwarf, 281 

Widom equation, 440 Zeroth law of thermodynamics, 38 
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